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Abstract� A deterministic version of the It�o calculus is presented�
We consider a model Yt � H�Nt� t� with a deterministic Brownian
Nt and an unknown function H� We predict Yc from the observation
fYt� t � �a� b	g
 where a � b � c� We prove that there exists an
estimator �Yt based on the observation such that E�� �Yt � Yc��	 �
O��c � b��� as c � b�

� Introdution

Deterministic Brownian motions are stochastic processes with non�
correlated
 stationary and strictly ergodic increments having ��entropy
and ��expectation� The self�similarity of order 
�� follows from these
properties� Such processes have a lot of variety and have di�erent
properties� It is not the case of the Brownian motion where the pro�
cess is characterized as a process with stationary and independent
increments with ��expectation and standard variance�
Among the deterministicBrownian motions
 the simplest one is the

N�process �Nt� t � R� which is de�ned by the author in Example �
of �
	� It comes from a piecewise linear function called N��function
in Figure 
� It is time reversible�
The aim of this paper is to develop stochastic analysis based on

N�process� We consider a process Yt � H�Nt� t�
 where the function
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H�x� s� is twice continuously di�erentible in x and once continuously
di�erentible in s and Hx�x� s� � �� The function H is consisered
completely unknown except for these properties� We want to predict
the value Yc from the observation YJ �� fYt� t � Jg
 where J � �a� b	
and a � b � c� We prove in Theorem � that there exists a estimator
�Yc such that

E�� �Yc � Yc�
�	 � o��c� b��� �O�

�c� b��

b� a
� �
�

as c � b with the following C�b� as the constant in O� ��

C�b� �� �� sup
jxj�jbj���

jHx�x� b�j
�� ���

One of the motivations of our paper is given by Benoit B� Mandel�
brot ��	
 who mentioned that the simulation of stock market by the
Brownian motion contains too much randomness� Actual market has
a strong negative correlation between the �uctuations of price on a
day and the next day� He is suggesting to use the N�shaped function
as the base of the simulation�
Our model has a lot of similarities to the It�o process� For example


we have a It�o formula �Theorem ��� Nevertheless
 there is a big dif�
ference between them� Our process has ��entropy while It�o process
has ��entropy� Therefore
 we have much better possibility of pre�
dicting the future� Theoritically
 if we have complete informations of
the function H
 and have comlete data of Yt in the past
 we should
be able to predict the future without error� But the actual setting
is with the unknown function H and the limited observation Yt for a
bounded interval J � The best we can do is the order O��c � b��� in
the above estimate �
�
 while O�c � b� in the case of It�o process�
A sample path fromN�process repeatsN��function in various scales�

The main idea for the prediction called synchronization is to �nd
out the positions and the scales of appearances of N��function in the
sample path� An appearance of N��function in a sample path is a
part of bigger N��functions while containing smaller ones� Along the
� line segments in an appearance of N��function
 the sample path
either increases at the �rst part
 then decreases and increases
 or de�
creases at the �rst part
 then increases and decreases� Thus
 it has a

�



strong correlation along the synchronized intervals
 while the process
itself has noncorrelated increments�
Another motivation is to create a sample path of Brownian motion

in a deterministic way without using random mechanism� Our N�
process is strictly ergodic so that any chosen path realizes probablistic
properties of the process� We don�t need a randomization procedure
but just take one
 for example
 N� function itself� Of course
 it is
not exactly like a path of Brownian motion
 but shares the quadratic
structure with Brownian motion� If we take a derivative in some
sense of the sample path
 we get a white noise� thus
 our N�process
provides a method of generating a random number�

� N�process

We consider the N�process �Nt� t � R� which is the stochastic
process de�ned in Example � of �
	 for � � 
��� We repeat the
de�nition in a little di�erent way as follows�
De�ne a continuous piecewise linear function N� �see Figure 
� on

the interval ��� 
	 by

N��x� �

��
�

�
�
x � � x � ���
��x� � ��� � x � ���
�
�
x� �

�
��� � x � 
�

Let N� be the continuous piecewise linear function on ��� 
	 ob�
tained by replacing � line segments in N� by self�a�ne images of N�

or �N� keeping the � end points �xed
 that is

N��x� �

��
�

�
�
N��

�
�
x� � � x � ���

�
� �

�
�N���x� �� ��� � x � ���

�
�
� �

�
N��

�
�
x� �

�
� ��� � x � 
�

Let N� be the the continuous piecewise linear function on ��� 
	
obtained by replacing � line segments in N� by self�a�ne images of
N� or �N� as before� In the same way
 we obtain Nn from Nn��

for n � �� �� � � � � For covenience
 we de�ne N� by N��t� � t for any
t � ��� 
	�

�



Figure 
� N�� N�� N� and N�
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We prove that the function Nn converges pointwise as n tends to
in�nity to a continuous function
 say N� on ��� 
	� Let a� b � ��� 
	
with a � b� The interval �a� b	 is called a synchronized interval of

level n if �a�Nn�a���b�Nn�b�� is one of the �
n line segments consisting

of the graph of the function Nn for n � �� 
� �� � � � � In this case
 it
holds for any m � n that


� Nm�a� � Nn�a� and Nm�b� � Nn�b�


�� Nn�a� � Nm�t� � Nn�b� or Nn�a� � Nm�t� � Nn�b� for any
t � �a� b�


�� jNn�b��Nn�a�j � jb� aj���
 and

�� b� a �
�
�
�

�i ��
�

�n�i
for some i � �� 
� � � � � n�

Take any t � ��� 
	� For any � � �
 there exists n and a synchronized
interval of level n
 say �a� b	 with t � �a� b	 and jb� aj � ��� Then for
any m�m� � n


jNm�t��Nm��t�j � jNn�b��Nn�a�j � jb� aj��� � ��

Thus
 Nm�t� converges as m 	 �� The limit will be denoted by
N��t��
Let us prove the continuity of the function N�� Take any s� t �

��� 
	 with � � t � s � �
���n for some n � 
� �� � � � � Then there
exists � neighboring synchronized intervals of level n
 say �a� b	 and
�b� c	 such that �s� t	 
 �a� c	� Then we have

jN��t��N��s�j

� jNn�b��Nn�a�j� jNn�c��Nn�b�j

� jb� aj��� � jc� bj��� � �

�
�

�

�n��

Thus
 the function N� is continuous�
We de�ne a function �N� � R	 R which is an extension of N� by

�N��t� �

��
�
� t � �
N��t� � � t � 


 t � 
�

�



Figure �� 	� 	 � s and ��	 � s�
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Now we randomize �N� to get the N�process �Nt� t � R��
Let � be the set of continuos functions 	 � R	 R with 	��� � ��

We consider � as a topological space with the compact open topology

that is
 	n � � converges to 	 � � as n tends to in�nity if and only
if 	n�t� converges to 	�t� uniformly on each bounded set of t� For
	 � � and s � R
 we de�ne the addition 	 � s � � �see Figure ��
by

�	 � s��t� � 	�s� t�� 	�s��

For 	 � � and 
 � R�
 we de�ne the multiplication 
	 � � by

�
	��t� � 
���	�
��t��

Choose s � ��� 
	 randomly according to the Lebesgue measure
on ��� 
	 and de�ne �N� � s� Now take L � � and chose 
 � ��� L	
randomly according to the normilized Lebesgue measure on ��� L	
independently of s and de�ne e�� �N��s�� Now let L tend to in�nity�
We prove in Theorem 
 that the distribution of the random variable
e�� �N� � s� on � converges weakly �i�e� in the weak� sense� as L
tends to in�nity� Let P be the limiting distribution on �� Then the
stochastic process �Nt� t � R� on the probability space ��� P � is
de�ned by Nt�	� � 	�t� for any 	 � � and t � R
 which is called
the N�process� Let �� be the topological support of the measure
P �
Let �a� b	 be a synchronized interval of level i� We call it increasing

if N��a� � N��b� and decreasing if N��a� � N��b�� We call it
left� middle or right if there exists a synchronized interval �u� v	
such that �a� b	 is equal to �u� u�	� �u�� v�	 or �v�� v	
 respectively
 where
we put u� � ��u��v��� and v� � ��u��v���� For example
 ��� 
	 is the
only synchronized interval of level �
 which is increasing� There are �
synchronized intervals of level 

 namely ��� ���	� ����� ���	� ����� 
	

which are increasing
 decreasing and increasing
 respectively and left

middle and right
 respectively�
Let X � e�� �N� � s� for some s � ��� 
	 and 
 � ������ Note that

e� � �X��� �X������


 � s � e��minft� X�t� � X���g�

�



so that 
 and s are determined by X� Let �a� b	 be a synchronized
interval� Then we say that ��a� s�e�� �b � s�e�	 is a synchronized
interval of X� We also say that it is increasing
 decreasing
 left

middle or right synchronized interval of X if �a� b	 is so�

Lemma �� �
� �N��t� � �N��
� t� � 
 for any t � R�
��� Let �a� b	 be a synchronized interval� Then we have

N��t��N��a� � ��b� a����N�

�
t� a

b� a

�

for any t � �a� b	� where � is 
 or �
 according as the interval �a� b	
is increasing or decreasing� respectively�
��� There exists a constant C such that

j �N��t�� �N��s�j � Cjt� sj���

for any s� t � R�
��� The set K �� fe�� �N� � s�� s � ��� 
	� 
 � �g is relatively

compact in ��

Remark �� In Theorem �
 we prove that C in ��� of Lemma 
 can
be taken as 
�

Proof� �
� Clear from the de�nitions of N� and �N��
��� The graph of N� restricted to the interval �a� b	 is the image of

the graph of N� by the a�ne transformation sending the point ��� ��
to �a�N��a��
 ��� 
� to �a�N��b��
 �
� �� to �b�N��a��
 and �
� 
� to
�b�N��b��� Moreover
 we already remarked that N��b� � N��a� �
��b� a����� Our conclusion follows from these properties�
��� Assume without loss of generality that � � s � t � 
 and

t�s � 
��
 since otherwise
 either the required inequality holds with
C � � or it follows from our case by the symmetry or with s � � for
s and t � 
 for t� Take the maximum n such that either there exist
� neighboring synchronized intervals �a� b	 and �b� c	 of level n with
�s� t	 
 �a� c	� Then we have t � s � �
�����b � a� � �c � b�� since

�



otherwise
 we can take a larger n as this� It follows that

j �N��t�� �N��s�j � jN��t��N��s�j

� jN��b��N��a�j� jN��c��N��b�j

� jb� aj��� � jc� bj���

� ���b� a� � �c� b�����

� �jt� sj����

where we used the fact that either c�b � ��b�a� or c�b � �
����b�a�
holds
 since �a� b	 and �c� d	 are neighboring synchronized intervals of
the same level �see ��� of Lamma ���
��� By ���
 any function f in K satis�es that jf�t� � f�s�j �

Cjt� sj��� for any s� t � R together with f��� � �� This implies that
K is relatively compact in ��

Theorem �� The N�process introduced above is well de�ned and has
the same distribution as the cocycle F for � � 
�� in Example � in
�
	�

Proof� In Example � of �
	
 the weighted substition ��� 
� on f�� 
g
was de�ned as

�	 ��� �
�
��
� �

�
���� �

�
�


	 �
� �
�
���� �

�
��
� �

�
��

Then
 we de�ned  ��  ��� 
�
 the set of colored tilings associated
to ��� 
� which is strictly ergodic with respect to the addition �R�
action�� Let � be the unique invariant measure on  with respect
to the addition
 which is also invarint under the multiplication �R��
action�� Finally
 we de�ned the 
!��homogeneous cocycle F on  in
Example � of �
	� Then it holds that

F �	� t�� F �	� c� � ��
���d� c����N�

�
t� c

d � c

�
���

for any 	 �  and t � �c� d	 if there exists a tile S of 	 with color �
such that S � �a� b	
 �c� d� for some a� b� For 	 �  
 let F �	� denote
the function R	 R such that F �	��t� � F �	� t�� Then
 F �	� � ��

�



Let �F be the distribution of the random variable F �	� with values
in � de�ned on the probability space � � ���
We want to prove that the process �Nt� t � R� is well de�ned

and has the distribution �F � For this purpose
 we prove that the
distribution of the random variable XL �� e�� �N� � s� converges in
the weak sense to �F as L	�
 where �s� 
� is a uiformly distributed
random variable on ��� 
	 
 ��� L	� It is su�cient to prove that for
any sequence fLn� n � 
� �� � � � g with limn�� Ln � �
 there exists
a subsequence fL

�

ng of fLng with limn�� L
�

n � � such that the
distribution of XL�n

converges to �F weakly as n tends to in�nity�
Take any sequence fLn� n � 
� �� � � � g with limn�� Ln � ��

There exists a subsequence fL
�

ng of fLng with limn�� L
�

n �� such
that the distribution of XL

�
n
converges weakly to
 say P �
 as n tends

to in�nity by ��� of Lemma 
� We want to prove that P � � �F �
Since  is strictly ergodic with respect to the addition ��
	� and the

transformation F �  	 � is continuous satisfying that F �	 � t� �
F �	� � t ��	 �  � �t � R�
 F � � is strictly ergodic with respect to
the addition� Hence it is su�cient to prove that
�i� P � is invariant under the addition
 and
�ii� P ��F � �� � 
�
Let L be any bounded continuous funtional on �� Take any t � R

and 
 � R�� Then we haveZ
L�	 � t�dP ��	�

� lim
n��




L�

n

Z L
�
n

�

Z �

�

L�e�� �N� � s� � t��dsd


� lim
n��




L�

n

Z L
�
n

�

Z ��te��

te��
L�e�� �N� � s��dsd


�

Z
L�	�dP ��	��

which proves �i��
Since F � � is compact ��
	�
 to prove �ii�
 it is su�cient to prove

that P ��F � �M� � 
 for anyM � �
 where F � �M is the set of f � �


�



such that there exists 	 �  satisfying that the restrictions of f and
F �	� to ��M�M 	 coincide�
Let �aL� bL	 be the minimal synchronized interval of XL
 if it exists


containing ��M�M 	 and let cL � � or 
 corresponding to whether
�aL� bL	 is increasing or decreasing� Such an interval �aL� bL	 exists if
and only if

��M�M 	 
 ��se�� �
� s�e�	� ���

since ��se�� �
 � s�e�	 is the unique synchronized interval of X of
level �� In this case
 take 	 �  such that there exists a tile S of 	
with color cL and S � �a� b	
 �aL� bL� for some a� b� Then by Lemma

 and ���
 we have

F �	� t�� F �	� aL� � XL�t��XL�aL�

for any t � ��M�M 	 
 �aL� bL	� Since F �	� �� � XL��� � �
 we have
F �	� aL� � XL�aL� by putting t � � in the above equality� Hence

we have F �	� t� � XL�t� for any t � ��M�M 	� Thus


XL � F � �M ���

if ��� holds�
Let us estimate the probability that ��� holds�

Pr���M�M 	 
 ��se�� �
� s�e�	�

� Pr��s � �
� s��e� �M�

�



L

Z L

�

Z �

�


	s�	��s

e��Mdsd


�



L

Z L

�

�
� �Me���d


� 
 �
�M

L
� ���

which tends to 
 as L tends to in�nity�
Since F � �M is a closed set
 it holds by ��� and ���


P ��F � �M�� � lim
n��

Pr�XL
�
n
� F � �M� � 
�

which proves �ii��







Corollary �� The following statements hold�
�
� �� � F � �� where �� is the topological support of the measure

P �
��� For any � � �� and a� b � R with a � b� there exist s � ��� 
	

and 
 � ����� such that the restriction of � to the interval �a� b	
coincides with the resriction of e�� �N� � s� to �a� b	� Moreover� in
this case� �a� b	 
 ��se�� �
� s�e�	 holds�

Corollary � ��
	�� The space �� is compact and invariant under the
addition and the multiplication� The addition on �� is strictly ergodic
with the unique invariant probability Borel measure P � Moreover� P
is invariant under the multiplication� The entropy of the addition
is �� The stochastic process �Nt� t � R� is self�similar with order

�� and has stationary� strictly ergodic and noncorrelated increments
with � entropy� Moreover� E�Nt	 � � and V�Nt	 � Cjtj for any t � R�
where C � � is a constant� Furthermore� the process �Nt� t � R� is
time reversible�

Remark �� We do not know the exact value of C in Corollary �� A
numerical computation tells us that C � ��
��� � � � �

� Synchronization

Lemma �� �
� For any synchronized intervals I and J � either I 

J� I � J or I i � J i � � holds� where I i� J i are the sets of interior
points of I and J � respectively�
��� For any neighboring synchronized intervals �a� b	 and �b� c	� ei�

ther �c�b���b�a� � �
��������i for some integer i� or �c�b���b�a� �
������i for some integer i holds� where i is the level of �b� c	 relative to
�a� b	� Moreover� one of them is increasing and the other is decreasing�

Proof� �
� Clear from our construction of the function N��
��� Let �u� v	 be the minimal synchronized interval containing �a� b	�

�b� c	 and let �u� u�	� �u�� v�	� �v�� v	 be the synchronized intervals of the
next level
 where u� � ��u � �v���� v� � ��u � �v���� Then
 there
are � cases�
Case 
 �a� b	 
 �u� u�	 and �b� c	 
 �u�� v�	�


�



In this case
 it holds that b � a � �����h������v � u� and c � b �
�����k�
����v�u�
 so that �c�b���b�a� � �
��������i with i �� k�h

which is the level of �b� c	 relative to �a� b	�
Case � �a� b	 
 �u�� v�	 and �b� c	 
 �v�� v	
In this case
 it holds that b � a � �����h�
����v � u� and c � b �
�����k������v � u�
 so that �c� b���b� a� � ������i with i �� k � h

which is the level of �b� c	 relative to �a� b	�

Lemma �� For any increasing �decreasing� synchronized interval
�a� b	� we have N��a� � N��t� � N��b� �N��a� � N��t� � N��b��
respectively� for any t � �a� b�� In particular� � � �N��t� � 
 for any
t � R�

Proof� Let �a� b	 be an increasing synchronized interval of level n�
Then
 we remarked in Section � that Nn�a� � Nm�t� � Nn�b� or
Nn�a� � Nm�t� � Nn�b� for any t � �a� b� and m � n� Since Nn�a� �
N��a� � N��b� � Nn�b�
 we have N��a� � Nm�t� � N��b� for any
t � �a� b� and m � n� Take any t � �a� b�� There exists m � n and
a synchronized interval �c� d	 of level m such that a � c � t � d � b�
Then
 we have

N��a� � N��c� � Nm�c� � NM�t� � Nm�d� � N��d� � N��a�

for any M � m� Letting M 	�
 we have

N��a� � N��t� � N��a��

Lemma 	� �
� It holds for any � � t � 
 that N��t� � t���� The
equality holds if and only if ��� t	 is a synchronized interval�
��� It holds for any � � t � 
 that 
 � N��t� � �
 � t����� The

equality holds if and only if �t� 
	 is a synchronized interval�

Proof� �
� If t � ����� ���	
 then by Lemma �


N��t��t
��� � N������������

��� � 
�


�



Let

a �
�

�
�

�
�

�

��

�
���

���
� b �

�

�
�

�
�

�

�� �

�
�
���

���

c �
�

�
�

�
�

�

��

�
�


�

� d � 
�

�
�

�

��

�
��

�


Then we have

N��a� �



�
�

�
�

�

��

�

�

��
� max

����t�b
N��t�

N��c� �



�
�

�
�

�

��

�
�

�
� max

b�t�d
N��t��

Hence


N��t��t
��� � N��a�������

��� �

����

��������
� 


for any t � ����� b	
 and

N��t��t
��� � N��c��b

��� �
���

������������
� 


for any t � �b� d	� If t � �d� 
�
 then there exists k � �� �� � � � such
that 
� �����k � t � 
� �����k��
 and it holds that

N��t��t
��� � N��
�����������

k ���
������k���� �

 � �

��
�
��

k

�
� �����k����
� 
�

Therefore
 N��t��t��� � 
 holds only if t � 
 or t � ��� ���	� For
t � ��� ���	
 let k � 
� �� � � � be such that �����k�� � t � �����k�
Then
 since ��� �����k	 is a synchronized interval
 it holds by Lemma

 that

N��t��t
��� � N�������

kt��������kt�����

Since �����kt � ����� 
	
 N��t��t��� � 
 if and only if �����kt �

� That is
 t � �����k� This is equivalent to say that ��� t	 is a
synchronized interval� Moreover
 since the value of N��t��t��� at
such t is 

 we complete the proof of �
��
��� follows from �
� by �
� of Lemma 
�

Lemma
� For any a� b � R with a � b� j �N��b�� �N��a�j � �b�a�����
The equality holds if and only if �a� b	 is a synchronized interval�


�



Proof� If a � b � � or 
 � a � b
 then j �N��b� � �N��a�j � � �
�b� a����� If a � � � 
 � b
 then j �N��b�� �N��a�j � 
 � �b� a�����
If a � � � b � 

 then j �N��b�� �N��a�j � �N��b� � b��� � �b� a����

by Lemma �� If � � a � 
 � b
 then j �N��b�� �N��a�j � 
� �N��a� �
�
� a���� � �b� a���� by Lemma ��
Finally
 assume that � � a � b � 
 and �N��a� � N��a�� �N��b� �

N��b�� Let �c� d	 be the minimal synchronized interval containing
�a� b	� We assume without loss of generality that the interval �c� d	 is
increasing� Let c� � ��c � �d��� and d� � ��c � �d���� Then
 the
intervals �c� c�	� �c�� d�	� �d�� d	 are synchronized� By the assumption

�a� b	 is not contained in any of these intervals� Hence
 there are �
cases�
Case 
 a � c� � b � d�

Case � c� � a � d� � b
 and
Case � a � c� � d� � b�

In Case 

 by Lemmas 

 � and �
 we have

jN��b��N��a�j � �N��c
���N��a�� � �N��c

���N��b��

� �c� � c����N�

�
c� � a

c� � c

�
� �d� � c�����N�

�
b� c�

d� � c�

�

� �c� � c����
�
c� � a

c� � c

����

� �d� � c�����
�
b� c�

d� � c�

����

� �c� � a���� � �b� c�����

� �b� a�����

In Case �
 by Lemmas 

 � and �
 we have

jN��b��N��a�j � �N��a��N��d
��� � �N��b��N��d

���

� �d� � c�����N�

�
d� � a

d� � c�

�
� �d� d�����N�

�
b� d�

d � d�

�

� �d� � c�����
�
d� � a

d� � c�

����

� �d� d�����
�
b� d�

d � d�

����

� �d� � a���� � �b� d�����

� �b� a�����


�



Let us considered Case �� Let A �� N��c�� � N��a� and B ��
N��b�� N��d��� Then we have A � � and B � � by Lemma �� By
Lemmas 
 and �
 it holds that A� � c��a and B� � b�d�� Moreover

N��d

���N��c
�� � ��d� � c������ Hence
 we have

�N��b��N��a��
� � �A�B � �d� � c�������

� A� �B� � �d� � c�� � �AB � ��A�B��d� � c�����

� b� a� �AB � ��A�B��d� � c������ ���

Since A � �c��c���� � ��d��c����� and B � �d�d����� � ��d��c�����

we have

�AB � ��A�B��d� � c�����

� ��d� � c����� �B �A � ��d� � c����� � ��A�B��d� � c����� � �

with the equality only ifA � �c��c���� and B � �d�d������ Therefore
by ���
 we have jN��b��N��a�j � �b� a���� with the equality only
if a � c and b � d and that the interval �a� b	 is synchronized�

Lemma �� Let s � ��� 
	 and 
 � ����� be arbitrary and let X ��
e�� �N� � s��
�
� For any interval �a� b	 �a � b�� we have jX�b� �X�a�j � �b �

a�����
��� The following statements for an interval �a� b	 �a � b� are equiv�

alent to each other�
�i� �a� b	 is a synchronized interval of X�
�ii� It holds that X�a� �� X�b� and

X�t��X�a� � ��b� a���� �N�

�
t� a

b� a

�

for any t � �a� b	� where we put � �� sgn�X�b� �X�a���
�iii� jX�b��X�a�j � �b� a�����

Proof� �
� follows from Lemma ��
��� It is clear that �ii� implies �iii�� That �i� implies �ii� follows

from Lemma 
� That �iii� implies �i� follows from Lemma ��


�



Let 	 � �Nt�	�� t � R� be an arbitrary sample path of the N�
process belonging to ��� Then by Corollary 

 its restriction to any
bounded set is a restriction to the same set of some of X in Lemma
�� An interval �a� b	 �a � b� is called a synchronized interval of 	
if it is a synchronized interval of a function X as in Lemma � which
coincides with 	 on �a� ��b� a�� b� ��b� a�	� This is well de�ned
since it is independent of the choice of X by Lemma �� It is called
increasing
 decreasing
 left
 middle or right if it is so in X as
above� We cannot count the level of a synchronized interval of 	
 but
we can compare the levels between synchronized intervals� For two
synchronized intervals I and J of 	
 J is said to have level n �n � Z�
relative to I if there exists X as in Lemma � which coincides with
	 on an interval containing I � J and m � � such that I and J are
synchronized intervals of X with levelsm and m�n
 respectively� In
special
 they are said to have a same level if n � � in the above� If
two synchronized intervals I and J of 	 satisfy that I 
 J and that
I has level n relative to J 
 we say that J is the n�th ancester of I�

Theorem �� For any 	 � �� and an interval �a� b	 �a � b�� it holds
that j	�b��	�a�j � �b� a���� with the equality if and only if �a� b	 is
a synchronized interval of 	� If �a� b	 is a synchronized interval of 	�
then

	�t�� 	�a� � ��b� a����N�

�
t� a

b� a

�

for any t � �a� b	� where we put � �� sgn�	�b�� 	�a���

Proof� Clear from Lemma ��

Lemma �� For any t with � � t � 
� it holds that N��t� � �
���t����

Proof� Take k � �� 
� �� � � � such that �����k�� � t � �����k � The
minimum value of N��s� for �����k�� � s � �����k is �
��������k

attained when s � ����������k � Therefore
 we have

N��t� � �
���

�
�

�

�k

� �
���

�
�

�

�k��

� �
���t����


�



For any 	 � �� and � � �
 a closed interval I is call an �
 � ���
synchronized interval of 	 if there exists a synchronized interval
J of 	 with jI � J j � jI � J j � 
 � ��

Theorem �� Let 	 � ��� Then� the following statements holds�
�
� For any � � �� there exists � � � such that for any interval

�a� b	 �a � b�� if j	�b� � 	�a�j � �
 � ���b � a����� then �a� b	 is an
�
� ���synchronized interval of 	� In fact� for � � 
�
�� we can take
� � ��
��
��� For any � � �� there exists � � � such that for any interval

�a� b	 �a � b�� if �a� b	 is an �
 � ���synchronized interval of 	� then
j	�b� � 	�a�j � �
 � ���b � a����� In fact� for � � 
� we can take
� � �������
��� If I � �u� v	 is an �
 � ���synchronized interval of 	 with � �

� � 
�
�� Then� there exists a unique solution in u� and v� of the
equation�

u�� v� � �u� �
����v � u�� v � �
����v � u�	 ���

	�u�� � minf	�t�� t � �u� �
����v � u�� v � �
����v � u�	g

	�v�� � maxf	�t�� t � �u� �
����v � u�� v � �
����v � u�	g�

Let this solution be u�� v�� Then� the interval J de�ned as J � �u�� v�	
if u� � v� and J � �v�� u�	 if v� � u� is a synchronized interval of 	
such that jI � J j�jI � J j � 
 � ��

Proof� �
� Take any � with � � � � 
���� Assume that �a� b	 is
not an �
 � ����synchronized interval of 	� Let �c� d	 be a minimal
synchronized interval of 	 containing �a � ��b � a�� b � ��b � a�	�
We assume without loss of generality that �c� d	 is increasing� Let
c� � ��c � �d��� and d� � ��c � �d���� Then
 by the minimality of
�c� d	 and the assumption that �a� b	 is not �
 � ����synchronized
 we
have � cases�
Case 
 c� ��b� a� � a � c� ��b� a� and c� � ��b� a� � b � d��
Case � c� ��b� a� � a � c� ��b� a� and d� � b � d� ��b� a��
Case � c� ��b� a� � a � c� � ��b� a� and c� � ��b� a� � b � d��


�



Case � c� ��b� a� � a � c� � ��b� a� and d� � b � d� ��b� a��
Case � c����b�a�� a � c����b�a� and d����b�a�� b � d���b�a��
Case � c����b�a� � a � d����b�a� and d����b�a�� b � d���b�a��

In Case 

 by Theorem � and Lemma �
 we have

j	�b�� 	�a�j � �	�c��� 	�a��� �	�c��� 	�b��

� �c� � a���� � �d� � c�����N�

�
b� c�

d� � c�

�

� �c� � a���� � �d� � c������
���

�
b� c�

d� � c�

����

� �c� � a���� � �
����b � c�����

� �b� a���� � �
������b� a�����

� �b� a�����
� ����������

Hence
 taking � �� �������� � ��� for ��
 we have �
��
In Case �
 by Theorem � and Lemma �
 we have

�	�b�� 	�a��� � �A�B � C��

� �c� � a� � �b� d�� � �d� � c�� � �AB � �AC � �BC

� b� a� �AB � �A�B�������d � c����

� b� a� ������d � c����B �AB � �A�B�������d � c����

� b� a�A�	�d�� 	�d���B�

� b� a� ��	�c�� � 	�c��� �	�a�� 	�c����	�d�� 	�b��

� b� a� �������d � c���� � ja� cj�����
����d � b����

� b� a�
�
�������
 � ����b� a������ ���b� a�����

�
�
������b � a�����

� b� a� �
�
�������b� a�

� �
 � �����
���b� a�

where we put A �� 	�c���	�a�� B �� 	�b��	�d�� and C �� 	�c���
	�d��� Hence
 taking � �� �����
� � ��� for ��
 we have �
��


�



For Case �
 by Theorem � and Lemma �
 we have

�	�b�� 	�a��� � �A�B��

� �c� � a� � �b� c��� �AB

� b� a� ��
����c� � a�����
����b � c�����

� b� a� ���
��������b� a������

� �
 � ��������b � a��

where we put A �� 	�c���	�a� and B �� 	�c���	�b�� Hence
 taking
� �� ���� for ��
 we have �
��
In Case �
 if d� � b � d� � ��b � a�
 then there exists b� with

c�� ��b�a� � b� � d� and 	�b�� � 	�b�� Hence
 �
� follows from Case
� since

j	�b�� 	�a�j � j	�b��� 	�a�j

� �
� ��������b� � a�

� �
� ��������b � a��

Now assume that d� � ��b � a� � b � d � ��b � a�� By Theorem �
and Lemma �
 we have

�	�b�� 	�a��� � �A�B � C��

� �c� � a� � �b� d�� � �d� � c�� � �AB � �AC � �BC

� b� a� �AB � �A�B�������d � c����

� b� a�A������d � c���� �AB � �A�B�������d � c����

� b� a� �	�c��� 	�c��A�B

� b� a� �
����a � c�����
����b � d�����

� b� a� �
�����b � a�

� �
 � �������b� a��

where we put A �� 	�c�� � 	�a�� B �� 	�b� � 	�d��
 and C ��
	�c��� 	�d��� Hence
 taking � �� ��� for ��
 we have �
��
Case � and Case � follow from the previous cases by symmetry�

��



��� Let � � � � 
�
� and Let �a� b	 be a �
 � ���synchronized
interval� Then
 there exists a synchronized interval �c� d	 with ja�cj �
���b� a� and jb� dj � ���b� a�� Then by Theorem �
 we have

j	�b�� 	�a�j

� j	�d�� 	�c�j � j	�a�� 	�c�j � j	�b�� 	�d�j

� �d� c���� � ja� cj��� � jb� dj���

� �b� a� ��b� a����� � �����b� a�����

� �
� �������b� a�����

Thus
 for any � with � � � � 

 we have ��� by taking � � �������

��� Assume without loss of generality that 	�a� � 	�b�� Then

there exists a synchronized interval J � �u�� v�	 such that jI � J j�jI �
J j � 
 � �� Moreover
 u�� v� is the unique solution of the equation
����

� Stochastic Integral

Let L � L�	� be a measurable function of 	 � �� taking value in
positve integers� Let f�� � �� � � � � g be a �nite or in�nite sequence of
measurable functions of 	 � �� such that ��i� �i��	 is a synchronized
interval of 	 � �� for any i � �� 
� � � � and �L is de�ned for any 	 �
��� We call a sequence � �� f�� � �� � � � � � �Lg a synchronized
net� If for an interval I
 I 
 ���� �L	 holds for any 	 � ��
 we say
that � covers I� We denote k � k��k max��i�L����i�� � �i� k�� Let
C be a sub����eld of the probability space ���� P �� If the above L and
�i�L �i � �� 
� � � � � are measurable with respect to C
 then we say that
� ismeasurable with respect to C or � is C�measurable� If fY g is a
set of measurable functions on the probability space ���� P �
 then we
say that � is fY g�measurable if it is measurable with respect to the ��
�eld generated by the functions in fY g� Let � � f�� � �� � � � � � �Lg
and 
 � f
� � 
� � � � � � 
Kg be synchronized nets� If for any
	 � ��
 � 
 
 holds between the sets of values of functions in �
and 

 and if 
 is measurable with respect to �
 we say that 
 is a
re
nement of ��

�




Lemma �� Let J be a bounded closed interval with J � �a� b	 �a � b��
Then� for any bounded closed intervals I with I 
 J i and � � ��
there exists a synchronized net � covering I with k � k� � which is
measurable with respect to dNjJ � where dNjJ �� fNt�Ns� s� t � Jg�
where dNjJ �� fNt �Ns� s� t � Jg

Proof� We may assume that � � � is small enough so that I 

�a� ��� b� ��	�

st step� Let f�un� vn�� n � 
� �� � � � g be a countable dense subset

of f�x� y������ � x � � � y � ���� ��
� � y � x � ���g� Since
there exists an synchronized interval �c� d	 of 	 containing a� � with
��
� � d�c � ���
 for � with � � � � 
����
 there exists n � 
� �� � � �
such that j	�a � � � vn� � 	�a � � � un�j � �
 � ���vn � un�����
Take the minimum n as this and de�ne dNjJ �measurable functions
u �� a � � � un and v �� a � � � vn� Then by Theorem �
 �u� v	 is
�
�����synchronized interval of 	 for some �� � 
�
�� Let u� and v� be
the unique solution of the equation ��� in Theorem � for this �
�����
synchronized interval �u� v	� Then
 the functions u� and v� of 	 � �
are measurable with respect to dNjJ � We de�ne �� � u�� �� � v� if
u� � v� and �� � v�� �� � u� if v� � u��
�nd step� Assume that a sequence of dNjJ �measurable functions

�� � �� � � � � � �k is de�ned so that �� � a � �� and ��i��� �i	 is a
synchronized interval with �i � �i�� � � for any i � 
� �� � � � � k� This
is done for k � 
 in the 
st step�
We add �k�� to get a longer sequence with this properties� Take

the minimum nonnegative integer i such that ������i��k � �k��� �
�� Since ��k��� �k	 is a synchronized interval
 for exactly one of � in
f
��� �g
 ��k� �k�������i��k��k���	 is a synchronized interval� De�ne
�k�� � �k � ������i��k � �k��� with this �� Since � can be chosen in a
dNjJ �measurable way by Theorem �
 �k�� is measurable with respect
to dNjJ such that �k�� � �k � ��
�nal step� We prove that we can continue this process until we get

�L�� � b� ��� Then
 � �� f�� � �� � � � � � �Lg satis�es the required
properties�
The only possible obstruction against this is that �k converges to

some point
 say 
 � b�� as k 	�� We prove that this is impossible�

��



To the contrary
 suppose that this is the case� Then
 there exists K
such that for any k � K
 the i in the description of the �nd step is
chosen as i � �
 so that all synchronized intervals ��k� �k��	 for k �
K�K�
� � � � have the same level� All consecutive � ��n synchronized
intervals of the same level contains a synchronized interval of level
�n relative to them for any n � 
� �� � � � � A synchronized interval of
level �n relative to the synchronized interval ��K� �K��	 has length
at least �����n��K�� � �K�� Therefore
 it holds that �K��	�n � �K �
�����n��K�� � �K�
 which is a contradiction since letting n	� we
have 
 � �k in the left hand side while � in the right hand side�

Let A�	� s� be a function on ��
R which is measurable in 	 and
continuous in s for any �xed 	� Then for any a� b � R with a � b

we de�ne a stochastic integral

R b
a
AdNt as follows�

Z b

a

AdNt �� lim
k�k��

���a
�L�b

L��X
i��

A�	� �i��N�i�� �N�i� ���

if the limit in the right�hand side exists
 where � � f�� � �� � � � � �
�Lg is a synchronized net�

Theorem 	� Let H�x� s� be a real valued function of x� s � R

which is twice continuously di	erentiable in x and once continu�
ously di	erentiable in s� Then for any a � b� the stochastic in�
tegral

R b
a
Hx�Nt� t�dNt exists and is �Hx�J � dNjJ �measurable with

J � �a� b	� where �Hx�J �� fHx�Nt� t�� t � Jg� Moreover� the follow�
ing formula holds�

H�Nb� b��H�Na� a� �Z b

a

Hx�Nt� t�dNt �

Z b

a

�



�
Hxx�Nt� t� �Hs�Nt� t��dt �
��

Proof� �
� The �Hx�J�dNjJ �measurability of the stochastic integral
follows from Lemma � if it exists
 by taking the limit �� � a and �L � b�
��� The stochastic integral

R b
a
Hx�Nt� t�dNt is YJ �measurable by

Lemma � and Theorems � and � which are proved later if it exists�

��



Therefore
 it su�ces to prove the existence of the the stochacstic
integral and the formula �
��� For a net � � f�� � �� � � � � � �Lg

denote

B��� ��
L��X
i��

Hx�N�i� �i��N�i�� �N�i��

Then
 by the Taylor expansion of H and the continuity of H
 Hxx

and Hs in �x� s� as well as the sample path Nt in t
 it holds as
k � k	 �
 �� 	 a and �L 	 b that

H�Nb� b��H�Na� a�

�

L��X
i��

�
H�N�i��� �i����H�N�i� �i�

�
� o�
�

�

L��X
i��

�
Hx�N�i� �i��N�i�� �N�i� �




�
Hxx�N�i� �i��N�i�� �N�i�

�

�Ht�N�i� �i���i�� � �i� � o��i�� � �i�
�
� o�
�

� B��� �
L��X
i��

�

�
Hxx�N�i� �i� �Ht�N�i� �i�

�
��i�� � �i� � o�
�

� B��� �

Z b

a

�

�
Hxx�Nt� t� �Ht�Nt� t�

�
dt� o�
��

where we used the fact that �N�i�� �N�i�
� � �i�� � �i� Hence
 B���

converges� Thus
 the stochastic integral exists and we have �
���

� Prediction

Let H�x� s� be a real valued function of x� s � R such that
�H
�H is twice continuously di�erentiable in x and once continuously
di�erentiable in s
 and
�H�� Hx�x� s� � � for any x� s � R�

We consider the stochastic process Yt � H�Nt� t� �t � R�� Our
problem is to predict Yt for t �� J from the observation YJ �� fYt� t �
Jg
 where J is a bouded closed interval with nonempty interior� The

��



function H is considered to be unknown except for the property �H
�
and �H��� All the measurable functions of the observation YJ we
construct in the following do not need any further knowledge on the
unknown function H�

Theorem 
� For any 	 � �� and t � R� it holds that

Hx�Nt� t� � lim sup
u�v�t
u�v

jYv � Yuj

�v � u����
�

Let t�� t� with t� � t� tend to t attaining the lim sup in the right
hand side of the above equality� Let t�� � ��t� � �t���� and t�

� �
��t� � �t����� Then� it holds that

Hxx�Nt� t� �
�

�
lim

�Yt� � Yt�� � Yt� � � Yt�
�t� � t�����

Hs�Nt� t� �
�

�
lim

Yt� � �Yt�� � �Yt�� � �Yt�
�t� � t�����

�

Therefore� if t � J � then those quantities as Hx�Nt� t�� Hxx�Nt� t�
and Hs�Nt� t� are measurable functions of the observation YJ �

Proof� Since by the Taylor expansion of H
 we have

Yv � Yu � H�Nv� v��H�Nu� u�

� Hx�Nt� t��Nv �Nu� �



�
Hxx�Nt� t��Nv �Nu�

�

�Hs�Nt� t��v� u� � o�v � u�

as u� v 	 t
 by Theorem � and �H��
 we have

lim sup
u�v�t
u�v

jYv � Yuj

�v � u����

� Hx�Nt� t� lim sup
u�v�t
u�v

jNv �Nuj

�v � u����

� Hx�Nt� t��

��



By Theorem �
 the lim sup is attained if and only if u� v 	 t
so that �u� v	 is an �
 � ���synchronized interval of 	 with � 	 ��
Therefore
 the interval �t�� t�	 as in the statement of our theorem
satis�es this condition� Furthermore
 since we can approximate the
�
 � ���synchronized interval �t�� t�	 by a synchronized interval close
to it and approximate the following quantities for the former by those
for the latter with small errors
 we may assume that �t�� t�	 itself is
synchronized� Consider the Taylor expansions for

H�Nt�� � t�
�� � H�Nt��� t�

��

H�Nt�� t�� � H�Nt��� t�
��

H�Nt�� t�� � H�Nt�� t��

and using the relations that

t�
� � t�

� � �
����t� � t��

t� � t�
� � ������t� � t��

Nt�� �Nt�� � ��
�����t� � t��
���

Nt� �Nt�� � �
�����t� � t��
���

Nt� �Nt� � ��t� � t��
����

where � � sgn�Nt� �Nt��
 we have

Yt�� � Yt� � � ��
����Hx�Nt� t��t� � t��
��� � �
�
��Hxx�Nt� t��t� � t��

��
���Hs�Nt� t��t� � t�� � o�t� � t���

Yt� � Yt� � � �
����Hx�Nt� t��t�� t��
��� � �
�
��Hxx�Nt� t��t� � t��

������Hs�Nt� t��t� � t�� � o�t� � t���

and

Yt� � Yt� � �Hx�Nt� t��t�� t��
��� �




�
Hxx�Nt� t��t� � t��

�Hs�Nt� t��t� � t�� � o�t� � t���

By solving the above linear equation onHx�Nt� t��Hxx�Nt� t��Hs�Nt� t�
and letting t� � t� 	 �
 we get the required formulas for Hxx�Nt� t�
and Ht�Nt� t��
It is clear from the above formulas that if t belongs to the interior

of J 
 then the quantities as Hxx�Nt� t� and Ht�Nt� t� are measurable

��



with respect to the observation YJ � It follows from the continuity
that the same result holds for any t � J �

Theorem �� Let I� J be closed intervals with J � �a� b	 �a � b� and
� �� I i 
 I 
 �a� b��
�
� For any � � �� there exists � � � such that for any t � J and

u� v � �t� �� t� ��� it holds that

Yv � Yu � Hx�Nt� t��Nv �Nu� � "

with
j"j � ��jNv �Nuj� jv � uj����

��� For any � � �� there exists a YJ �measurable synchronized net
covering I with k � k� ��
��� dNjJ is measurable with respect to the observation YJ � Hence�

both terms in the right�hand side of �
�� are YJ �measurable�

Proof� �
� For any given � � �
 take � with � � � � 
 satisfying
that
�i� jHx�x�� s���Hx�x� s�j � � for any �x� s� and �x�� s�� with

s� s� � J �� js� s�j � �� jxj� jx�j � �ja�j
jb�j���� and jx� x�j � �����

�ii�
sup

s�J �� jxj�	ja�j�jb�j
���
jHs�x� s�j � ����

��� � ��

where a� � a � 
� b� � b � 
� J � �� �a�� b�	� Then for any t � J and
u� v � �t� �� t� ��
 it holds that

Yv � Yu

� H�Nv� v��H�Nu� u�

� �H�Nv� v��H�Nv� u�� � �H�Nv� u��H�Nu� u��

� Hs�Nv� t
���v � u� �Hx�x

�� u��Nv �Nu�

� Hx�Nt� t��Nv �Nu� � "

with

" �� Hs�Nv� t
���v � u� � �Hx�x

�� u��Hx�Nt� t���Nv �Nu��

��



where t� and x� satis�es that jt� � tj � � and jx� �Ntj � ����� Then
using �i� and �ii�
 we have

j"j

� jHs�Nv� t
��jjv � uj� jHx�x

�� u��Hx�Nt� t�jjNv �Nuj

� jHs�Nv� t
��j�������jv � uj���� �jNv �Nuj

� ��jNv �Nuj� jv � uj�����

��� Take su�ciently small � � � determined �nally in the following
�nd step� At this moment
 we assume that

� � � � inf
t�J� jxj�	jaj�jbj
���

Hx�x� t��
���� �

�

We may assume that � � � is small enough so that the statement
�
� holds with this � and that I 
 �a� ��� b� ��	� We use a similar
construction as in the proof of Lemma ��

st step� Let f�un� vn�� n � 
� �� � � � g be a countable dense subset

of f�x� y������ � x � � � y � ���� ��
� � y � x � ���g� There
exists an synchronized interval �c� d	 of 	 containing t �� a � � with
��
� � d � c � ���� Then
 we have by �
�

jYd � Ycj

� �Hx�Nt� t�� ��jNd �Ncj � ��d� c����

� �Hx�Nt� t�� ���d� c���� � ��d� c����

� �Hx�Nt� t�� ����d� c�����

Hence
 there exists n � 
� �� � � � such that jYt�vn�Yt�un j � �Hx�Nt� t��
����vn � un����� Take the minimum n as this and de�ne functions
u �� t� un and v �� t� vn
 which are YJ �measurable by Theorem ��
Since as above we have

�Hx�Nt� t�� ����v � u����

� jYv � Yuj

� �Hx�Nt� t� � ��jNv �Nuj� ��v � u�����

it holds by �

� that

jNv �Nuj � �
� 
������v � u�����

��



Then by Theorem �
 �u� v	 is a �
� 
�

��synchronized interval of 	�
Let u� and v� be the unique solution of the equation ��� in Theorem
� for this �
 � 
�

��synchronized interval �u� v	�
We prove that u�� v� is also the unique solution of the equation�

u�� v� � �u� �
����v � u�� v � �
����v � u�	 �
��

Yu� � minfYs� s � �u� �
����v � u�� v � �
����v � u�	g

Yv� � maxfYs� s � �u� �
����v � u�� v � �
����v � u�	g�

Take any s � �u� �
����v � u�� v � �
����v � u�	 with s �� u�� Then
by Lemma �
 Ns �Nu� � �
���js � u�j���� Therefore as above
 we
have

Ys � Yu�

� �Hx�t�Nt�� ���Ns �Nu��� �js� u�j���

� �Hx�Nt� t�� ���
���js � u�j��� � �js� u�j���

� �Hx�Nt� t�� ����
���js � u�j���

� �
��� � ����
���js� u�j����

so that u� is the unique solution of the equation �
��� Similarly

v� is the unique solution of the equation �
��� Thus
 u� and v� are
YJ �measurable functions on 	 � ��
We de�ne �� � u�� �� � v� if u� � v� and �� � v�� �� � u� if v� � u��
�nd step� Assume that a sequence of YJ �measurable functions �� �

�� � � � � � �k is de�ned so that �� � a��� and ��i��� �i	 is a synchro�
nized interval with �i�� � �i � � for any i � 
� �� � � � � k� This is done
for k � 
 in the 
st step�
We add �k�� to get a longer sequence with these properties� Take

the minimum nonnegative integer i such that ������i��k � �k��� �
�� Since ��k��� �k	 is a synchronized interval
 for exactly one of � in
f
��� �g
 ��k� �k�������i��k��k���	 is a synchronized interval� De�ne
�k�� � �k � ������i��k � �k��� with this ��
What we have to prove is that � is chosen in a YJ �measurable

way� Let � � f
��� �g be such that �t� �	 is a synchronized interval
and let �� � f
��� �g be �� �� �
 so that �t� � �	 is not a synchronized
interval
 where we put t �� �k
 � �� t � ������i�t � �k��� and � � �

��



t� �������i�t� �k���� Let �t� � ��	 be the minimal synchronized interval
containing �t� � �	� Then
 we can prove that there exists p � � such
that ����� � p � �� � � t���� �� � t� � 
� p� Therefore
 by Theorem �

there exists q with 
�� � q � 
 such that

jN�� �Ntj � qj� � � tj���

while
jN� �Ntj � j� � tj����

Then
 as we proved in the 
st step
 we have

jY�� � Ytj

� �Hx�Nt� t� � ��jN�� �Ntj� ��� � � t����

� �Hx�Nt� t� � ���q��
� � t�����

while

jY� � Ytj

� �Hx�Nt� t�� ��jN� �Ntj � ��� � t����

� �Hx�Nt� t�� ����� � t�����

Therefore
 by choosing small � � �
 we have

jY�� � Ytj���
� � t���� � Hx�Nt� t��
 � �q���

jY� � Ytj��� � t���� � Hx�Nt� t��� � q����

so that we can ditinguish these � cases by the observation YJ � Hence

� is YJ �measurable�
Thus
 the function �k�� on 	 � � is YJ �measurable such that

��k� �k��	 is a synchronized interval of with �k�� � �k � ��
�nal step� We continue this process until we get �L�� � b � ��

Then
 � �� f�� � �� � � � � � �Lg satis�es the required properties�
This can be done by the same reason as in the �nal step of the proof
of Lemma ��

��� Let � � f�� � �� � � � � � �Lg be a YI �measurable syn�
chronized net covering J � If necessary
 we repeat the division of a

��



synhronized interval ��i� �i��	 by ��i� � �i	� ��
�
i� �

�
i��	� ��

�
i��� �i��	 with

� �i � ���i���i����� and �
�
i�� � ���i���i�����
 we may assume that

there exists ��i� �i��	 
 I i such that �i����i is su�ciently small so that
Y�i�� � Y�i has the same sign with N�i�� �N�i� Then
 we know from
the observation YI whether the synchronized interval ��i� �i��	 is in�
creasing or decreasing� Since the synchronized intervals ��j� �j��	�s are
increasing and decreasing alternatively
 we know � � sgn�Nj���Nj�
for all j � �� 
� � � � � L� 
� Since

Nt �N�j � ��t� �j�
���N�

�
t� �j

�j�� � �j

�

for any t � ��j� �j��	 by Theorem �
 we get dNjJ from the observation
YI 
 hence by YJ considering the limit�

Lemma �� �
� Let f�� � �� � �� � � � � � �Lg be a synchronized
net� Let ��i�� � �i����i � �i��� � ������j with � � f
��� �g and
j � Z for some i � 
� �� � � � � L � 
 and 	 � �� If j � �� then for

 �� �i� ���i� �i���� ��i� 
	 is a synchronized interval of 	 � �� and
if 
 � �L� then there exists n with i�
 � n � L such that 
 � �n� If
j � �� then for 
 �� �i����i����i�� �
� �i	 is a synchronized interval
of 	 � �� and if 
 � ��� then there exists n with � � n � i� 
 such
that 
 � �n�
��� For any neighboring synchronized intervals �a� b	� �b� c	 and �c� d	

of 	 � ��� if �c� b���b� a� � 
�� and �d� c���c� b� � �� then �a� d	
is a synchronized interval of 	�
��� For any neighboring synchronized intervals �a� b	� �b� c	 and �c� d	

of 	 � ��� if �c � b���b � a� � 
�� and �d � c���c � b� � 
��� then
�a� ������b�a�� b	 and �b� b�������c� b�	 are synchronized intervals
of 	�
��� For any neighboring synchronized intervals �a� b	� �b� c	 and �c� d	

of 	 � ��� if �c � b���b � a� � � and �d � c���c � b� � �� then
�b� ������c� b�� c	 and �c� c�������d� c�	 are synchronized intervals
of 	�

Proof�

�
� Assume that j � �� Let K be the nearest common ancester of

�




��i��� �i	 and ��i� �i��	� Let ��i��� �i	 have level k relative to K� Then
by ��� of Lemma �
 ��i� �i��	 has level k � j relative to K� Since
k � �
 the j�th ancester of ��i� �i��	
 is neighboring to ��i��� �i	� Let
it be ��i� 
	� Then
 
 � �i � ���i � �i���� If 
 � �L
 then by �
� of
Lemma �
 there exists n with i� 
 � n � L such that 
 � �n� The
proof for the case j � � is similar�
��� Let K be the nearest common ancester of �a� b	
 �b� c	 and �c� d	�

It is su�cient to prove that K � �a� d	� Suppose to the contrary
that K �� �a� d	� Then
 �b� c	 has level j � 
 relative to K and is not
middle� Assume that it is left� Then
 �c� d	 is middle since �b� c	 and
�c� d	 have the same level� Thus
 �d� c���c� b� � 
�� contradicting
with the assumption� If �b� c	 is right
 we have �c � b���b � a� � �
contradicting with the assumption�
��� Since neither of �a� b	 and �b� c	 is middle by the assumption
 it

holds that �a� b	 is right and �b� c	 is left� Then
 the �rst ancestor of
�a� b	 is �b� ������b � a�� b	 and the �rst ancestor of �b� c	 is �b� b �
������c � b�	�
��� Let K be the nearest common ancester of �a� b	 and �b� c	� If

K is not the �rst ancestor of �a� b	 and �b� c	
 then �b� c	 is left
 which
contraicts with �d� c���c� b� � �� Hence
 K is the �rst ancestor of
�a� b	 and �b� c	� This implies that K � �c� ������c � b�� c	 and that
K is not an ancestor of �c� d	
 since �c�b���b�a� � �� Therefore
 the
nearest common ancestor of �b� c	 and �c� d	 is not the �rst ancestor
of them� Thus
 �c� d	 is left and the �rst ancestor of �c� d	 is �c� c �
������d � c�	

Let � � f�� � �� � � � � � �Lg and 
 � f
� � 
� � � � � � 
Mg
be synchronized nets such that 
 is measurable with respect to ��
We say that 
 is a reduction of � if 
� � �� � �L � 
M and
f
� � 
� � � � � � 
M��g 
 f�� � �� � � � � � �L��g holds�

Theorem �� For any YJ �measurable synchronized net � � f�� �
�� � � � � � �Lg� there exists a reduction of it consisting at most of �
synchronized intervals with the same level�

Proof� Let 
 � f
� � 
� � � � � � 
Mg be a reduction of � with
the smallest number of intervalsM � If the levels of the synchronized

��



intervals contained in it are not the same
 then there exists i �
�� 
� � � � �M � 
 such that �
i�� � 
i���
i � 
i��� � ������j with � �
f
��� �g and j �� ��
If j � �
 then by Lemma �
 �
i� 
i� ��
i � 
i���	 is a synchronized

interval and either there exists n with i � 
 � n � M such that

n � 
i � ��
i � 
i��� or 
i � ��
i � 
i��� � 
L� In the former case

we have a further reduction of �
 f
� � 
� � � � � � 
i � 
n � � � � �

Mg with a number of intervals less than M contradicting with the
assumption on M � In the latter case
 we have a futher reduction of
�
 
� �� f
� � 
� � � � � � 
i � 
i� ��
i� 
i���g
 which has a number
of intervals at most M � By the assumption on M 
 it is exactly M
and i �M � 
�
If j � �
 then by Lemma �
 �
i� ��
i��� 
i�� 
i	 is a synchronized

interval and either there exists n with � � n � i � 
 such that

n � 
i � ��
i�� � 
i� or 
i � ��
i�� � 
i� � 
�� In the former case

we have a further reduction of �
 f
� � 
� � � � � � 
n � 
i � � � � �

Mg with a number of intervals less than M contradicting with the
assumption on M � In the latter case
 we have a futher reduction of
�
 
� �� f
i � ��
i�� � 
i� � 
i � � � � � 
Mg
 which has a number of
intervals at most M � By the assumption on M 
 it is exactly M and
i � 
�
If the levels of the synchronized intervals contained in 
� are not the

same
 we repeat the above procedure to get �nally a futher reduction
of � such that it has M number of synchronized intervals with the
same level� Hence
 we may assume that 
 � f
� � 
� � � � � � 
Mg
is a reduction of � wich has the smallest number of intervalsM with
the same level�
Suppose that M � �� Then
 in the sequence of �
i�� � 
i���
i �


i��� �i � 
� �� � � � �M � 
�
 there exists i � 
� �� � � � �M � � such
that the combination ��
i�� � 
i���
i � 
i���� �
i�� � 
i�����
i�� �

i�� is either �
��� ��� �
��� 
��� or ��� ��� Then by Lemma �

we �nd a further reduction of � with a smaller number of intervals

contradicting with the assumption on M � Hence M � ��

Theorem �� For any bounded closed interval J � �a� b	 with a �
b� there exists measurable functionals � � C�J� 	 ����� and G �

��



C�J�	 � such that
�
� Pr� G�YJ ��t� � Nb�t �Nb j t � � �YJ� 	 � 
 for any t � �� and
��� Pr� � �YJ� � t 	 � �t���B� for any t � ��
where C�J� is the space of continuous functions on J and we put
B �� �b� a���
�

Proof� By Theorem �
 there exists a YJ �measurable synchronized
net covering �a� b	� Taking its reduction obtained in Theorem �
 we
get a YJ �measurable synchronized net 
 �� f
� � 
� � � � � � 
Mg
satisfying that
�i� M � �

�ii� the synchronized intervals in 
 have the same level
 and
�iii� 
� � a � b � 
M �
De�ne � � � �YJ � �� 
M � b and

G�YJ ��t� ��

��
�
� t � �
Nb�t �Nb � � t � �
Nb�� �Nb t � ��

Then
 �
� is clear from the de�nitions of � and G together with ���
of Theorem ��
Let b � �
i� 
i��	� Then
 it holds that


i�� � 
i � �
M � 
����
 � � � �
�� � �b� a���
 � B�

Let �u� v	 be the minimal synchronized interval containing b with
v � u � B� Since �u� v	 
 �
i� 
i��	
 we have

� � �� v � b � 
i�� � b � 
M � b � ��

Take t � � with t � �����B and let n � �B�t	� If � ��	� � ��� t�

then � ��	� jt� � �jt� �j�
�t� for any j � �� 
� � � � � n� 
� Hence
 for
any j � �� 
� � � � � n� 

 we have

Pr�� ��	� � ��� t��

� Pr�� ��	 � jt� � �jt� �j � 
�t��

� Pr�� ��	� � �jt� �j � 
�t���

��



where we used the fact that the probability measure P is invariant
under the addition� Therefore
 we have Pr�� � � t� � 
�n
 since

nPr�� � � ��� t��

�
n��X
i��

P �� � � �jt� �j � 
�t��

� Pr�� � � ��� B�� � 
�

Thus we have ���
 since

Pr�� � t� � Pr�� � � t� � 
�n � �t���B�

for any t � �B��� For t � �B��
 ��� holds trivially since �t���B� �

�

We construct a predictor for Yc with c � b based on the observation
YJ 
 where J � �a� b	� We use G�YJ ��c� for to estimate Nc �Nb� By
Theorem �
 if c�b � � �YJ �� then the estimation is exact� To estimate
Yc � H�Nc� c�
 we use the Taylor expansion at �Nb� b� with G�YJ ��c�
for Nc �Nb�

�Yc �� Yb�Hx�Nb� b�G�YJ ��c��



�
Hxx�Nb� b�G�YJ��c�

��Hs�Nb� b��c�b��

Note that �Yc is a measurable function of the observation YJ by Theo�
rem �� The value can be calculated based on the observation without
using any further information on the unknown function H than �H
�
and �H���

Theorem �� It holds that

E�� �Yc � Yc�
�	 � o��c� b��� �O�

�c� b��

b� a
�

as c � b with C�b� in ��� in Section 
 as the constant in O� ��

Proof� Since

Yc � Yb �Hx�Nb� b�G�YJ ��c�

�



�
Hxx�Nb� b�G�YJ ��c�

� �Hs�Nb� b��c� b� � o�c � b��

��



�Yc � Yc � o�c � b� holds if c � b � � �YJ�� If otherwise
 �Yc � Yc �
O��c� b����� since jG�YJ ��c�j � �c� b����� jNc�Nbj � �c� b���� and

jG�YJ ��c�� �Nc �Nb�j � jN�	YJ
 �Nbj � �c� b�����

so that
� �Yc � Yc�

� � �
 � �� sup
jxj�jbj���

jHx�x� b�j
��c� b�

for any � � � as c 	 b� Since by Theorem �
 Pr�� �YJ� � c � b	 �
���c � b���b� a�
 we have

E�� �Yc � Yc�
�	

� E�� �Yc � Yc�
� j� �YJ� � c� b	 Pr�� �YJ � � c� b	

�E�� �Yc � Yc�
� j� �YJ� � c� b	 Pr�� �YJ� � c� b	

� o�c � b�� �O�
�c � b��

b� a
�

with C�b� in ��� as the constant in O� ��
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