Automata, algebraicity and distribution

of sequences of powers
(Annales de I'Institut Fourier 51-3 (2001), 687-705)

Jean-Paul Allouche*
Jean-Marc Deshouillers?
Teturo Kamae®
Tadahiro Koyanagi¥

Abstract

Let K be a finite field of characteristic p. Let K((z)) be
the field of formal Laurent series f(z) in z with coefficients
in K. That is,

o
n=ng
withng € Z and f, € K (n =mng,no+1,---). We discuss the
distribution of ({f™})m=o0,1,2,.. for f € K((z)), where

{f} = fua" € K[[z]]
n=0

denotes the nonnegative part of f € K((z)). This is a little
different from the real number case where the fractional part
that excludes constant term (digit of order 0) is considered.
We give an alternative proof of a result by De Mathan
obtaining the generic distribution for f with f, # 0 for some
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n < 0. This distribution is not the uniform measure on K{[z]],
but is equivalent to it. We have a different situation for f €
K[[z]], where if fo # 0 and f # fo, then the distribution for f
is continuous but has a small support. We prove in this case,
that the distribution for f ! is identical with the distribution
for f52f.

Christol, Kamae, Mendes France and Rauzy proved that
the algebraicity of f(x) € K((z)) over K(z) is equivalent
to the p-automaticity of the sequence (f,). This result was
generalized to the multidimensional case by Salon. Hence, if
the Laurent series f(z) € K((z)) is algebraic over K (z), then

F(z,y) =Y fl@)"y"

m=0

is 2-dimensionally p-automatic, since it is algebraic over the
field K(z,y). We construct a finite automaton recognizing
the sequence of coefficients of this double series F(z,y) to
discuss the distribution of ({f™})m>0. Thus, we generalize
results by Houndonougbo and Deshouillers, and strengthen
results by Allouche and Deshouillers.

1 Introduction

Let K be a finite field of characteristic p. Let K((x)) be the field
of formal Laurent series in z. We call f € K((x)) algebraic if it is
algebraic over the rational function field K (z). We say that

fla)= ) far" € K((2)),

where f,, = 0 if n is sufficiently small, is p-automatic (see for exam-
ple [4] and the references therein), if there exists a finite automaton
M = (%, ¢, 00, 7) over the alphabet [p] :=={0,1,---,p — 1} such that

fo=7((- - 0(d(00,m0),10) -+, 1)) (1)



for any nonnegative integers n and L with

00 L
n=S =3 ns el )
1=0 1=0

where ¥ is a finite set, 0p € X, ¢ : L x [p] > Y and 7 : ¥ — K.
In this case, we say that M recognizes f. The elements in ¥ are
called the states and oy is called the initial state of M. We call 7
the output function of M.

Remark 1. The usual definition for that M recognizes f is different
from ours, but is that (1) holds for any nonnegative integers n and
L with (2) together with ny # 0. If we have a finite automaton M
like this, then we can modify it to have a finite automaton M' =
(X x X, ¢, (00,00),7') which recognizes f in our sense. In fact, we

define
e (b(ouk) ) (k = 0)
#((,0') k) = { (60, k). 60, k) (K #0)
and

(0,0") = 7(c").

Thus, f is recognized by some automaton in our sense if and only if
f is recognized by some automaton in the usual sense.

The notion of “(p-)automaticity” does not change if automata read
the highest digit first, i.e., if we replace (1) by

fo=7(0( - d(d(o0,nr), np—1) -+ -, 10)).

In this case, we say that M dually recognizes f. If M recognizes
f, then the dual automaton M* dually recognizes f (Section 6).
It holds that

Theorem 1 ([3, 4]). The series f € K((x)) is algebraic if and only
if it is p-automatic.

This theorem was generalized to the multi-dimensional case by
Salon:



Theorem 2 ([12, 13]). The formal power series F(x,y) € K|[x,y]]
s algebraic if and only if it is p-automatic.

F. von Haeseler and A. Petersen [8] and F. von Haeseler [9] also
discussed the multi-dimensional generalization. In fact, they proved
the equivalence between finite kernel property and automaticity in
a general setting which essentially implies our Theorem 6, which
generalize the “only if” part of Theorem 2 for

Flay) = Y Funt"y™ € K((2))[y)).

m=0n=—o0

Here, F,,, € K for any n,m € Z with m > 0 and it holds that for
any m > 0, there exists ng(m) such that F, ,, = 0 for any n < ng(m).
The meaning of “p-automatic” for such an F(x,y) is that there exists
a finite automaton M = (3, ¢, 0g, 7) over [p] X [p] such that

Fn,m = T(¢( T ¢(¢(007 N, mO)a ny, ml) e mL)) (3)

for any nonnegative integers n, m and L with the following (4):

00 L 00 L
n= np'=3 npl, m=3 mp'=3 mp
i=0 i=0 i—0 =0
where n; € [p] and m; € [p].
The reader may compare the definition with [1] and [9]. Our defini-

tion of p-automaticity does not involve the part of F,, ,, with n <0.

We apply this theorem to discuss the distribution of the sequence
({f™})m>o for f € K((z)), where {f} is the nonnegative part of
f,ie.,

{f}=>_ far" € K[[z]).
n=0
The following result was proved by Allouche and Deshouillers [2] (see
Deshouillers [5, 6, 7] for more precise results if f is rational).

Theorem 3 ([2]). For any algebraic f € K((x)), the logarithmic
distribution of ({f™})m>o0 exists and its support has Hausdorff di-
Mension 2ero.



In the above, a Borel probability measure p on K|[[z]] is called the
logarithmic distribution of a sequence (f™),,> in K[[z]] if for
any finite sequence (¢;)o<i<p (b > 0) of elements in K, it holds that

M-1
. 1 ,
ey X M eK(@he= g vie )

F™ =c;, Vie[o,b)

Here, we call u simply the distribution of a sequence (f™),,>q in
K][[z]] if for any finite sequence (c;)o<;<p Of elements in K, it holds
that

A}@w% Y l=p{we K((@) wi=c Vie D)}

It is clear that, if a sequence has a distribution, then it has a loga-
rithmic distribution and both distributions coincide.

In Section 2, we obtain the generic distribution of ({f™})n>o for
random f € K((x)) such that min{n; f, # 0} < 0. The generic
distribution is not the Haar measure on K[[z]|] but is equivalent to
it, which is proved in Theorem 4 in Section 2.

In Section 3, we consider ({f™})m>0 = (f™)m>0 when f € K[[z]].
In this case, there always exists a continuous distribution if fy # 0
and f # fo. Moreover, the distributions of f~' and f;?f coincide.
In particular, if fy = 1, then f and f~! have the same distribution.

In the further sections, we consider

1

F(z,y) = Z flz)™y™ = w

m=0

€ K((«))[ly]] (5)

for an algebraic f(z) € K((z)). We give an alternative proof of
Theorem 3 using the fact that F(x,y) is algebraic, and hence, p-
automatic. In fact, we prove that the support of the logarithmic
distribution is not only of Hausdorff dimension zero, but also of sub-
linear (block-)complexity. We construct a finite automaton which



recognizes F'(x,y) for a rational f(z) € K((x)) to discuss the distri-
bution of the sequence ({f™})m>0. Using it, we obtain a sufficient
condition for the distribution to be the Dirac measure at 0 in the
case where either the denominator or the numerator is a monomial.
This generalizes results by Houndonougbo [10] and by Deshouillers
[6] as well as simplifies the proofs.

2 Generic distribution

For any n € Z, denote K,, = {f € K((z)); f; = 0 for any i < n},
which is identified with the product space K{mnttnt2:} Tet A\, be
the uniform distribution on K,,. That is, A, is the product measure
(A )imnFlnt2} - where Ak is the uniform probability measure on
K. The following Theorem is essentially due to De Mathan [11] (see
Théoreme 3 bis, p. 40).

Theorem 4. For any n < 0 and for almost all f € K,, \ K, 41 with
respect to A, the distribution of ({f™})m>o ewists and is equal to

p=p=1)Y p T ¥
k=1

where T : K[[z]] — K][[z]] is defined by T(f) = > o0, fix?". Hence, p1
is equivalent to Ao and the support is the whole space K|[x]].

Corollary 1. The logarithmic distribution of ({f™})m>o0 for f €
K[[z]] or algebraic f € K((x)), for which we know that the support
has Hausdorff dimension 0, is singular with respect to this generic
distribution p.

Remark 2. The uniform distribution Ay cannot be a logarithmic
distribution of the sequence ({f™})m>o for any f € K((z)), since the
relative frequency of m such that (f™); = (f™)p+1 = 0 is at least
1/pas (f7?); = (f%)p41 =0 (j = 1,2,--+). On the other hand, the
Ao-measure of the set of ¢ € K[[z]] such that g = g,41 = 0 is at
most 1/p%.



Proof of Theorem 4. Let f = Y .. Za' be a random vari-
able on K,,\ K,,,1, where 7,1, Z,, 19, Z, 13, - - are independent ran-
dom variables uniformly distributed on K and Z, is a uniformly
distributed random variable on K \ {0} which is independent of
Znits Znsoy, Lpisy . Take any m > 0 which is not a multiple of
p. Then, for any ¢ > 0, we have

(fm)z - Am,i + mZ;;nlilZifn(mfl)
= Am,i + BmZifn(mfl)a
where A,,; € K and B, € K \ {0} are random variables determined

by Zn, Zni1y -+ s Zionm-1)-1. Therefore, for any k and (co, 1, -+, cx-1) €
K* we have

El H 1(fm)i:0i]

0<i<k—1
= E[E[ H 1(fm)i=ci|Zna Zn+la Ty Zk—n(m—l)—l]]
0<i<k—1

== E[ H ]'(fm)i:Ci

0<i<k—2

PlAm -1+ BnZinim-1) = k| Zns Znt1s 5 Zi—n(m-1)-1]]
=Bl I lymp—elGE)™ = - = (K)™*,

0<i<k—2

where /K denotes the number of elements in K. Now let us estimate
the variance of (1/M) -, .oy [locick 1 L(pm)i=c;» Where we denote
by a(M) the set of the least M positive integers not divisible by p.



We denote A = ($K)~! and B = %, Then we have

_n.
2

|E Z H Ligmy—e; — M A* |

mea(M) 0<i<k—1

=1 > BT tgm=e —A9C IT Qumze =49

m,hea(M) — 0<i<k—1 0<i<k—1

< (2B+1)M + 2| >

m,h€a(M); m—h>B

E[( JT Lgmme—AHC ] Qgryme — A0

0<i<k—1 0<i<k—1

= (2B+1)M.

The last equality in the above holds since for any m, h € a(M) with
m — h > B, the term

( H l(fm)z:ci_Ak)( H (l(fh),:ci_Ak)

0<i<k—1 0<i<k—1
can be written as the sum of terms:

A2k727j7j,(1(fm)j=01 - A)(l(fh)j’zc" -4

J

X H 1(fm)i:Ci H 1(fh)i:Ci’

0<i<j—1 0<i<j'—1

which has 0 expectation since all the terms but (1(fmy,—,, — A) are

determined by Z,,, Z,, 11, -, Zj_n(m-1)-1, while as above

E[l(fm)j:cj - A|Zna Zn+17 U ;Zj—n(m—l)—l]

- P[Am,j + Bijfn(mfl) - Cj|Zna Zn+1; e 7ijn(m71)71] —A
=0.

Thus the variance of (1/M) 37, . [locick—1 Liymyi=e; is at most
(2B+1)/M and we have the law of large numbers. That is, with prob-
ability 1, (1/M) >, .oy [locick 1 L(pm)i=e; converges to AF. Since
this holds for any finite sequence (cg,c1,--+,cx 1) € KF, it holds

8



with probability 1 that the distribution of ({ f™})mea(s0) is Ao, Where
a(00) is the set of positive integers which are not multiples of p. Since

pmy (fm)np (lf |n)
(F7)n _{ 0 / (otﬁerwise),

the distribution of ({f™})mepa(oo) 1S Ao 0 T ! with probability 1. In
the same way, the distribution of ({f™})mepza(o) is Ao 0 T7% with
probability 1. Hence, the distribution of ({ f™})n>0 is

-1 — _
p )\0+P pp3

1
p 2 AoT 4,

1
)\OOT'_1 +

which completes the poof. O

3 Case K|[z]|

In this section, we consider the case where f € K[[z]]. That is,

n=0

For a positive integer N, let f|y := ij;ol 22", Let G be a trans-

formation on the finite set Ky n) := {g|n; ¢ € K[[z]]} defined by
G(g) = (gf)|n. Then since we have f™|y = G™(1) for m =
0,1,2,--+), the sequence f™|y € Ky in m = 0,1,2,--- is ul-
timately periodic. In fact, the period starts at least at p" since
pN > Nand f*" |y = f2" |y = fo. Let ey be the least period of the
ultimately periodic sequence f™|y in m = 0,1,2,---. Then, ¢y is
the least positive integer m such that pr+m|N = fo. Moreover, any
element appearing in the smallest period appears just once. Hence,
f has a distribution, say py.

We prove that py is continuous if fy # 0 and f # f;. To prove
this, it suffices to show that the least period ¢y tends to infinity as
N tends to infinity. Let n be the least positive integer such that
fn # 0. Let cy = plcd with ¢ which is not a multiple of p. Suppose

9



that p“ny < N. Then, we have a contradiction that (pr+cN)an0 =
(f)prn, # 0. Therefore, we have p'ng > N. Since cy is the
minimum positive integer such that cy = p”c with ¢’ which is not a
multiple of p and L satisfying p“ng > N, we have ¢y = p* with L
which is the minimum integer such that piny > N.

Thus we have N/ng < ¢y < pN/ng and ¢y — o0 as N — oc.

The complexity Cy(Q2) of a closed subset Q of K[[z]] is defined
by

Cn(Q) = ﬁ{ (Ho,Hy,--+ ,Hy_1) € KV; there exists w €
such that w; = H;, Vi=0,1,--- , N —1
(6)
Let Q(f) be the topological support of the measure p; on K[[z]].
Then it is clear that Cy(2(f)) = ey for any N =1,2,---.
When we discuss the Hausdorff dimension of subsets in K{[x]], it
is with respect to the metric p defined by

—min{n>0; wp#wl,}

p(w,w') :=p

for any w # w' € K][[z]]. For the a-Hausdorff measure A, of Q(f),
we have

Aa(Q() < fim 3 -

n—00
(HO"" 7Hn71)€Kn
FweQ(f), wi=H;, i=0,---,n—1

= lim G, (Q(f))p ™
< limpn-p ™

n—oo

=0
for any @ > 0. Thus, dim Q(f) = 0.

Theorem 5. For f € K[[z]], the sequence ({f™})m=01.... has a dis-
tribution puy. If fo =0, then py is the Dirac measure at 0 € K((z)).
If fo #0 and f # fo, then py is a continuous distribution supported
by Q(f) while Q(f) has a sublinear complexity and hence 0-Hausdorff
dimension. In fact, Cn(QU[f)) < pN for any N = 1,2,---. More-
over, in this case, it holds that pg-1 = fip=2y

10



Proof. We only have to prove that pp-1 = fip=2- It suffices to

prove this in the case fy = 1. Since f”k|pxc =1, ff"k*m|],,xc = [
for any k = 1,2,--- and m with 0 < m < p*. This implies that
fp=1 = [if. 0

4 Construction of automata

For i € [p], define the linear operators X; and Y; on K((z))[[y]] by

Xz( Z Hn,m lEnym) = Z an—l—i,m xnym

n,m=—00 n,m=—00
and
0 0
n, m o n, m
Y; E Hn,m ry = § Hn,mp+i ry .
n,m=—00 n,m=—00
Lemma 1.

(n=i)/py(m=D)/p iy = =7
_ Y y if n =1 and m = j mod p,
(i) XiY¥;(z"y )_{ 0 otherwise.

(ii) For anyi,j € [p], we have X;Y; = Y;X;.

(iii) For any i,j € [p| and for any H,G € K((2))[[y]], we have
X5 (HGP) = X, (H)G.

Proof. Assertions (i) and (ii) are clear from the definition. For the
proof of (iii), it is sufficient to remark that G(z,y)? = G(2*, y”) holds
for any G € K((x))[[y]]- O

We state now a theorem to be compared with [3, 4, 9, 12, 13]. The
proof either follows from them or at least is essentially the same with
them. But for the readers’ convenience, we give the proof.

Theorem 6. If F € K((x))[ly]] is algebraic, then it is p-automatic.

11



Proof. Assume that a nonzero element F' € K ((z))[[y]] is algebraic
over K (z,y) with degree hy. Then, the elements F, FP, FP° ... FP"
are linearly dependent over K (x,y). Let h be the least integer such
that F, F?, FP° ...  FP" are linearly dependent over K(z,y). Then,
there exist Ag, Ay, As,--- , Ay € K[z, y] with at least one of them
nonzero such that

AoF + A{FP + AoF” + o A FP" = 0. (7)

We may also assume that Aq, A, As,---, Ay have no nontrivial com-
mon factor.
We prove that Ay # 0. Suppose that Ay = 0. Then we have

A FP 4+ ApFP" oo A, FP" = 0.

Since at least one of A, Ay,---, A, is nonzero, there exist i,j €
[p] such that at least one of X,Y;(A;), X;Y;(As),- -, X;Y;(Ap) is
nonzero. Then, by Lemma 1,
0 = X,V;(AFP 4+ AFP 4 ... 4 A, F"")
= X,Y;(A)F + X,Y;(A)FP + -+ X,Y;(A) PP
which contradicts the minimality of h.
Thus, we have (7) with Ay # 0. Let G := F/A, € K((2))[[y]]-
Then, it holds that
G = —A?AGP— Ag2_2A2G”2 e Aigh—QAhGPh
—: B,GP + B,G” 4+ ---+ B,G""
and F' = AOG with Ao,Bl, BQ, v ,Bh S K[.’L’,y]
Let d := max{deg Ay, deg By, deg By, - -+ ,deg By} and

S(f) == {aG+ @G+ +ap G € K((2))[y]];
a; € K[z,y] and dega; <d, i=0,1,--- ,h—1}.
Note that S(f) is a finite set containing F. For any i,j € [p] and
H € S(f) with

1

H = CLUG + ale + Cl2Gp2 + -+ ah,lG”h_ R

12



it holds by Lemma 1 that

1

X;Y;(H) = X;Yj(aoG+ a1GP + 4GP + -+ ay, GP"
= XiVi(ao(BiG? + -+ ByG™") +
a1 G+ asG” 4 -4 ap GPT
= X,;Yj(aoB1 + a1)G + X;Yj(apBs + a2)GP + - - - +
X,Y;(aoBy) G

)

€ S(f).

since, for any £k =0,1,--- ,h — 1,

2
deg X;Y;(aoBy) < —(degag + deg By) < 2d <d.
p

=

Let
M(f) := (S(f), &, Fin) (8)

be the finite automaton over [p] x [p] such that
B(H, i, ) i= XaYy(H) and n(H) = Ho

for any H = Y H,,,,2"y™ € S(f) and i,j € [p]. Let S(f) be the set
of states in S(f) which are attainable from the initial state F in
M(f), i.e., the set of states S € S(f) such that there exists a finite
sequence of inputs in [p] x [p] which sends the state F' to S. Let
M(f) := (S(f), ¢, F,n) be the automaton obtained from M(f) by
restricting the set of states to be S(f).

We prove that M(f) recognizes F. Take any nonnegative integers
n,m and L with (4). It holds that

Fn,m - (XnLYmL e 'anylen()Ymo (F))O,O
= 77(¢( t ¢(¢(F7 No, mU)a ny, ml) e, N, mL))7

which completes the proof. O

13



5 Rational functions

Let

_ Pl .

f(z) = @) where P, () € K[x], are coprime 9)
be a rational function in K ((x)). Then, F(x,y) defined in (5) satisfies
_ L QW

e =756y~ et - Py

Let !
) = G~ P

Let S(f) be the set of all H € K[z] with deg H < max{deg P, deg Q}.
Define ¢ : £ x [p] x [p] = X by

¢(H,i,j) = X;(HQP™ 1T PY). (10)

Let 7: ¥ — K be7(H) = (%)0, i.e., the coefficient of g € K((z)) of
degree 0. Thus, we define a finite automaton (S(f), ¢, Q, 7) over [p] x
[p]. Let S(f) be the set of states in S(f) which are attainable from
the initial state @ in this automaton. Let M (f) := (S(f), ¢, Q,7) be

the automaton obtained from (S(f), ¢, @, 7) by restricting the set of
states to be S(f).

Theorem 7. The finite automaton M(f) recognizes F(x,y).
Proof. For H € S(f) and i, € [p], it holds by Lemma 1 that

XiY;(HG) = X;Y;(H(Q— Py)’'G")
= XY;(H(Q — Py)' ™G
— Xi(H < P ; 1 > Q" i (=P)Y)G
= X;(HQ" PG = ¢(H,i,)G.

14



Take any nonnegative integers n,m and L with (4). Then it holds
that

an

’

= X o X Yo, X Yoo (F)oyo
= X o 'anylenOYmo (QG)O,O

X L Xn1Ym1 (¢(Qa No, mO)G)O,U
= (¢( : '¢(¢(Q; Ny, mo), ny, ml) T, N, mL)G)O,O
= (¢('"¢(¢(Qan01m0)anlam1)"' JnLamL))?

which completes the proof. O

|
ﬂ

Let f be asin (9), F be asin (5) for this f, and the finite automaton
M := M(f) be as above. For each i € [p], let M; := (S(f), ¢:, Q,T)
be the finite automaton over [p] such that ¢;(H,j) = ¢(H,1,j) for
any j € [p] and H € S(f). Then, the sequence (Fj;;)m>o0 in K
for a fixed nonnegative integer n with (2) is “recognizable” by the
sequence of automata related to n:

My, My, -+, M,

ng»

Mo, My, - - -

L)

in the sense that

Fn,m — T(¢nN(' t ¢n1 (¢n0(Q7 mU)a ml) e amN))

for any nonnegative integers m and N > L with

0o N
m = Zmipi = Zmipi, m; € [p].
i=0 i=0
Theorem 8.

(i) The distribution of the sequence ({f™})m>o is equal to &, the
Dirac measure at 0 € K((x)) if in the finite automaton My as
above, 0 is attainable from any state in S(f).

(i) If P =1 and Q # 0 satisfies Q(0) = 0, then the distribution of
the sequence ({f™})m>o0 s equal to dg.

15



(iii) If Q = 2* with u > 1, P(0) # 0 and for some k =1,2,---, P*
lacks the term 2%, i.e., (P*), = 0, then the distribution of the
sequence ({f™})m>o is equal to dy.

Proof. (i) Assume that 0 is attainable from any state in S(f) in
My. By the above consideration, 0 is the only “sink” of the sequence
of automata related to any n > 0. Since 7(0) = 0, this implies that
for any n > 0 the frequency of 0 in the sequence (F, ,,)m>o is equal
to 1. Thus, the distribution of the sequence ({f™})m>0 is equal to
(S().

(i) Since ¢o(x¢,p — 1) is 2%/? if p | ¢ and 0 otherwise,
¢0(' ) '¢0(¢0(1‘07p - 1)7p - 1) Y 2 1) 7& 0
k ti

only if p* | ¢. Therefore, for any H € S(f) and for any sufficiently
large integer k, it holds that

¢0("'¢0(¢0(Ha10— 1),p— 1) P 1) = H(O)-
N’

k times

Assume that H = C' (constant). Then, since
¢0(Hap - 2) = OXU(Q) =:J,

the relation J(0) = 0 follows from the assumption Q(0) = 0.

Thus, 0 is attainable from any element H in S(f) in M, by reading
(p — 1) sufficiently many times followed by reading (p — 2) once and
again (p — 1) sufficiently many times.

(iii) Assume that (P¥)g, = 0 for some k = 1,2, ---. Since ¢o(z¢,0) is
v e=w/P if p | ¢ — u and 0 otherwise,
¢0(' o ¢0(d)0(l‘ca 0)7 0) e 70) 7& 0
—_———
j times

only if p’ | c—u. Therefore, for any H € S(f) and for any sufficiently
large integer j, it holds that

Go(- - - do(Po(H,0),0)---,0) = H,x".
N———

j times

16



Therefore, for any state in S(f), there exists C' € K such that C'z"
is attainable from it. Hence, it suffices to prove that 0 is attainable

from x*. ‘
Let k = Y70 k;p’ with k; € [p]. Then we have

H = ¢o(---o(do(" ko), k1) -+, kj1)
N———

j times
= XU(J---XO(XU(:U” koJu pho) g (p—k1—Lyuphuy .. g (p—hj-1—L)u phj-1)
= Xo(- - Xo(Xo(zP—Ho)u pko(g(p—ki—Lju pkiypy . y(p=kj-1=Du pkj-1)
Xo(- 'Xo(Xo(:E p?—ko—kip) upko+k1p)) (pfkjflfl)upkj,l)
— XU(---XO(X (:L‘ (pf —ko—k1p—-- —kj 1pi~ 1)quo+k1p+ ki 1pi— 1)))
2 X[ (z7F PF).

Therefore, H, = 0 follows from the assumption (P*);, = 0. Thus,
0 is attainable by applying the preceding procedure again, which
completes the proof. O

Remark 3. To cover the case where one of P or () is a monomial,
we have to consider the following subcases in addition to (ii) and (iii)
in Theorem 8:

=1 and Q(0) # 0,
= 2" with u > 1 and Q(0) # 0,

(iv

(v

(vi

) P
) P
) Q@ =1and P(0) #0,
) @

=1 and P(0) =0, and

(vii
(viii) @ = 2" with u > 1 and (P*);, #0 for any k = 1,2, - -

The distribution is dy in the case (v) and (vii), since (f™), = 0 if
m > n. In the cases (iv) and (vi), the distributions are continuous
by Theorem 5 if f is nonconstant. In the case (viii), the distribution
is always continuous by [6]

The case (iii) in Theorem 8 is due to Deshouillers [6]. Here we gave
an alternative and simpler proof.
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Figure 1: Automaton in Example 1

Example 1. (Pascal triangle)

Let p=2, K={0,1} and f =14z, (P=1+z,Q =1). Then, the
table (Fym)nm>o is the Pascal triangle modulo 2. In the automaton
M = M(f), the initial state is 1, S(f) = {0, 1}, and it holds that

. . 1 ifi<j
¢(O,Z,j) = Oa ¢(1alaj) = { 0 otherwise

for any i, j € [2]. Therefore, M; has two sinks 0 and 1. Furthermore
we have 7(0) =0 and 7(1) = 1.

The distribution p for this f is determined using the automaton.
In fact, we have

(11)

nm 0 otherwise.

Define a partial order < on the nonnegative integers by

n < m if and only if n; < m; for all i,

18



where we use the notation in (4). Then, for any fixed m > 0, the
function F), defined by F,,(n) = F,,, is monotone decreasing with
respect to the partial order < on the set of nonnegative integers.
It is not difficult to see that Q(f) consists of all ) ., g,z™ such
that the function n + g, is monotone decreasing in this sense. The
distribution g is the uniform distribution on Q(f) in some sense.

By the arguments in Section 3, the function m — F, |+ is purely
periodic with least period at most 2* for k = 1,2, ---. In our case, it is
exactly 2¥ since otherwise, there exists m with 0 < m < 2* such that
Fiulor = Fylgr = 6p. But this is impossible since Fy,(m) = Fy,,, = 1
by (11). The p-measure of the cylinder determined by Fj,|q is 27%
for m =0,1,---,2¥ — 1 using the periodicity.

Figure 2: Automaton in Example 2

Example 2. Let p =2, K = {0,1} and f = (1+2?)/z, (P = 1+47?,
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@ = z). Then, we have

N vy ) =0,
¢(£U,Z,0)—Xz(l')—{0 lflzl,
0 ifi=0
3\ — )
¢, 1) = XZ“”“‘{ l+z  ifi=1,
¢(0,4,5) =0 Vi, j € [2]
_ o Jx ifi=0,
A1 +2,i,0) = X;(x + 2°) = 1 ifi=1,
o(l+z,0,1)=X;1+z+a?+2%) =142 Vi€ |2
0 ifi=0,
¢(1,3,0) = (5”)_{ 1 ifi=1,

. 1+=x ifi =0
_ . 2\ )
¢(1,z,1)—XZ(1+x)—{0 i1,

In this case, f has a distribution equal to d;.

6 Dual automata and complexity

Let M(f) := (S(f), ¢, F,n) be the automaton constructed in Sec-
tion 4 which recognizes F in (5) for an algebraic f € K((z)). We con-
struct the dual automaton M(f)* := (S(f)*, ¢*,n, F*) over [p] x [p]
which dually recognizes F'.

Let

S(N = {¢:8() = K} -

O°(€1.4) =€ o diy (Virj € o], €€8())

F*(€) =&(F) (V¢ €8(F)),
where ¢; ; : S(f) — S(f) is defined by ¢;,;,(H) = ¢(H,i,5), VH €
S(f). Let S(f)* be the set of all states which are attainable from the

initial state 7 in the automaton (S(f) ,¢*,n, F*) over [p] x [p]. Let
M(f)* := (S(f)*, ¢*,n, F*) be the restriction of this automaton.
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Then for any nonnegative integers n, m and L with (4), we have

F*(¢*( t ¢*(¢ * (777 nr, mL)a nr-i, mLfl) ©o 0, No, mO))
— F*(d)*( .. d)*(n o ¢nL,mLa nr_1, mL—l) <o Mg, mO))

F*(T] © ¢nL,mL ° ¢nL—1,mL—1 ©---0 ¢n0,m0)
no d)nL,mL © ¢nL—17mL—1 ©-+-0 d)no,mo (F)
n(é(- - ¢(o(F,no, mo),ni,ma) - -+ ,ng,my))
= Fon.

Thus, M(f)* dually recognizes F.

Theorem 9. If f is algebraic, then it holds that

Cn(Q(f)) < priS(f)

for anyn =1,2,3,---, where the notation is as in (6). In particular,
the logarithmic distribution of the sequence ({f™})m>o0 is supported
by Q(f) which has Hausdorff dimension zero.

Proof. Since the table (F,,)o<ucpt, mpk<v<(mii)pt for m > 0 with

9] L
m=> mp = mp’ m;€pl, m,#0
i=0 i=0
is determined by

¢*( o ¢*(¢*(777 07 mL)a 07 mL*l) e 707 mO) € S(f)*a

there exist at most §S(f)* different tables as above. Hence, there
exist at most p*#S(f)* different sequences among (F, ,)o<ycpr (v =
0,1,2,---). Take any positive integer n. Then, there are at most
pngS(f)* different sequences among (Fy,)o<u<n—1 (v = 0,1,2,--+),
since there exists a positive integer k such that p*~! < n < p* < pn.
Thus, we have

Cn(Qf)) < priS(f)°
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for any n =1,2,3,---. For the a-Hausdorff measure A, of Q(f), we
have

A(Q(f)) < lim > pne

n—00
(Ho, - ,Hp—1)EK™
JweQ(f), wi=H;, i=0,---,n—1

= lim G, (Q(f))p ™
< lim pngS(f)p ™
n—oo
= 0
for any @ > 0. Thus, dim Q(f) = 0. O

Problem: it seems to be true that if f € K((x)) is algebraic, then
the sequence ({f™})m>o has a distribution which is either d; or con-
tinuous. We do not have a proof of this assertion.
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