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Abstract

Let 1,-1,-1,1,-1,1,1,—1,—1,1,1,--- be the {—1,1}-valued Thue-
Morse sequence. The correlation dimension of it is Do satisfying that

K-1
D k)P = K
k=0

in the sense that the ratio between the left and right sides is bounded
away from 0 and oo as K — oo, where «y is the correlation function,
and is known ([6]) to be

14+V17
Dy=1- longT/logZ =0.64298 - - .
Under its spectral measure y on [0,1), consider the transformation T
with Tz = 2z (mod 1). It is shown to be of Kolmogorov type having
the entropy at least Dj log 2. Moreover, T~! define a random walk on
[0,1) with the transition probability

Pi((1/2)x + (1/2)j ] z) = (1/2)(1 = cos(m(x +j))) (5 =0,1).

It is proved that this random walk is mixing and w is the unique sta-
tionary measure. Moreover,

lim /PN((J] — e,z +¢e)|z)du(z) < eP? (as e — 0),

N—oc0

where Py (- | -) is the N-step transition probability.
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1 Introduction

Let w = w(0)w(1)w(2)--- € {—~1,1}" be the Thue-Morse sequence, that is,
for any n € N:={0,1,2,---}, w(n) = (1) where e;(n) is the number
of 1 in the 2-adic representation of n. There have been a lot of studies on
the Thue-Morse sequence from various point of views, e.g. language theory,
ergodic theory, number theory and physics. From the point view of ergodic
theory, it is known to be strictly ergodic (Kakutani [2]), and thesymbolic
dynamics of the shift on {—1,1} with respect to the unique shift invari-
ant probability measureon the orbit closure of w has a partially continuous
spectrum and the entropy 0. Let u be the power spectrum measure of this
dynamical system with respect to the coordinate function. It known ([3],
for example) to be continuous but singular. This p is a probability Borel
measure on the torus R/Z, which we identify with [0,1) (sometimes with
[—1/2,1/2)). It is known (Theorem 3) that p has a representation as an
infinite product converging in the weak sense. That is,

oo
du(z) = H(l — cos 22k z)d. (1.1)
k=0
It is the Fourier transform of the correlation function (k) (k € Z) defined
as

N-1
A(k) = Jim (1/N) 3 wln + k)w(n)
n=0

that is,
[ emaut) = 1) k€ 2).
It is proved by Mahler [1] that

7(0) =1
v(2k) = (k) (k €N) (1.2)
2k +1) = (=1/2)(v(k) +~v(k + 1))

and by Zaks, Pikovsky and Kurths [6] that

K-1
> k)P < K'7P2 (as K — o) (1.3)
k=0
with
1+ 1
Dy =1 —1og "Y1 11062 — 0.64208 - |

4
which is called the correlation dimension (Theorem 1). Note that we use
the notation A(K) < B(K) in the sense that
A(K)

0 < limi fA(K) <limsup ——= <
Koo B(K) — o B(K) =




By (1.2), p is a T-invariant probability measure, where T is the transfor-
mation on [0, 1) such that Tz = 2z (mod 1). It is proved (Theorem 4) that
the dynamical system ([0, 1), i, T) is K-system (K for Kolmogrov), that is,
it has the trivial tail field. We don’t know the exact value of the entropy of
the system, but it is at least Do log2 (Theorem 2).

with the transition probability
Pi((1/2)x+ (1/2)j|x) = (1 —cosm(z +4))/2 (j =0,1).

Then, we prove (Theorem 5) that p is the unique stationary measure of the
random walk and

lim /PN((x —e,x+e)|x)du(z) < eP? (ase — 0)
N—o00

holds (Theorem 6), where Py is the N-step transition probability. For a
general reference to the ergodic theory and dynamical systems, we cite [4].

2 Ergodicity of the system

In this section we prove that the dynamical system ([0, 1), u, T") is ergodic.

We review the properties of the correlation function v obtained in [6]. Let
X = XoX1X2--- be an ii.d. process with P(Xo=0) = P(Xo=1) =1/2,
which is also considered as 2-adic integer > 2 ; X,2". For k € N, consider
the addition X + k. Note that by the addition, only finitely many digits of
X changes almost surely. Hence, the increased number of digit 1 in X + &
from X makes sense, which we denote by e;(k, X). Then we have

N-1

(1/N) Y~ wn + k)w(n) = B[(=1) "),

n=0

=
The second equality follows since the space of 2-adic integers is strictly
ergodic with respect to adding 1 and the sets of n in this space such that
(=1)1(=") = £1 have boundaries of measure 0 with respect to the unique
invariant measure, that is, the distribution of XX Xs---.

Since eq(2k, XoX1---) = e1(k, X1 Xo--+), we have y(2k) = v(k). More-
over, since

1—|—61(k‘,X1X2---) (XOZO)

61(2k+17X0X1"'):{ —l+e(k+1,X1X2---) (Xo=1)

we have v(2k + 1) = (=1/2)(y(k) + v(k + 1)).



Definition 1. The spectral measure p of the Thue-Morse sequence is the
unique Borel measure on [0, 1) such that [ e2™*%dyu(x) = (k) for any k € N.
It is a probability measure since [ du(z) = (0) = 1. Moreover, v(—k) =
[ e ke () = y(k) for any k € N, since w(n) is real for any w € N.

Lemma 1. The probability measure p is T-invariant.

Proof For any k£ € N, we have

/eQWikT:r:d'u(x) — /627rik:2:cd'u(x) —_ 7(2k) — *y(k:) — /eQWikde(x)7
which implies that p is T-invariant. O

Lemma 2. For any k,l € Z, we have lim,,_, y(k 4+ 2™1) = v(k)~(1).

Proof We only prove the lemma for k£, € N. Let k < 2". If there is no
carry to the 2" term in the addition X + &, we have

el(k + 2nl7X) = 61(k,X) + 61(l,Xan+1 T )
Let this event be B,,. Then,

B[(-1) "0 | B, | = B~ (—p)o XX |
= Bl(~1)" 9| B,] B[(~1)*0)

Since lim,,_, o P(B,) = 1, we have

lim B[(~1)2®%) | B,] B[(-1)20X)] = B[(-1)2 9] B[(-1)a@Y),

Thus, we have lim,, o y(k + 2"1) = v(k)y(1). O

Lemma 3. The system ([0, 1), u, T) is ergodic.
Proof It is sufficient to prove that for any k£ € N,

e

as N — co. By (1.2) and Definition 1, we have

2
du(x) — 0

N-1 ‘
(1/N) Z e2mi2 k. ’y(k’)
n=0

IN — 1/N2 Z / 27rz 2" — 2m)k‘xdlu( )

n,m=0

1/N Z / 27r12”kx 27Ti2mkx)du(x) + 'y(k)2

n,m=0
N-1

= (1/N?) 37 (2" = 27k) — 2y(k)* +y(k)®.

n,m=0



Since by Lemma 2,

lim (2" — 27k) = y(k)?,

[n—m|—o0
we have
N-1
Jim (1/N7) n’%iov(?”k —2"k) = (k)%
and hence, limy_,oo Iy = 0. O

3 Correlation dimension and the entropy

Let Sy = Yp0g " (k)| and Wy = S35 " A(k)y(k + 1) Then, by (1.2),
we have

{ Sn+1 = (3/2)Sn + (1/2)Wn — (2/9) (N=1,2,-)
WN+1=—SN—WN+(4/9) B
with Sp = 1, Wy = —1/3. This linear equation has eigenvalues &#ﬁ_
Hence, the following theorem holds.
Theorem 1. (Zaks, Pikovsky and Kurths [6])

K—1

S k)P <K' (as K — o0)

k=0
holds with

1++v1
Dy =1 —1og+T7/1og2 =0.64298 - - - |,

which s called the correlation dimension.

Since the system ([0, 1), u, T') is ergodic, by the Shannon-McMillan-Breiman

theorem | _
lim 198 #(En(@))

n—00 n

= h,(T) (3.1)
holds p-almost surely, where we denote
S = {2 (k4 127 k=0,1,--- 2" — 1)

and E,,(z) denotes the interval in Z,, containing . On the other hand, by
Theorem 1, we have

_ , 2
o 1080 [ T dp(o)|
n—»00 log N

=1-D,. (3.2)



We'll show that h,(T) > Dylog2. We often consider [—1/2,1/2) instead
of [0,1) for the domain of the following Poisson kernel. For z € [—-1/2,1/2),
let
_ 1— 72
1472 —2rcos2mr

be the Poisson kernel, where we always assume that 2/3 < r < 1.

Pr(x)

Lemma 4. It holds that

/ Pl — )dp(@)duly) < (1= )" (as 7 — 1),

Proof Let p=1— Dy. Then, there exists a constant 0 < 7 < Cy < 00

such that
N-1

CiNP? < Sy = Z

n=0

2
< CyNP

/ e2mmdu(x)

as N — oo. Therefore,

o] 2 oo
Z r" /e%imdu(w) = Z " (Spt1 — Sn)
n=0 n=0
= i(rn—l _Tn)Sn = Lor i’l"nsn < 1=r irnCan
n=1 " n=1 " n=1
= G (log(1/r)) 1P Y e o (mlog(1 /) log(1/1)
n=1

< 205(1 — r)_p/ e 'tPdt = 2C5(1 — ) PT(p + 1).
0

In the same way,
[ee]
S
n=0

Thus, we have

2

/e%imdu(x) > (1/2)Ci(1—r)"PT'(p+ 1).

o0

>

n=0

2
=< ((1=nhr

/ 627rina: d,u(:c)

On the other hand, since

o0

>

n=0

2

/ e?ﬂinxdu<$)

— (1/2)( / Pr(e — y)du(x)du(y) + 1),

we completes the proof. O



Lemma 5. For any x with |x| <1 —r, it holds that
Py(x) > (1/40)(1 — ).

Proof Since cos2mx > 1 — 2r?22 holds for any z, we have

2 . _
Po(z) > 1—7r _ (1+7r)(1—7r) > 1—7r ‘
L2 =2r(1—2n222) (1= 7)? +4rn22? = (1—7r)% + 39

Hence, if |z[ <1 -7, then Py (2) > (1/40)(1 —r)~". 0

Theorem 2. It holds that h,(T) > Dylog?2.
Proof Assume (3.1)(3.2). Let a = h,(T)/log2. Then for any ¢ with
0 < e < 1/2, there exists ng such that for any n > ny,
p{z; (a—¢e)nlog2 < —log u(Z,(x)) < (a+¢e)nlog2}) >1—ce.
Hence, there exists S C {0,1,---,2" — 1} such that
27 < p(lk27, (B +1)277) < (277)77F
for any k£ € S and
W(UkesB2 7, (k+1)27M) > 1—c.

Moreover, since #5 - (27")*7¢ > 1/2, we have #S > (1/2)(2")* €. Hence,

() () > Y pl[k27", (K +1)27"))?

keS
> Z(Z—n)Qa—l—Zs > (1/2)(2n)a—5(2—n)2a+25 — (1/2)(2—n)a—|—3€7
kesS
where
An = [B27" (k+1)27") x [k27", (k + 1)277).
kesS

If 27" < 1—7r < 27" then |z —y| < 1 -7 if (v,y) € Z,. Hence,
Pr(x —y) > (1/40)(1 — r)~! by Lemma 5. Therefore,

/Pr(a: —y)dp(x)du(y) > /A Pr(z — y)du(x)du(y)

> / (1/40)(1 — ) dpu()dpa(y) > (L/40)(L — )~ (s x 1) (A)
> (1/40)(1 — ) (1/2)(27™)°F5 > (1/80)(1 — 1) ((1/2)(1 — 7)™+,

Thus,

log [ Pr(x — y)dpu(x)dp(y)
—log(1—r)

Since € > 0 is arbitrary, we have h,(T")/log2 = a > Ds. O

>1—a— 3e.

1-— D2 = hH%
r—

Remark 1. The relation between the local dimension and [ P, (z —y)du(y)
is discussed in a general framework by Wen and Zhang [7] or Cao, Xi and
Zhang [8]. Though Theorem 2 might follow from them, we give an indepen-
dent proof for to be self-contained.



4 Product form of i and K-property
Properties of the spectral measure u of the Thue-Morse sequence w is dis-
cussed in [3] and [5] in a general setting. We recall some of them.

Lemma 6. The measure uy defined as
2

N-1
dun(z) = (1/N) Z w(n)e?™m®| dx
n=0
converges in the weak sense to . as N — oo.
Proof For any k € Z, we have
/62mk‘$duN(x) — (1/N) Z w(n)w(m)/eQM(n—m—‘rk)xdx
n,m=0
N-1
=(1/N) > wmwn+k).
0<mik<N

Hence, imy_s00 [ €™ dpuy (x) = [ e***dyu, which completes the proof. O

The following Theorem was proved by M. Keane (see [5]) for the first time.
Theorem 3. It holds that

du(z) = H(l — cos 22k x)dx,
k=0

where the infinite product converges in the weak sense. (See Figure 1.)

Proof For n € N with n < 2V, let n = iV:_Ol ni2F be the 2-adic repre-
sentation of n. Then, w(n) = iV:_Ol(—l)”k. Therefore,
2N —1 2
du(z) = w- A}gnoo 2N Z w(n)e*™m| dg
n=0
2N 1 N-1 X 2
. . _N _1\ng 2ming2%x
= w- lim 2 > Tyl da
n=0 k=0
N—-1 . 2
= w- i 27N —1)™ 2ming 28 x d
a1 >R P
k=0 n,=0,1
N-1 9
— w 1i 21‘1 2mi2ka|” g

2 o0
dr = H(l — cos 22k x) da
k=0 k=0




O

Theorem 4. The system ([0, 1), u, T) is of Kolmogorov type. That is, it has
the trivial tail field.

Proof Let B be the Borel field of [0,1). For n € N, let B, = {T""B; B €
B}. Note that B, is a Borel field such that B =8y > By D B2 D ---. The
tail field of the system ([0, 1), x,T) is defined to be N3 B,,.
To prove that ([0,1),u,T) has a trivial tail field, it is sufficient to prove
that
lim E[e™®|Bk](z) = E[e*™®] = (1)
K—o0

holds for any ! € N and p-almost all z € [0,1). Take a large K and N of
the form N = (2N’ +1)2% with N’ € N. By Lemma 6, we have

2K 1 2K 1

E[e*™"|Bk](x) = lim AT gy (24 5275 ) S duy( + j275)

N—oo 4 -
7=0 7=0
N—-1 2 oK_1|N—1 . 2

— 1 2mil(x4j2 K 2min(z+j2K 27rin(z+j2_ )
Jim Z e D wlme / Z > wl
n=0 n=0

N—-1 N—-1
mEn«H’ (mod 2K) m=n ;mod 2K

Let n = m (mod 2X) and n = ny + no2X and m = n; + my2% with
0 < ny < 2K, Then, in the addition n + [, the carry goes up to the 2%
term only for a small portion of ny, say /2. In the other case, we have
n+l=ny+1+n25 with0<n; +1< 2K, and hence,

w(n)w(m +1) = w(ni)w(ni + Nw(ng)w(ms).
In the other case, we can write
wn)w(m +1) = Ew(ny)w(ng + Dw(ng)w(ms)

with £ € {—1,1} depending on n and m. Therefore, we can write

N-1
Y. wmwm) =25(y() +0(1) Y wlng)w(ms)

m=n+l (mod 2K)

with o(1) which tends to 0 as K — oco. Therefore,

N-1 N-1
fmo 3 wmem) /Y whn)w(m)
mEn+lyTnTc?d 2K m;nniﬁf 2K
_ i 2500+ o) By lnadolma)
 Nooo 2Ky W(n2)w(ma) A

9



’

since 32, . w(ng)w(ma) = (o jw(ng))? = 1. O

5 Random walk

Let Xo, X1, X2, be the random walk on the open interval [0, 1) such that
the transition probability satisfies that

(1 —cosmx)/2 (y =x/2)
PXpy1=y|Xpn=2)=< (1—cosm(xz+1))/2 (y=(x+1)/2) (5.1)
0 (otherwise)
for any n =0,1,2,---. For k =1,2,---, denote the k-step transition prob-

ability by Pj(y|z). That is,
Py(ylz) = P(Xpsk =y| Xn=2) (n=0,1,2,---).
Theorem 5. The random walk {Xo, X1, Xo,- -} has the unique stationary
measure (. Thus, it is mizing. (See Figure 2.)
Proof Let the distribution of Xy be p and the distribution of X; be v.

Then, we have

(1 = cosm2y)/2)du(2y) (y <1/2)
dv(y) = { (1 = cosm2y)/2)du(2y — 1) (y >1/2)

Since
du(2y) = du(2y — 1) = H(l — cos 2m272y)d(2y) = 2 H(l — cos 2127y dy,
k=0 k=1
we have -
dv(y) = H(l — cos 2m2ky)dy = du(y).
k=0

Hence, p is a stationary measure of the random walk.

Take an arbitrary 2 € [0, 1) and consider the random walk X, X1, Xo, - -
starting at Xg = xg. We prove that the distribution of Xx, denoted as
L(Xk|zo) converges weakly to pu as K — oco. This implies that the random
walk is mixing and p is the unique stationary measure of the random walk.

We prove that

K—oo

lim EK[€27m'l1] — /627rilxdu(x) — ’}/(l)

holds for any [ € N, where E is the expectation with respect to L(X g |xo).
Since

2K 1K1

L(Xklzo) = D J] (1 —cos2m2*((wo +5)27%) - 275 6 (g2
=0 k=0

10



and

K—1 2K 1 ‘ ?
H (1 — cos 2m2%x) = (1/2K) Z w(n)er™me|
k=0 n=0
we have
2K 1 . 2K 1 . 2
li 2milz) 2K 2mil(zo+75271) 2min(zo+75277)
Jim Er[e?] = (1/2 )Z e > w(n)e
7=0 n=0
2K 1 2K 1 .
- ] K . K 2mi(n—m—+1) (zo+5277)
Jim (1/25) 37 wnlw(m) - (1/25) 3 e
n,m=0 j=0
2K 1
= lim (1/2% =(
Jim (172 37 wlu(m) =200
m’:nj»l
which completes the proof. O

Lemma 7. It holds for any § >0, j =1,2,--- and z € [0,1) that

/ Lo yaiegs dp(@)du(y) < 65 / Lo yi<s dp(@)dp(y)

Proof Take n such that 27" < § < 27"+L. Then, the set {(z,y) € [0,1) x
[0,1); |z —y + 2| < jo} is covered by at most 65 number of sets of the
following type

on—1

U 27, (k+ 1)27) x [(k + h)27", (k+ h 4+ 1)277).

k=0
where [—1/2,1/2) is identified with R/Z and the intervals are considered in
the modulo 1 sense. Moreover, since

Yo ulk2 (k+1)27)

k=01, 2n—1
> ) p(R27 (b + D27 ) u([(k 4+ h)27 (k+ B4 1)277)),
k=01, 2n—1
we have

6 / g —yj<—n dp(@)dp(y)
>65 Y (k2 (k+1)27)?
k=0,1,---,27—1
> S pR27 (k4127 u(((k+ k)27, (k+ i +1)277))

i=1,,6j k=01, 27n—1

> /1xy+z§j6 dﬂ(w)dﬂ(y)-

11



Lemma 8. Let r < 1 be sufficiently close to 1. Then, for e = 27™ such
that 270 <1 —r <2-27"0 e have
(1) (L =r)"Mpp<c < 40P (2) for any = € [-1/2,1/2), and
(2) [Pr(x —y)dp(@)dpu(y) < 8(1—7r)7" [ 1y <cdpu(a)du(y).
Proof (1) follows from Lemma 5.
Forn=1,2,--- ,ngp, let b(n) = P-(27"). Since

no—1

P’r‘(x) S 2(1 - 7,)71 : 1‘m|§5 + Z b(n + 1)127n71<|x|§27n

n=1

and by Lemma 7,
/12—"—1<|xy|<2—ndﬂ($)dﬂ(y) = 2/1xy(3/2)2—n—1|<2—"—2dﬂ(l‘)dﬂ(y)

<12 gno—n—2 / 1|x7y\§2*nod/~6(95)dﬂ(y)a

we have
/ Pr(z — y)dp(z)du(y)
no—1
< (2(1 —r)7h ) a2 2"0"2> /1|zy|ssdu(x)dﬂ(y)
n=1
<= 4302 [ Lo ycdu(o)dn(y)
<81=)" [ Lo yiecdn(o)duly),
which completes the proof. O

Theorem 6. It holds that

lim [ Py((z — &,z +¢)|x)du(z) < eP? (ase —0),

N—oo

where Py(- | -) is the N-step transition probability of the above random walk.

Proof Since the random walk is mixing, we have

tim_ [ Pyl e+ o)dn(e) = [ Lo yjecdi()duty).

N—oo

Hence, by Lemmas 4 and 8 with ¢ <1 —r < 2¢,

Jim [ Pyl - e+ Olo)dn(a) = [ Yo yjecdn(e)duty)

= (1=7) [ Prle = p)dula)duy) = (1= 1)P =P (as = - 0),

which completes the proof. O

12



Figure 1: Approximation of the measure p as Hi(fo(l — cos(2m2Fz))dx

Figure 2: Time average of the random walk X,, (n =0 to 10000)

13



Acknowledgement: We thank Professor Tan Bo (Huazhong University of
Science and Technology) for his useful suggestions to us. We also thank the
anonymous referee for the useful suggestions.

References

1]

2]

K. Mahler, On the translation properties of a simple class of arithmetical
functions, Journal of Mat. Phys. (1927)

S. Kakutani, Ergodic theory of shift transformations, Proc. Fifth Berke-
ley Sympos.on Math. Statist. and Probability, California Univ. 1967

J. Coquet, T. Kamae, M. Mendes France, La mesure spectrale de cer-
taines suites arithmétiques, Bull. Soc. Math. France 105 (1977), pp.369-
387

Karl Petersen, Ergodic theory, Cambridge University Press, 1983

M. Queffélec, Substitution dynamical systems -Spectral analysis, Lecture
notes in mathematics, Springer 1987

M. A. Zaks, A. S. Pikovsky, J. Kurths, On the correlation dimension of
the spectral measure for the Thue-Morse sequence, J. Statistical Physics
88 No. 5/6 (1997), pp. 1387-1392.

Zhiying Wen, Yiping Zhang Some boundary fractal properties of the con-
volution transform of measures by an approximate identity, Acta Math-
ematica Sinica, English Series 15 No.2 (1999), pp. 207-214

Li Cao, Lifeng Xi, Yiping Zhang, LP estimate of convolution transfor-
mation of singular measure by approximate identity, Nonlinear Analysis
94 (2014), pp.148-155

14



