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Abstract

Several works are devoted to the maximal pattern complexity of one-dimensional
words ([KZ1, KZ2, KR, KX]). In this paper, we study the maximal pattern
complexity p% (k) of 2-dimensional word a. A new notion, the strongly recur-
rent is introduced. It is shown that if « is strongly recurrent, then either «
is 2-periodic or p%(k) > 2k (k= 1,2,---). We thus define a two dimensional
pattern Sturmian word to be a strongly recurrent word « with p* (k) = 2k.
Examples of pattern Sturmian words are given.

1 Introduction

The study of complexity of words has a long history. Especially the words with
low complexity have special interest. Recently, the study of complexity of words has
been extended in two different directions. One direction is to study the complexity of
higher dimensional words (cf. [ABI],[B],[BT], [BV],[LP], etc). Another is to consider
a new complexity, the so called mazimal pattern complexity ([KZ1],[KZ2],[KR]).
In this paper we combine the above two efforts by studying the maximal pattern

complexity of two dimensional words.

1.1 Maximal pattern complexity.

Let A be a finite alphabet. An element a = a(0)a(1)a(2)--- € AY, where N :=

{0,1,2,--- }, is called a one-sided word over A if every letter of A appears in a.
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Let k be a positive integer. By a k-window T, we mean a sequence of integers of
length k& with
0=70)<7(l)<7(2)< - <7(k—1).

The k-window 7 = {0,1,--- ,k — 1} is called the k-block window. For a k-window
7: 0=7(0)<7(l)<--- <7(k—1) and a word «, the word

an+7]:=a(n+7(0)a(n+7(1)) - aln+ 7k —1))

is called the pattern of o through the window 7 at position n. We denote by F,(7)

the set of all patterns of a through the window 7, i.e.,
Fo(r):={an+7]; n=0,1,2,--- }.

In particular, we denote F, (k) := F,(7) for the k-block window 7.
The mazimal pattern complexity function p’, for a word « is introduced by the
first author together with Zamboni [KZ1] as

pa(k) = sgp $F.(1) (k=1,2,3,--+), (1.1)

where the supremum is taken over all k-windows 7, while the classical complexity
function p, is defined as p, (k) = §F, (k).
A classical result of Morse and Hedlund says that

Theorem A. ([MoHel) For a word o, the following statements are equivalent:
(i) a is eventually periodic,
(ii) pa(k) is bounded in k,
(iii) pa(k) < k+ 1 for some k =1,2,---.

The following parallel result with respect to the maximal pattern complexity func-

tion is proved in [KZ1].
Theorem B. ([KZ1]) For a word «a, the following statements are equivalent:

(i) a is eventually periodic,

(ii) pi(k) is bounded in k,

(iii) p= (k) < 2k for some k =1,2,---.

A word o with block complexity p,(k) = k+ 1 (k = 1,2,3,---) is known as
a Sturmian word and is studied extensively (see for example Berthé [B] and the
references therein). Naturally, a word o with maximal pattern complexity p* (k) =

2k (k = 1,2,3,---) is called a pattern Sturmian word. It is interesting that the

classical Sturmian words are also pattern Sturmian words (See [KZ1]).



The maximal pattern complexity of a word « with more than two letters has been
investigated in [KR]. Let 1g be the indicator function. A word o« over A is called
periodic by projection if there exists S with () # S C A such that the word

lsoa:=lg(ag)ls(ar)ls(ay) -+ € {0,1}"
is eventually periodic. Note that if / = 2, then « is periodic by projection if and

only if « is eventually periodic. It is shown that

Theorem C. ([KR]) Let a be a word over { letters with ¢ > 2. If p*(k) < (k holds

for some k =1,2,---, then « is periodic by projection.

Accordingly, a word over ¢ letters is said to be a pattern Sturmian word if p% (k) =

(k and it is not periodic by projection.

Example 1.1. Let 6 be an irrational number and T = R/Z. Let ¢ > 2 and
P=A{lo,[1,--- ,1i_1} be a partition of T into ¢ intervals with nonempty interiors.

Define o € {0,1,--- , £ — 1} by

a(n) =1 if nb € I,.
Then « is a pattern Sturmian word ([KR]).

[KR] found another classes of pattern Sturmian words over ¢ letters which are not
recurrent. When ¢ = 2. a third class which is called Topelitz words are found by

[KZ1]. It is interesting to know a new type of examples of pattern Sturmian words.

1.2 Maximal pattern complexity of two-sided word.

One advantage of the notion of the maximal pattern complexity is that it can be
generalized easily to higher dimensions. For a 2-dimensional word a on A, we
consider a mapping from Z? to A instead of from N? to A since the former is more
natural and simpler than the latter.

For the comparison, let us first have a look at one-dimensional two-sided words,

where a two-sided word
a=---a(=2)a(=1);a(0)a(1)a(2)--- € A%

over A is a mapping from Z to A. A word « is said to be recurrent if for any positive
integer N, there exists a nonzero integer L such that a(i) = oL + ) for any ¢ € Z
with |i] < N. Moreover, for a two-sided word «, pZ (k) is defined by (1.1) with

Fo(r):={aln+7]; ne€Z}.

It is not hard to generalize Theorem B to the case of two-sided words.



Proposition 1.2. For a two-sided word «, the following conditions are equivalent
to each other:

(i) a is periodic.

(ii) pi(k) is bounded in k.

(iil) « is recurrent and pt (k) < 2k for some k =1,2,3,---.

Remark 1.3. The recurrent condition cannot be dropped, for it is easy to check
the word oo = ---000; 1000 - - - where a(0) = 1 is not periodic but p% (k) =k + 1 for
any k= 1,2.3,.... If we do not want to assume recurrent property for o, then we
can only have: A two-sided word « is eventually periodic if and only if pi(k) < 2k
forsome k=1,2,3,---. A two-sided word « is said to be eventually periodic if both
of the one-sided words a(0)a(l)a(2)--- and a(—1)a(—2)a(—=3)--- are eventually
periodic. As the above example shows, an eventually periodic two-sided word o

does not necessarily satisfy that p* (k) is bounded in k.

1.3 Maximal pattern complexity and strongly recurrent prop-
erty of two-dimensional words

The main purpose of this paper is to generalize Proposition 1.2 to two dimension

words. First, let us give some notations and definitions.

Definitions. Let a € A% be a 2-dimensional word. By a k-window, we mean a
subset 7 of Z? with f7 = k and O € 7, where O = (0,0) is the origin. Let ¢ € Z*

and 7 be a k-window. We denote
al + 7] = (a(§ + 7))rer € AT,

which is called a 7-factor of ar. Sometimes we also call it a pattern of a through the
window 7. Let F,(7) be the set of 7-factors of a. We define the mazimal pattern
complexity by
pi(k) = sup $F.(7) (E=1,2,3,---).
7 fr=k
For any positive integer N, we denote Ay := ([—N, N| x [N, N]) N Z?, which is a
(2N +1) x (2N + 1) square.

For u = (uy,uy) € Z*\ {0}, let ||ul| := y/ui + uj be the Euclidean norm and
arg(u) := arg(u; + ug/—1) be the argument of the complex number u; + ugy/—1.
We call arg(u) the angle of u. Angles are always considered in modulo 2.

A nonzero vector £ € Z? is called a period of a word « if a(z) = a(x + ) for any
v € Z*. A word « is called 2-periodic (or doubly periodic) if there exist two linearly

independent vector £ and n which are periods of a.



A word « 1s called 2-recurrent if for any positive integer NV, there eixst two linearly
independent vectors £ and n in Z? such that a[Ay] = o[£ + Ax] = a[n + An].

A word a is called strongly recurrent if there exists § > 0 such that for any positive
integer N, there exist two nonzero vectors £ and n in Z? such that

(i) § < | arg(€) — arg(n)] < 7 — 5,

(i) a[An] = a[{ + An] = aln + An].

Now we can state our main result.

Theorem 1.4. For a two-dimensional word «, the following statements are equiv-
alent to each other.

(i) « is 2-periodic.

(ii) pi(k) is bounded in k.

(iii) « is strongly recurrent and pi(k) < 2k holds for some k =1,2,3,---.

We thus define a two dimensional pattern Sturmian word to be a strongly recurrent
word o with pi(k) = 2k for k = 1,2,---. Examples of these words are given in
Section 6. The following example shows that the strongly recurrent property cannot

be replaced by the 2-recurrent property.

Example 1.5. Let o € {0,1}”" be the word over two letters {0,1} such that
a(m,n) = 1if and only if n < am, where a # 0 is a real number.

First, the maximal pattern complexity p* (k) = k + 1. For when we move a k-
window 7 in the plane, the pattern in 7 is completely determined by the number of
0 in it, which can only takes values 0,1,... k.

Secondly, it is seen that a is not two-recurrent when « is rational, and we will see

« 18 2-recurrent but not strongly recurrent when « is irrational.

Recurrent angle or direction. Motivated by this example, we define a recurrent
angle or direction of a word a. An angle 8 is said to be a recurrent angle of a word
a, if for any § > 0 and any N > 0, there exists a nonzero vector £ = £(4, N) such
that o[An] = o[ + An] and |arg(é) — 0] < 6. A nonzero vector £ or a half line [

starting at O is called a recurrent direction if arg € or argl is a recurrent angle.

Lemma 1.6. A two-dimensional word is strongly recurrent if and only if it has two

linearly independent recurrent directions.

Proof. If a word has two linearly independent recurrent directions, then clearly it
is strongly recurrent.

Now suppose a word « is strongly recurrent. Then there exists § > 0 such that
for any positive integer IV, there exist vectors {5 and ny such that (i) and (ii) in the
definition of “strongly recurrent” holds with &y and ny for € and 5. Take a limiting



pair (&,m) of (Ex/ || én |l, nn/ || nv ||) as N — oo. Then, € and 7 are linearly
independent recurrent directions of «, which proves the lemma. O

For the word in Example 1.5, the only recurrent angles are +arg(1l + ay/—1) and

hence it is not strongly recurrent.

1.4 Outline of the paper

The equivalence of (i) and (ii) in Theorem 1.4 is an easy matter and it is proved in
Section 2 as Proposition 2.1. That (i) implies (iii) is trivial, hence to prove Theorem
1.4, it is sufficient to prove that (iii) implies (i). This can be reduced to the case
A ={0,1} by the following lemma.

Lemma 1.7. Let o be a two-dimensional word over A.

(i) If o is strongly recurrent, then the word 1(,) o o is strongly recurrent for any
a€ A

(ii) If the word 1(,y o a is 2-periodic for any a € A, then o is 2-periodic.

The proof is strait forward and we omit it. Therefore, we need only consider a

word « over {0, 1} satisfying
(#) There is an positive integer k such that p’ (k) < 2k.

In Section 3 we show that our main theorem is valid for a class of very special
words, the monotone words. In fact, Theorem 3.5 claims that if « is a monotone
word satisfying the condition (iii) of Theorem 1.4, then « is a constant word.

In Section 4, we show that a 2-recurrent word satisfying (#) has a monotone
structure.

In Section 5, using this monotone structure, we decompose o which satisfies the
condition (iii) of Theorem 1.4 into several lattice subwords which are monotone.
Since these subwords also satisfy the condition (iii) of Theorem 1.4, they are constant
words by Theorem 3.5. This implies that « is 2-periodic, the condition (i) of Theorem
1.4.

In Section 6, some examples of words with p* (k) =2k (k=1,2,---) are given.

2 Preliminaries

In this section we prove the equivalence of (i) and (ii) in Theorem 1.4. Let e; = (1,0)
and ey = (0,1) be the canonical base of Z2.

Proposition 2.1. A two dimensional word « is 2-periodic if and only if p (k) is

bounded in k.



Proof. Let £ and n be linear independent periods of . Let
Qi={st+tneZ* 0<s<land0<t <1} = {zo,..., 241}
For any x € Z* and any window 7, the periodicity of « yields
of +7] = afai + 7],

where z; € () is the element such that © = z; + mf 4+ nn for some integers m,n.

Hence pf (k) < 49 holds for any k£ = 1,2,3,---. Namely, p* (k) is bounded in k.
Now suppose that sup pi(k) = M < co. Recall that Ay = {(m,n) € Z% —k <
k

m,n < k} is a square window. Then at least one pattern appears two times among
a[Ar], aler + Ar],...,a[Me; + Ag]. Hence afize; + Ax] = aljre; + Ay for some
0 <ip < gr <M. It follows that a[Ax—n] = a[(Jk — i) + Ak—r]. Now there exists
a subsequence of k such that j, — 4, = 7 is a constant. Since limy_. Ay = Z2, it
follows that 7e; is a period of a.

Applying the same argument to the e, direction, we obtain i’e; which is a period

of a. Hence a is 2-periodic. O

Proof of Proposition 1.2. Let a = -+ a(=2)a(—1);a(0)a(1)a(2) - € AL

The proof of (i) & (ii) is analogous to the proof of Proposition 2.1 but simpler.
(i) = (iii) is trivial. In the following, we prove (iii)= (i).

We may and do assume without loss of generality that « is recurrent in the positive
direction. Notice that the one-sided word a® := a(0)a(1)a(2)- - - satisfies that

pa (k) <pi(k) <2k

_|_

for some k =1,2,3,---. Hence a™ is eventually periodic by Property 1.

Let p > 0 be a period of a*. We prove that p is a period of a. Suppose that this
is not the case. Then, there exists ¢ such that a(i) # (i 4+ p). Hence
o :=max{i € Z; a(i) # a(i +p)}.

is a finite number. Let N := |ig] + p, then 7 = {=N,...,0,..., N} is a window
containing ip and 79 + p. Since « is recurrent in positive direction, we have afr] =
afi 4 7] for some ¢ > 1. Now a(ig) # a(io+ p) implies aio + 1) # (19 + ¢+ p), which

contradicts the the maximality of 7. Hence p must be a period of «. O

3 Monotone word

In this section, we show that our main theorem (Theorem 1.4) is valid for a class of

special words, namely the monotone words. A two-dimensional word « over {0, 1}
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is called a monotone word if
alx+e1) > afz), alz+ey)> alr) (3.1)

holds for all z € Z* We will show that a monotone word satisfying (#) has a
structure very similar to the words in Example 1.5.
For x € Z*, we denote by C'; := x — Ne; — Ne, the negative cone with vertex z,

and Cf := z + Ne; + Ne, the positive cone. The following lemma is trivial.

Lemma 3.1. Let o be a monotone word. If a(x) =1, then o is constantly 1 in the

cone CF; if a(x) =0, then a is constantly 0 in the cone C.

Let § be a rational angle in the sense that tan 6 is a rational number. We denote by
[ the half line starting at O with arg(ly) = 0. Let Lg be the set of integer points on
the half line, which we write as {O = Py, P, Py, ..., } so that || P,— Fo|| = n||Pi— Pl|-
Restricting o on the set Ly, we obtain a 1-dimensional one-sided word g by setting
wo(n) = a(P,) (n=0,1,2,---).

If we assume (#) for o, then p? (k) < pi(k) < 2k for some k = 1,2,3,---, and
hence @y is eventually periodic by Theorem B.

Type of vy. We say that ¢y is of type-0 if it contains only finitely many 1, and is
of type-1 if it contains only finitely many 0. We say that ¢y is mized if it is neither
type-0 nor type-1.

From now on, we assume that « is a non-constant monotone word. Then by
Lemma 3.1, it is clear that ¢y is of type-1 if 0 < 6 < 7/2; gy is of type-0 if
m < 0 < 37/2. When 6 belongs to [r/2, 7| U [37/2,27], the type of ¢4 is not clear.

But we have the following lemma.

Lemma 3.2. Let a be a non-constant monotone word satisfying (#). If we is either
of type-1 or mized for some ' € (w/2, 7], then g is of type-1 for all § € [1/2,0").

Proof. Take 6 € [r/2,60"). Write Ly = (FPo, P1, P, ...). Since @y is eventually
periodic and contains infinitely many 1, there exist positive integers N, M such that
wor(Pyyivg) = 1 forany ¢ =0,1,2,---. Hence « is constantly 1 in the cones C]";NHM.
Note that since 6 € [7/2,6'), the half line [y is contained in the union of those cones
except for a finite part of the ray near O (see Figure 1). Thus, ¢4 is of type-1.

O

Similarly, under the assumption of Lemma 3.2, we have the following fact:

If g is of type-1 or mized for some 0’ € [37”,27T), then g is of type-1 for all
6 c(0,2r].
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Figure 1:
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If por is of type-0 or mized for some ' € [J,m), then g is of type-0 for all
6 e (0, .

If v is of type-0 or mixed for some 0 € (37”,27T], then g is of type-0 for all
0€[3,0).

Accordingly, there exist two angles 8, € [Z, 7] and 0, € [2F, 27] such that ¢4 is of
type-1 when 6, — 27 < 8 < 0;; @y is of type-0 when 6; < 8 < 6,. We fix §; and 6,

as this.

Lemma 3.3. Let a be a non-constant monotone word satisfying (#). Then for any
€ > 0 there exists C > 0 such that for any ||z|| > C,

oz(:z;):{o if 0 +e<argr <l —e¢ (3.2)

1 ifby—2n4+e<arge < b —e

Proof. Choose two angles 63 and 64 with ; — e < 85 < 1 and 0y < 04 < 0, + €.
Then both of ¢y, and ¢4, are of 1-type.

Let us denote the set Ly, by { Py, P1, Ps, ..., } and denote the set Ly, by {Qo, @1, Q2,
..., }. There exists a N > 0 such that a(P,) = a(Q,) = 1 for n > N. It is easy to
see that the area {z; 0; — 27 + ¢ < argx < 0; — €} is covered by the cones C} and
an (n > N) except a finite part near O (see Figure 2). Therefore we have a half
part of (3.2). The other half part can be proved similarly. O

Lemma 3.4. [t holds that 8, = 0, + 7.

Proof. Suppose that 8, #£ 6; + w. Then, either 8, < §; + 7 or 03 > 6y + 7. Without
loss of generality, let us assume 85 > ; + 7. Take € > 0 small. By Lemma 3.3, there
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Figure 2:

exists C' > 0 such that for any ||z|| > C, it holds

(2) 0 ify +e<arge <y —ceand |z|| >C
ofz) =
1 iffy+e—2m <arge <6, —eand |[z]| > C.

Let us call these two regions Region 0 and Region 1 respectively.

Take N > 0 and take a line ¢ which passes the point Ne; and has slope —1.
Clearly ¢ will intersect both Region 0 and Region 1. We choose N sufficiently large
so that ¢ does not intersect the circle with center O and radius C' (see Figure 3).

Hence the configuration of a on the line ¢ is (from left to right)

where * represents an undetermined letter 0 or 1 (Figure 3). The consecutive 1 in
the middle can be arbitrarily long if we choose N large.
Take any & > 0, let 7 be the k-window

T={i(e,—ey) €Z% i=0,1,---  k—1}.
Moving this window along ¢, we obtain at least the following patterns

{0---01---1; e =1,2,--- Jk}U{1---10---0; 1 =1,2,--- |k} C F,(7).
DS i k=i

10



01—|—6 01 01—6

Region 1

circle with radius

02 + ¢
Region 0 0
02 — €
Figure 3:
Hence, $F,(7) > 2k, which contradicts with (#). The lemma is proved. O

Theorem 3.5. If a € {0,1}*" is a non-constant monotone word satisfying (#),
then there exists an angle 8 such that any recurrent angle 0 of « satisfies that
6 € {0%,0°+r}. Therefore, if o is a monotone word satisfying (#) which is strongly
recurrent as well, then o is a constant word.

Proof. Let us denote by #* the common value of #; and #;, — 7 in Lemma 3.4.
Suppose that 6 is a recurrent angle of « such that 8 ¢ {6*, 6*+ 7 }. Without out loss
of generality, let us assume that 6* < 0 < 6*+ 7. Let 6 = min{f —6*,0* + 7 —0}/4.
We choose Ny large so that a[An,] contains at least one 1. For any N > Ny, there
is a nonzero vector Ay such that

a[An] = a[Ay + An] and |arg Ay — arg 0| < 6.

Particularly, 6* + 3§ < arg Ay < 0* + 7 — 30.

Case 1: Suppose the sequence {Any}%_, is bounded. Then there is a vector A
which appears infinitely many times in the sequence. Since Ay — Z* as N — oo,
we have a[Z?% = o[\ + Z?] and hence, X is a period of a.

11



Take any point = with a(z) = 1. Let us denote by lay 1, the half line starting at
x which is parallel to [aey. Since 0* < arg A < 6 + 7, sooner or later the half line
larg ) Will fall into the Region 0. Hence the configuration of o on lu ) 1s eventually
0. On the other hand, o takes 1 infinitely often on la. . by the periodicity, which
is a contraction.

Case 2: Suppose that { Ay }%_, is unbounded. It it easy to see that when [[Ay]| is
very large, the square Ay + Ay, is contained in the cone {a; 0426 < arga < §—26}.
Let C be the constant in Lemma 3.3 with € = 2§. Then if || Ax]| is larger than C'+3 Ny,
a[An 4 An,] is purely 0. Since a[Ay + An,| = a[An,] implies a[Any + Ay,] contains
at least one 1. This is a contradiction. O

4 Critical window and monotone lemma

The main purpose of this section is to prove the following theorem.

Theorem 4.1. If a word o € {0, 1Y% is 2-recurrent satisfying (#), then there exist
linearly independent vectors & and n in Z* such that

o(z+€) > ale), ol +1) > ale) (1.1)

for all x € Z*.

Critical window. Let 7 be a k-window. We call 7/ an immediate extension of

if 7/ is a k + l-window containing 7 as a subset.

Lemma 4.2. If a is a word satisfying (#), then there exists a window T such that
SFL (") < #F,(7)+ 1 (4.2)

holds for any immediate extension 7'.

We call such a window 7 a critical window. This idea comes from [KZ2].

Proof. 1f pi(k) < 2k for k = 1, then the word « consists of just one letter and the
lemma is true. So we assume that p%(1) > 2. Let k& be the smallest integer such
that p*(k+ 1) < 2(k+1). Then, p*(k) > 2k. Let 7 be a k-window which attains
pi(k). That is, §F,(7) = pi(k). Then, for any immediate extension 7'of 7, we have

SRL(r) < ik 1) < pi(k) + 1 = §Fu(r) + 1,

which proves (4.2). O

12



For a window 7, we say that a square Ay is a sample square if
{alr +7]; 2 € An} = Fiu(7).
It amounts to say that all the patterns of T appear at some position in Ay.

Lemma 4.3. (Monotone Lemma) Let 7 be a critical window of a word o, and
An a sample square of 7. If a nonzero vector £ € Z* satisfies a[An] = o[ + An],
then we have the dichotomy either

alx + &) > alx) for all x € Z*  or (4.3)
alz + &) < alx) for all v € Z°. (4.4)

Proof. First, let us consider the case that £ € 7. Take any w € F,(7), then there
exists © € Ay such that w = afx + 7]. The assumption a[é + Ay] = a[Ay] yields
w(0) =alz) =alx+£) =w(). Since w is an arbitrary pattern of o through 7, we
conclude that a(z) = a(x + £) holds for any @ € Z* The lemma is proved in this
case.

Next, we consider the case that £ ¢ 7. Let 7/ = 7 U{{}. Take any w € F, (7). We
define ' € A™ by W'(2) = w(z) for any z € 7 and W'(£) = w(0). Let w = o[z + 7]
with © € Ay. Then, we have w'(z) = w(z) = a(x + 2) for any z € 7. Moreover, since
a(x 4 &) = a(x), we have W'(€) = w(0) = a(x) = alz + &). Hence, W’ = afz + 7'].

Thus, we proved that ' is an element in F,,(7') which is an extension of 7 € F, (7).
Since §F,(7") < §F,(7)+1, there exists at most one w € F,(7) which has an extension
W to F,(7") other than w'.

Assume that w”(§) > w'(§) = w(0). Take any x € Z2. If n := o[z + 7] # w, then
we have a(x + &) = a(x) since n has the unique extension 1’ to F,(7') satisfying
that n'(¢) = n(0). If ajz+7] = w, then we have o(x +£) > o(x) since w'(§) = w(O)
and w”(£) > w(0). In any case, we have a(z + &) > a(z) for any x € Z*.

Assume that w”(€) < W'(§) = w(0). Then, by the same argument as above, we
have a(z + &) < a(z) for any z € Z2.

The two formulas imply (4.3) and (4.4) respectively. O

Proof of Theorem 4.1. Since p} (k) < 2k for some k = 1,2,3,---, there exists a
critical window 7 with a sample square Ay. Since « is 2-recurrent, there exist linearly
independent integer vectors £ and 7 such that a[Ay] = o[ + Ax] = a[n + An]. If
(4.3) holds for &, we use & for £ in (4.1). If (4.4) holds for £, we use —¢ for € in (4.1).
Do the same for . Thus we have (4.1). O
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5 Lattice decomposition

Let o be a strongly recurrent word and satisfying (#). Then there exist ¢ and 7
such that (4.1) hold. Let
Qi={sé+tneZ*% 0<s<land0<t<1} (5.1)

be the set of integers in the polygon with vertices O, ¢, and € + n. Let us write
Q= {xg,x2,...,24-1}. Take x; € Q, we define a lattice subword of o by restricting
o on the lattice z; + ¢Z + nZ. We denote this subword by a(). Clearly « is the
union of the subwords o) for i =1,...,q.

Corresponding to a(¥, we define a word 3; as
ﬁl(mvn):a(xl—l_mf—l'nn) (Z:()vl 7q_1)' (52)

Then it is easy to see that 3;’s are monotone words satisfying (#). We are going
to show that 3;’s are strongly recurrent, and hence constant words by Theorem 3.5.
The next lemma implies that if # is a recurrent direction of «a, then it is also a
recurrent direction of a9’s.

Lemma 5.1. Assume that 6 is a recurrent angle of a. Then for any N > 0 and
& > 0, there is a nonzero vector X\ € (Z + nZ such that

ald+ An] = a[AN] and |arg A — 0] < 6.
Proof. Since # is a recurrent angle, there exists a vector Ay such that
ald+ Apn,] = a[AN], |arg Ao — 0] < d/q.
We choose Nj large enough so that A + Ay, is contained in the square Ay,. Then

we choose A; such that
alM + An,] = a[AN,], |arg A — 0] < d/q.

In this way, if Ny and A; are chosen, we can choose Njy; large enough so that
An, + M C An,,,, and then choose A\ryy to be a vector satisfying that

Oé[)‘k-l-l + ANk+1] = a[ANk+1]7 |arg )‘k-l-l - 0| < 5/(]
Set AL = Ao+ AL+ -+ - Ak, then among A{, A|, ..., AL, at least two of them are in the

» Mg

same residue class modulo the lattice {Z + nZ. Say, A} and X (i < j) are in the
same residue class, then A := X, — Al = X;y; + -+ A; belongs to the lattice {Z + nZ.
It is easy to check that

ald+ Anx] = a[Ay] and |arg A — 0| < (j —0)d/q¢ < 6. O
Let T" be the linear transformation determined by T'¢ = ey, Tn = es.

Lemma 5.2. If a half line | starting at O is a recurrent direction of o, then Tl is

a recurrent direction of B8; for any1=0,1,--- ,q— 1.

14



Proof. Let [ be a half line starting at O which is a recurrent direction of «a. Let
x; € Q. Take any N > 0 and 6 > 0. Since T is nonsingular, there exist M > 0, ¢ > 0
and C' > 0 such that T7'Ax + 2; C Aps and that |arg(T)) — arg(T'1)| < 6 holds for
any vector A with |arg A — argl| < ¢. By Lemma 5.1, there exists a nonzero vector

X € £Z + nZ such that
ald+ Ay =a[Ay] and |arg A —argl| < e.

Then, T'A is a nonzero vector blonging to Z? such that Z[TXA + An] = Bi[An].
Moreover, |arg(TA) — arg(Tl)] < §. Thus, Tl is a recurrent direction of 3; for
i=0,1,-- q— 1. 0
Proof of Theorem 1.4: It remains to prove that (iii) implies (i). As we pointed
out before, this can be reduced to the case that A ={0,1}.

Assume that o € {0,1}7 satisfies the condition (iii) of Theorem 1.4. By Theorem
4.1, there exist linearly independent vectors £ and 7 in Z? such that

o(z+€) > ale), ale+n)>ale)

for all # € Z% Let Q be as (5.1) wyth these £ and 1. Let ¢ = #Q. Then,
o is decomposed into ¢ lattice subword o9 with ¢ = 0,...,¢ — 1, such that the
corresponding words [3;’s defined in (5.2) are monotone.

The word f3;’s still satisfy (#). Since o has two linearly independent recurrent
directions, so do f3;’s (Lemma 5.2). Hence, (3;’s are constant words by Theorem 3.5.
Hence the lattice subwords o)’s are constant which implies that « is two-periodic.

Actually, € and 7 are two linear independent periods of a. O

6 Examples of 2-dimensional pattern Sturmian

word

Example 6.1. Let T = R/Z be the torus. Let 0 < § < 1 be a real number. Let r, s
be two real numbers. Let P = {ly, [} be a partition of T, where Iy = [0,0),[; =
[6,1). Define a word o by

a(m,n)=1iif mr+ns € [,.

This word has been studied in [ABI]. Here we show that « is a Sturmian word
provided at least one of r, s is irrational.

Let 7 = {(0,0),(m1,n1),...,(mMg_1,n-1)} be a k-window. Denote S — z =
{s —a; s € S}. A factor of o, agay - - - ap_y is a pattern through 7 if and only if

Ly, N (L —mar —ngs) -0 (Lo, — my_1r — ng_1s) # 0.
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Therefore,
$FL(T) <4 (P V (P—mur—mnys) V-V (P —mp_1r —ng_15)), (6.1)

where“V” is the common refinement of partitions. Since the right side of (6.1) is no

greater than the number of the end points of the intervals
Ii—mjr—mnjs (1=0,1; j=0,1,--- ,k—1),

we have p*(k) < 2k (k = 1,2,---). Suppose r is irrational, then the factor
a(m,0),m € Z is an one-dimensional pattern Sturmian word, and hence pf (k) =

2k (k=1,2,---). Moreover, one can show that « is strongly recurrent.

Example 6.2. For an integer n, we define deg, n to be the largest integer such that
2P|n. Define « as

1 if deg,m = degyn

0 otherwise.

a(m,n) = {

It is shown in [KX] that p% (k) = 2k. This word is also strongly recurrent.
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