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Abstract: A deterministic version of the It6 calculus is presented.
We consider a model Y; = H(Ny,t) with a deterministic Brownian
N; and an unknown function H. We predict Y, from the observation
{Yy; t € [a,b]}, where @ < b < c. We prove that there exists an
estimator Y; based on the observation such that E[(Yt —Y.)? =
O((c —b)*) as ¢ | b.

1 Introdution

Deterministic Brownian motions are stochastic processes with non-
correlated, stationary and strictly ergodic increments having 0-entropy
and 0-expectation. The self-similarity of order 1/2 follows from these
properties. Such processes have a lot of variety and have different
properties. It is not the case of the Brownian motion where the pro-
cess is characterized as a process with stationary and independent
increments with 0-expectation and standard variance.

Among the deterministic Brownian motions, the simplest one is the
N-process (N¢; ¢ € R) which is defined by the author in Example 8
of [1]. It comes from a piecewise linear function called N;-function
in Figure 1. It is time reversible.

The aim of this paper is to develop stochastic analysis based on
N-process. We consider a process Y; = H(INy,t), where the function
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H(x,s) is twice continuously differentible in & and once continuously
differentible in s and H,(x,s) > 0. The function H is consisered
completely unknown except for these properties. We want to predict
the value Y, from the observation Y; := {Y;; t € J}, where J = [a, b]
and a < b < ¢. We prove in Theorem 9 that there exists a estimator

Yc such that

’ 2 2 (c—b)?
BT, =Y. = of(e — b)) + 0 “ =L 0
as ¢ J b with the following C'(b) as the constant in O( ):
C(b):=50 sup |H,(x,b). (2)
|| <[p*/2

One of the motivations of our paper is given by Benoit B. Mandel-
brot [2], who mentioned that the simulation of stock market by the
Brownian motion contains too much randomness. Actual market has
a strong negative correlation between the fluctuations of price on a
day and the next day. He is suggesting to use the N-shaped function
as the base of the simulation.

Our model has a lot of similarities to the 1td process. For example,
we have a [t6 formula (Theorem 4). Nevertheless, there is a big dif-
ference between them. Our process has 0-entropy while It6 process
has oc-entropy. Therefore, we have much better possibility of pre-
dicting the future. Theoritically, if we have complete informations of
the function H, and have comlete data of Y; in the past, we should
be able to predict the future without error. But the actual setting
is with the unknown function H and the limited observation Y; for a
bounded interval J. The best we can do is the order O((c — b)?) in
the above estimate (1), while O(c¢ — b) in the case of [td process.

A sample path from N-process repeats Ni-function in various scales.
The main idea for the prediction called synchronization is to find
out the positions and the scales of appearances of N;-function in the
sample path. An appearance of Ni-function in a sample path is a
part of bigger Ni-functions while containing smaller ones. Along the
3 line segments in an appearance of Ni-function, the sample path
either increases at the first part, then decreases and increases, or de-
creases at the first part, then increases and decreases. Thus, it has a



strong correlation along the synchronized intervals, while the process
itself has noncorrelated increments.

Another motivation is to create a sample path of Brownian motion
in a deterministic way without using random mechanism. Our N-
process is strictly ergodic so that any chosen path realizes probablistic
properties of the process. We don’t need a randomization procedure
but just take one, for example, N, function itself. Of course, it is
not exactly like a path of Brownian motion, but shares the quadratic
structure with Brownian motion. If we take a derivative in some
sense of the sample path, we get a white noise. thus, our N-process
provides a method of generating a random number.

2 N-process

We consider the N-process (N;; t € R) which is the stochastic
process defined in Example 8 of [1] for @ = 1/2. We repeat the
definition in a little different way as follows.

Define a continuous piecewise linear function Ny (see Figure 1) on
the interval [0, 1] by

%:1; 0<ax<4/9
Ni(z)=4¢ —3z+2 4/9 <2 <5/9
2r—1 5/9 <z < 1.

Let Ny be the continuous piecewise linear function on [0, 1] ob-
tained by replacing 3 line segments in Ny by self-affine images of V;
or —N; keeping the 2 end points fixed, that is

%Nl(%x) 0<a<4/9
No(z) =< 2 —2N(92 —4) 4/9 <2 <5/9
i

——I—%Nl(gx—g) 5/9 <ax < 1.

Let N3 be the the continuous piecewise linear function on [0, 1]
obtained by replacing 9 line segments in Ny by self-affine images of
Ny or —Nj as before. In the same way, we obtain N, from N,_;
for n = 4,5,---. For covenience, we define Ny by Ny(t) =t for any
t e [0,1].
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Figure 1: Ny, Ny, N3 and N,



We prove that the function N, converges pointwise as n tends to
infinity to a continuous function, say N, on [0,1]. Let a,b € [0,1]
with @ < b. The interval [a,b] is called a synchronized interval of
level n if (a, N, (a))(b, N, (b)) is one of the 3" line segments consisting
of the graph of the function N, for n = 0,1,2,---. In this case, it
holds for any m > n that

1. Np(a) = N,(a) and N,,(b) = N,(b),

( ) Np(t) < No(b) or Ny(a) > Ny(t) > N,(b) for any

N,(b) — N, (a)| = |b — a|'?, and
3. [Nu(b) — Nu(a)| = [b—al'/7,

4. b—a = (g)i <l>n_i for some ¢ =0,1,---

9 9 n.

Y

Take any ¢ € [0,1]. For any & > 0, there exists n and a synchronized
interval of level n, say [a,b] with ¢ € [a,b] and |b — a] < 2. Then for
any m,m’ > n,

[N (1) = Nawr(1)] < [Na(b) = Nu(a)| = [b—a|'/? < e
Thus, N,,(t) converges as m — oo. The limit will be denoted by
N (1).

Let us prove the continuity of the function N.,. Take any s,t €
[0,1] with 0 < ¢t — s < (1/9)" for some n = 1,2,---. Then there
exists 2 neighboring synchronized intervals of level n, say [a,b] and
b, ¢] such that [s,t] C [a,c]. Then we have

[ Noo(t) = Neo(s)]
< [Na(b) = Nu(a)] + [Nu(e) = Nu(b)

n/2
4
= |b—a|1/2—|—|c—b|1/2 §2<§>

Thus, the function N, is continuous.
We define a function N, : R — R which is an extension of N, by

. 0 t <0
N (t) = Noo(t) 0<t<1
1 t > 1.
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Now we randomize N, to get the N-process (N ¢ € R).

Let © be the set of continuos functions w : R — R with w(0) = 0.
We consider O as a topological space with the compact open topology,
that is, w, € O converges to w € O as n tends to infinity if and only
if w, (1) converges to w(t) uniformly on each bounded set of ¢. For
w € 0 and s € R, we define the addition w + s € O (see Figure 2)
by

(w4 s)(t) =w(s+1) —w(s).

For w € O and A € R, we define the multiplication Aw € © by
(Aw)(t) = AY20o(A 7).

Choose s € [0,1] randomly according to the Lebesgue measure
on [0,1] and define N, + s. Now take L > 0 and chose A € [0, L]
randomly according to the normilized Lebesgue measure on [0, L]
independently of s and define eA(NOO +s). Now let L tend to infinity.
We prove in Theorem 1 that the distribution of the random variable
eA(NOO + s) on O converges weakly (i.e. in the weak™ sense) as L
tends to infinity. Let P be the limiting distribution on ©. Then the
stochastic process (Ny; ¢ € R) on the probability space (0, P) is
defined by Ny(w) = w(t) for any w € © and ¢t € R, which is called
the N-process. Let O be the topological support of the measure
P.

Let [a, b] be a synchronized interval of level i. We call it increasing
if Noo(a) < Noo(b) and decreasing if N (a) > N (b). We call it
left, middle or right if there exists a synchronized interval [u,v]
such that [a, b] is equal to [u,u'], [v/,v'] or [v/,v], respectively, where
we put v’ = (bu+4v)/9 and v' = (du+5v)/9. For example, [0, 1] is the
only synchronized interval of level 0, which is increasing. There are 3
synchronized intervals of level 1, namely [0,4/9], [4/9,5/9], [5/9,1],
which are increasing, decreasing and increasing, respectively and left,
middle and right, respectively.

Let X = M N, + s) for some s € [0,1] and ) € [0, 00). Note that

& = (X(o0) = X(=20))’
1—s = e *min{t; X(t) = X(c0)},



so that A and s are determined by X. Let [a,b] be a synchronized
interval. Then we say that [(a — s)e*, (b — s)e'] is a synchronized
interval of X. We also say that it is increasing, decreasing, left,
middle or right synchronized interval of X if [a,b] is so.

Lemma 1. (1) Noo(t) + Noo(1 — ) =1 for any t € R..
(2) Let [a,b] be a synchronized interval. Then we have

+
Nalt) = Nefa) = 0= ) N (52
—a
for any t € [a,b], where £ is 1 or —1 according as the interval [a, ]
is increasing or decreasing, respectively.
(3) There exists a constant C' such that

[Neolt) = Noo(s)| < CJt — 5|2

for any s,t € R. .
(4) The set K := {(No, + s); s € [0,1], A > 0} is relatively

compact in ©.

Remark 1. In Theorem 2, we prove that C' in (3) of Lemma 1 can
be taken as 1.

Proof. (1) Clear from the definitions of N, and N...

(2) The graph of N, restricted to the interval [a, b] is the image of
the graph of N, by the affine transformation sending the point (0, 0)
to (a, Noo(a)), (0,1) to (a, Noo(b)), (1,0) to (b, New(a)), and (1,1) to
(b, Noo(b)). Moreover, we already remarked that No(b) — Noo(a) =
£(b— a)'’2. Our conclusion follows from these properties.

(3) Assume without loss of generality that 0 < s < ¢t < 1 and
t —s < 1/2, since otherwise, either the required inequality holds with
C' = 2 or it follows from our case by the symmetry or with sV 0 for
s and t A1 for t. Take the maximum n such that either there exist
2 neighboring synchronized intervals [a,b] and [b,¢] of level n with

[s,t] C [a,c]. Then we have t —s > (1/9)((b — a) A (¢ — b)) since



otherwise, we can take a larger n as this. It follows that

[Noo(t) = Noo(5)] = [Noa(t) = Noo(s))]
< [Noo(d) = Noo(a)] 4 [Nao(€) = Noo (D)
= |b—al'? + |c—b|\/?
= 3((b—a) A (c—b))Y?
< 9t — sV,

where we used the fact that either c—b = 4(b—a) or c—b = (1/4)(b—a)
holds, since [a,b] and [¢, d] are neighboring synchronized intervals of
the same level (see (2) of Lamma 2).

(4) By (3), any function f in K satisfies that |f(t) — f(s)] <
C|t — s|'/? for any s,t € R together with f(0) = 0. This implies that
K is relatively compact in ©. U

Theorem 1. The N-process introduced above is well defined and has
the same distribution as the cocycle F' for o = 1/2 in Example 8 in

[1].
Proof. In Example 6 of [1], the weighted substition (¢,7) on {0,1}

was defined as

0 (0,400, )

o dsd,
Then, we defined Q := Q(p,n), the set of colored tilings associated
to (¢, n) which is strictly ergodic with respect to the addition (R-
action). Let u be the unique invariant measure on 2 with respect
to the addition, which is also invarint under the multiplication (R-
action). Finally, we defined the 1/2-homogeneous cocycle F' on € in

Example 8 of [1]. Then it holds that

Fleo,t) = Fla,e) = (~1)7(d — ¢)/°N.. (flji) (3)

for any w € Q and t € [¢,d] if there exists a tile S of w with color o
such that S = (a,b] x [¢, d) for some a,b. For w € Q, let F/(w) denote
the function R — R such that F(w)(t) = F(w,t). Then, F(w) € O.



Let pp be the distribution of the random variable F(w) with values
in © defined on the probability space (£, u).

We want to prove that the process (N ¢ € R) is well defined
and has the distribution pup. For this purpose, we prove that the
distribution of the random variable X; := eA(NOO + s) converges in
the weak sense to g as L — oo, where (s, A) is a uiformly distributed
random variable on [0,1] x [0, L]. It is sufficient to prove that for
any sequence {L,; n =1,2,---} with lim,_,., L, = oo, there exists
a subsequence {L'} of {L,} with lim,_ ., L, = oo such that the
distribution of X, converges to MF weakly as n tends to infinity.

Take any sequence {L,; n = 1,2,---} with lim,,., L, = oc.
There exists a subsequence {L. } of {L } with lim, o L., = oo such
that the distribution of X, converges weakly to, say F’, as n tends
to infinity by (4) of Lemma 1. We want to prove that P’ = Up.

Since €2 is strictly ergodic with respect to the addition ([1]) and the
transformation F': @ — O is continuous satisfying that F(w + 1) =
F(w)+1t (Yw e Q, Vt € R), F(Q) is strictly ergodic with respect to
the addition. Hence it is sufficient to prove that
(i) P is invariant under the addition, and
(ii) PI(F(Q)) = 1.

Let L be any bounded continuous funtional on ®. Take any ¢t € R
and n € R;. Then we have

/ L(w—l—t)dP’(w)
lim - / / NNow 4+ ) + 1))dsd

1—|—te_>‘
— n—>ooL/ /t N + s))dsdA

- [Lwarie)

which proves (i).
Since F(€) is compact ([1]), to prove (ii), it is sufficient to prove
that P'(F(Q)a) = 1 for any M > 0, where F'(Q)ys is the set of f € ©
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such that there exists w € ) satisfying that the restrictions of f and
F(w) to [—=M, M] coincide.

Let [ar, by ] be the minimal synchronized interval of X7, if it exists,
containing [—M, M] and let ¢, = 0 or 1 corresponding to whether
[ar,by] is increasing or decreasing. Such an interval [ay, by ] exists if
and only if

[—M, M] C [—SGA, (1- S)GA], (4)

since [—se’, (1 — s)e'] is the unique synchronized interval of X of
level 0. In this case, take w € ) such that there exists a tile S of w

with color ¢z, and S = (a,b] X [ar,by) for some a,b. Then by Lemma
1 and (3), we have

F(w,t) — F(w,aL) = XL(t) — XL(CLL)

for any t € [-M, M] C [ar,b]. Since F(w,0) = X1(0) = 0, we have
F(w,ar) = Xr(ar) by putting ¢ = 0 in the above equality. Hence,
we have F'(w,t) = X(t) for any t € [-M, M]. Thus,
Xp € F(Q)u (5)
if (4) holds.
Let us estimate the probability that (4) holds.
P (11— 5)e))
= (1 —s))e* > M)

_ / / ntoopersardsd)

> —/ (1 —2Me™)dA
L Jo
oM
> 1 -
> 1-— (6)

which tends to 1 as L tends to infinity.
Since F'(2)as is a closed set, it holds by (5) and (6),

P'(F(Q)a)) > lim Pr(X,, € F(Q)u) =1,
n—r00 n
which proves (ii). O

11



Corollary 1. The following statements hold.

(1) ©g = F(Q), where Oq is the topological support of the measure
P.

(2) For any § € Og and a,b € R with a < b, there exist s € [0,1]
and A € [0,00) such that the restriction of 6 to the interval [a,b]
coincides with the resriction of eA(NOO + s) to [a,b]. Moreover, in
this case, [a,b] C [—se’, (1 — s)e’] holds.

Corollary 2 ([1]). The space O is compact and invariant under the
addition and the multiplication. The addition on Oy is strictly ergodic
with the unique invariant probability Borel measure P. Moreover, P
is invariant under the multiplication. The entropy of the addition
is 0. The stochastic process (Ny; t € R) is self-similar with order
1/2 and has stationary, strictly ergodic and noncorrelated increments
with 0 entropy. Moreover, E[N;| = 0 and V[Ny] = C|t| for anyt € R,
where C' > 0 is a constant. Furthermore, the process (Ny; t € R) is
time reversible.

Remark 2. We do not know the exact value of ' in Corollary 2. A
numerical computation tells us that ¢' = 0.1243- - -.

3 Synchronization

Lemma 2. (1) For any synchronized intervals I and J, either I C
J, I > J orI'0J! =0 holds, where I', J* are the sets of interior
points of I and J, respectively.

(2) For any neighboring synchronized intervals [a,b] and [b, ], ei-
ther (c—b)/(b—a) = (1/4)(4/9)° for some integeri, or (c—b)/(b—a) =
4(4/9)° for some integer i holds, where i is the level of [b, ] relative to
[a,b]. Moreover, one of them is increasing and the other is decreasing.

Proof. (1) Clear from our construction of the function Ne.

(2) Let [u, v] be the minimal synchronized interval containing [a, b]U
[0, c] and let [w, '], [u',v'], [v,v] be the synchronized intervals of the
next level, where v’ = (5u + 4v)/9, v’ = (4u + 5v)/9. Then, there
are 2 cases:

Case 1 [a,b] C [u,u'] and [b, ¢] C [/, v'].

12



In this case, it holds that b —a = (4/9)"(4/9)(v — u) and ¢ — b =
(4/9)%(1/9)(v—u), so that (c—b)/(b—a) = (1/4)(4/9)" withi := k—h,
which is the level of [b, ¢] relative to [a, b].

Case 2 [a,b] C [u',v] and [b,¢] C [v', ]

In this case, it holds that b —a = (4/9)"(1/9)(v — u) and ¢ — b =
(4/9)%(4/9)(v — u), so that (¢ —b)/(b—a) = 4(4/9)" with i :=k — h,
which is the level of [b, ¢] relative to [a, b]. O

Lemma 3. For any increasing (decreasing) synchronized interval
[a,b], we have Noo(a) < Noo(t) < Noo(b) (Noo(a) > Noo(t) > No(b),
respectively) for any t € (a,b). In particular, 0 < Noo(t) <1 for any
teR.

Proof. Let [a,b] be an increasing synchronized interval of level n.
Then, we remarked in Section 2 that N,(a) < N, (f) < N,(b) or
No(a) > N, (t) > N,(b) for any t € (a,b) and m > n. Since N,(a) =
Noo(a) < Noo(b) = N,(b), we have Noo(a) < Ny, (1) < Nuo(b) for any
t € (a,b) and m > n. Take any t € (a,b). There exists m > n and
a synchronized interval [c, d] of level m such that ¢ < ¢ <t <d < b.
Then, we have

Noo(a) < Noo(€) = Np(e) < Ny(t) < Npp(d) = Noo(d) < Noo(a)
for any M > m. Letting M — oo, we have
Noo(a) < Noo(t) < Noo(a).
U

Lemma 4. (1) It holds for any 0 < t < 1 that No(t) < t'/2. The
equality holds if and only if [0,t] is a synchronized interval.

(2) It holds for any 0 < t < 1 that 1 — N (1) < (1 — )2 The
equality holds if and only if [t,1] is a synchronized interval.

Proof. (1) Ift € (4/9,5/9], then by Lemma 3,

Noo (1) /tY?* < N (4/9)/(4/9)* = 1.

13



Let

5+ 4\? 469 , 5+ 4N*5 485
a = — — = — = — — _ = —
9 9 729 9 9/ 9~ 729

5 4\* 61 4N\? 65
c:——l— — = — 5 d:l— — = —
9 9 81 9 81

Then we have

1 2N\ 17
Neola) = §+(§> = 7 = g, Neoll)
1 2N\° 7
Noole) = §+<§> =g = max Nelh)
Hence,
17/27
Noo(t)/tY? < N, 5/9)1/% =
(1 < N (5/9) 7 = b <
for any ¢ € (5/9, 0], and
7/9
N (t /2 N R A |

for any t € (b,d]. If t € (d,1), then there exists k = 2,3,--- such
that 1 — (4/9)F <t <1 — (4/9)F*!, and it holds that
1 — l(Z)k

N (1)t < Noo(1- 4/9)) [ (1—(4/9))1/* = 23 1.

(/1 < N 1=/ 1= 49 = B <
Therefore, N..(t)/t"/?> > 1 holds only if t = 1 or ¢ € (0,4/9]. For
t € (0,4/9], let k = 1,2,--- be such that (4/9)**! < t < (4/9)".
Then, since [0, (4/9)*] is a synchronized interval, it holds by Lemma
1 that

Noo (1) /112 = N ((9/4)51) /((9/4) 1)1/,
Since (9/4)Ft € (4/9,1], Noo(t)/t"* > 1 if and only if (9/4)%t =
1. That is, t = (4/9)*. This is equivalent to say that [0,?] is a
synchronized interval. Moreover, since the value of N (t)/t'/? at

such t is 1, we complete the proof of (1).
(2) follows from (1) by (1) of Lemma 1. O

Lemma5. For any a,b € R witha < b, |Noo(b)—Noo(a)| < (b—a)'/2.
The equality holds if and only if [a,b] is a synchronized interval.

14



Proof. Ifa <b < Oorl <a<b, then |[Noy(b) — Noo(a)] = 0 <
@—@UQHa<O<1<thmUV() No(a) =1 < (b—a)/2
Ifa <0<b< 1, then [Noo(b) — Noo(a)] = Noo(b) < 02 < (b — a)'/?
by Lemma 4. If 0 <a <1 < b, then|Noo() Noo(a )|—1—N (a) <

(1 —a)/? < (b—a)'/? by Lemma 4.

Finally, assume that 0 < a < b <1 and Noo(a) = Neo(a), Noo(b) =
N (b). Let [¢,d] be the minimal synchronized interval containing
[a,b]. We assume without loss of generality that the interval [e, d] is
increasing. Let ¢ = (5e + 4d)/9 and d' = (4¢ + 5d)/9. Then, the
intervals [e, ], [¢/,d'], [d',d] are synchronized. By the assumption,
[a,b] is not contained in any of these intervals. Hence, there are 3
cases:

Case 1 a<d<b< d,
Case 2 d <a<d <b, and
Case 3 a<cd <d <b.

In Case 1, by Lemmas 1, 3 and 4, we have

[Neo(b) = Noo(a)] < (Noo(c') — Noo(a)) V (Nao(e') = No(B)
N
fﬂd—dm<§{%ymv@wﬂgm<§E%>”

In Case 2, by Lemmas 1, 3 and 4, we have

| Noo(b) = Neo(@)] < (Noo(a) = Neo(d')) V' (Noo(b) — Neo(d'))
= (d' — )Y2N,, (j_ )v(d d)V'V2N,, (Z‘i)

d—a\'’ b—d
(d/ o C/)1/2 (d/ — c/) v (d— d/)1/2 (d_ d/)

— (d/ _ a)1/2 v (b _ d/)1/2
< (b—a)V%

IA
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Let us considered Case 3. Let A := N, (¢') — Noo(a) and B :=
Neo(b) — Noo(d'). Then we have A > 0 and B > 0 by Lemma 3. By
Lemmas 1 and 4, it holds that A? < ¢/ —a and B? < b—d'. Moreover,
Noo(d') — Noo () = —=(d' — c’)l/z. Hence, we have

(Neo(b) = Neol(a))? = (A+ B — (d' = ¢)'/?)?
= A"+ B+ (d' — /) + 2AB = 2(A+ B)(d' — ¢)'/*
<b—a+2AB —2(A+ B)(d — )Y (7)

Since A < (¢/— )/ = 2(d' =)' and B < (d—d')/? = 2(d'— ) 12,

we have

2AB — 2(A+ B)(d' — &)Y/?
< 2Ad =B A2d =)V 20A+ B)(d - )P =0

with the equality only if A = (¢/—¢)"/? and B = (d—d')'/?. Therefore
by (7), we have |Noo(b) — Noo(a)| < (b — a)'/? with the equality only
if « = ¢ and b = d and that the interval [a, ] is synchronized. O

Lemma 6. Let s € [0,1] and X € [0,00) be arbitrary and let X :=
eA(NOO + ).

(1) For any interval [a,b] (a < b), we have | X (b) — X(a)| < (b—
a)'/?,

(2) The following statements for an interval [a,b] (a < b) are equiv-
alent to each other.

(i) [a,b] is a synchronized interval of X.
(i) It holds that X (a) # X(b) and

s (1)

for any t € [a,b], where we put £ := sgn(X(b) — X(a)).
(i) 1X(8) — X(a)] = (b a)'/"

Proof. (1) follows from Lemma 5.

(2) It is clear that (ii) implies (iii). That (i) implies (ii) follows
from Lemma 1. That (iii) implies (i) follows from Lemma 5. O
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Let w = (Ny(w); t € R) be an arbitrary sample path of the N-
process belonging to ©y. Then by Corollary 1, its restriction to any
bounded set is a restriction to the same set of some of X in Lemma
6. An interval [a,b] (a < b) is called a synchronized interval of w
if it is a synchronized interval of a function X as in Lemma 6 which
coincides with w on [a —4(b — a), b+ 4(b — a)]. This is well defined
since it is independent of the choice of X by Lemma 6. It is called
increasing, decreasing, left, middle or right if it is so in X as
above. We cannot count the level of a synchronized interval of w, but
we can compare the levels between synchronized intervals. For two
synchronized intervals I and .J of w, J is said to have level n (n € Z)
relative to [ if there exists X as in Lemma 6 which coincides with
w on an interval containing I U J and m > 0 such that [ and J are
synchronized intervals of X with levels m and m + n, respectively. In
special, they are said to have a same level if n = 0 in the above. If
two synchronized intervals I and J of w satisfy that I C J and that
I has level n relative to J, we say that J is the n-th ancester of [I.

Theorem 2. For any w € Oy and an interval [a,b] (a < b), it holds
that |w(b) — w(a)| < (b—a)'? with the equality if and only if [a,b] is
a synchronized interval of w. If [a,b] is a synchronized interval of w,
then

w(t) — w(a) = £(b— a) N, (Z = Z)
for any t € [a,b], where we put £ := sgn(w(b) — w(a)).

Proof. Clear from Lemma 6. O

Lemma 7. For anyt with 0 < t < 1, it holds that N.(t) > (1/3)t'/2.

Proof. Take k = 0,1,2,--- such that (4/9)" <t < (4/9)%. The
minimum value of N (s) for (4/9)"+1 < s < (4/9)% is (1/3)(2/3)*
attained when s = (5/9)(4/9)%. Therefore, we have

Neolt) > (1/3) (§) - (5) L e
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O

For any w € ©¢ and € > 0, a closed interval [ is call an (1 — ¢)-
synchronized interval of w if there exists a synchronized interval

Jofwwith [INJ|/|[TUJ]|>1—¢.

Theorem 3. Let w € Og. Then, the following statements holds.

(1) For any ¢ > 0, there exists & > 0 such that for any interval
[a,b] (a < b), if |w(b) —w(a)|] > (1 —8)(b— a)'?, then [a,b] is an
(1 —e)-synchronized interval of w. In fact, for e < 1/10, we can take
§=¢e/l18.

(2) For any 6 > 0, there exists ¢ > 0 such that for any interval
[a,b] (a < b), if [a,b] is an (1 — )-synchronized interval of w, then
lw(b) — w(a)| > (1 = 8)(b—a)'’2. In fact, for § < 1, we can take
e=(5/4).

(3) If I = [u,v] is an (1 — €)-synchronized interval of w with 0 <
e < 1/10. Then, there exists a unique solution in v’ and v' of the
equation:

u', o€ fu—(1/T)(v =), v+ (1/T)(v—u) (8)
() = minfw(t); ¢ € [u—(1/7)(v —u), v+ (1/7)(0 = u)]}
w(v') = max{w(t); € [u— (1/T)(v = u), v+ (170 —w)]).

Let this solution be u', v'. Then, the interval J defined as J = [u’,v']
if u' <o and J = [V W] if o' < W is a synchronized interval of w

such that [INJ|/[TUJ] >1—¢.

Proof. (1) Take any ¢ with 0 < & < 1/20. Assume that [a,b] is
not an (1 — 2e)-synchronized interval of w. Let [¢,d] be a minimal
synchronized interval of w containing [a + (b — a), b — ¢(b — a)].
We assume without loss of generality that [¢,d] is increasing. Let
d = (he+4d)/9 and d' = (4¢ + 5d)/9. Then, by the minimality of
[c, d] and the assumption that [a,b] is not (1 — 2¢)-synchronized, we
have 6 cases.

Case l c—¢(b—a)<a<c+4eb—a)and ¢ +e(b—a)<b<d.
Case2c—¢e(b—a)<a<c+4elb—a)and d <b<d—e(b—a).
Case3c+elb—a)<a<d —elb—a)and ¢ +e(b—a)<b< d.
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Casedc+elb—a)<a<cd —elb—a)and &' <b<d+e(b—a).
Case b '—e(b—a) < a < d4e(b—a)and d'+e(b—a) < b < d+e(b—a).
Case 6 +¢(b—a) < a < d'—e(b—a)and d'+e(b—a) < b < d+e(b—a).

In Case 1, by Theorem 2 and Lemma 7, we have
jw(b) = w(a)] = (w(¢) = w(a)) = (w(c) = w(b))
b A
S (c/_a)1/2_(d/_c/)1/2Noo ( / C/)

— C

_ 1/2
@ —ap = - erea (525)
(¢ =@ = (13)(b = )
(b—a)"? — (1/3)(=(b— a))'/?
(b—a)' (1~ (/9)"/?).
Hence, taking & := (£/9)"/% > ¢/9 for 2z, we have (1).

In Case 2, by Theorem 2 and Lemma 7, we have

QU

/

IA

C

IANIA

(wW(b) —w(a))* = (A+ B —C)?
<(d—a)+(b—d)+(d —)+24AB —2AC — 2BC
=b—a+2AB — (A+ B)(2/3)(d — ¢)*/?
<b—a+(2/3)(d—c)"*B+ AB — (A+ B)(2/3)(d — ¢)'/?
<b—a— Alw(d) —w(d)— B)
=b—a— ((w(c) —w(c)) — (wla) —w(e
<b—a—((2/3)(d =)' —Ja—c['/?)(
<b—a—((2/3)((1 =2e)(b—a))"/* —(
<b—a—(1/12)e"?(b - a)

< (1 —£"%/12)(b — a)

(w(d) = w(b))
1/3)(d — b)'/?
(b—a))'/?) (1/3)(e(b — a))'/*

e

where we put A := w(d') —w(a), B :=w(b) —w(d') and C := w(c') —
w(d"). Hence, taking § := £'/2/12 > ¢/9 for 2¢, we have (1).
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For Case 3, by Theorem 2 and Lemma 7, we have

(w(b) —w(a))* = (A~ B)*

(¢ —a)+(b—¢)—2AB
b—a—2(1/3)(c —a)'/*(1/3)(b— )
b—a— 2((1/3)51/2(6 o a)l/z)z

(1 —=(2¢/9))(b — a),

VAN VAN VANRVAN

where we put A := w(¢') —w(a) and B := w(c') —w(b). Hence, taking
d :=2¢/9 for 2, we have (1).

In Case 4, if d < b < d' + (b — a), then there exists b’ with
d4elb—a)<b <d and w(b') =w(b). Hence, (1) follows from Case

3 since

w(b) ~wla)] = |w(d) - wla)
< (1 (/0¥ ~a)
< (1 (2:/9)(b — a).

Now assume that d' + (b —a) < b < d + (b — a). By Theorem 2

and Lemma 7, we have

VAN VAN VANRVAN

(w(b) —w(a))* = (A+ B~ C)*

( —a)+ (b—d)+(d —)+2AB —2AC — 2BC
b—a+2AB — (A+ B)(2/3)(d — ¢)'/?

b—a+ A(2/3)(d—¢)'* + AB — (A + B)(2/3)(d — ¢)/?
b—a— (w(d)—w(c)— A)B
b—a—(1/3)(a—c)'/*(1/3)(b—d)"/?
b—a—(1/9)e(b—a)

(1 —=(£/9))(b— a),

where we put A := w(d) — w(a), B := w(b) —w(d'), and C :=
w(d') —w(d"). Hence, taking & := /9 for 2¢, we have (1).
Case 5 and Case 6 follow from the previous cases by symmetry.
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(2) Let 0 < ¢ < 1/10 and Let [a,b] be a (1 — ¢)-synchronized
interval. Then, there exists a synchronized interval [¢, d] with [a—¢| <

2¢(b—a) and |b — d| < 2¢(b—a). Then by Theorem 2, we have

jw(b) — w(a)]

jw(d) = w(e)] = fw(a) = w(e)| = |w(b) = w(d)]
(d—e)? —|a—e|? — |b—d|Y/?
(b—a—e(b—a)’/? —2(2:(b — a))'/?

(1 —4e¥2)(b — a)'/2

Thus, for any ¢ with 0 < ¢ < 1, we have (2) by taking ¢ = (§/4)%.

VAR AVARAVARAYS

(3) Assume without loss of generality that w(a) < w(b). Then,
there exists a synchronized interval J = [u,v’] such that [[ N J|/|TU
J| > 1 —e. Moreover, u’,v" is the unique solution of the equation

(8). O

4 Stochastic Integral

Let L = L(w) be a measurable function of w € 0q taking value in
positve integers. Let {(y < (1 < ---} be a finite or infinite sequence of
measurable functions of w € ©¢ such that [(;, (;41] is a synchronized
interval of w € Oy for any 1 = 0,1,--- and (z is defined for any w €
Q. We call a sequence ( := {(o < (; < --- < (.} a synchronized
net. If for an interval I, [ C [(y,(r] holds for any w € Og, we say
that ¢ covers I. We denote || ¢ ||:=|| maxo<i<r—1(Cit1 — Gi) ||o- Let
C be a sub-o-field of the probability space (0g, P). If the above L and
Gar (1 =0,1,---) are measurable with respect to C, then we say that
( is measurable with respect to C or ( is C-measurable. If {Y} is a
set of measurable functions on the probability space (g, P), then we
say that ¢ is {Y }-measurable if it is measurable with respect to the o-
field generated by the functions in {Y'}. Let ( ={(o < (1 <--- < (1}
and 7 = {no < m < .-+ < nr} be synchronized nets. If for any
w € Bp, ( C n holds between the sets of values of functions in ¢
and 1, and if n is measurable with respect to (, we say that 1 is a
refinement of (.
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Lemma 8. Let J be a bounded closed interval with J = [a,b] (a < b).
Then, for any bounded closed intervals [ with I C J' and ¢ > 0,
there exists a synchronized net ( covering I with || ( ||< & which is
measurable with respect to dN|;, where dN|; := {N;—Ny; s,t € J},
where dN|j := {IN; — Ny; s,t € J}

Proof. We may assume that ¢ > 0 is small enough so that I C
[a + 2e,b — 2¢].

st step: Let {(u,,v,); n=1,2,---} be a countable dense subset
of {(z,y);—e/2 <2 <0<y<ef2 /I8 <y—a <e/2}. Since
there exists an synchronized interval [¢, d] of w containing a 4 ¢ with
e/18 < d—c < /2, for § with 0 < 6 < 1/200, there existsn =1,2,---
such that |w(a + ¢ + v,) —w(a + ¢ + u,)| > (1 — ) (v, — un)l/z.
Take the minimum n as this and define dN|;-measurable functions
u:=a+¢e+u, and v := a+ e+ v,. Then by Theorem 3, [u,v] is
(1—4")-synchronized interval of w for some ¢" < 1/10. Let u’ and v’ be
the unique solution of the equation (8) in Theorem 3 for this (1 —d')-
synchronized interval [u,v]. Then, the functions «" and v’ of w € ©
are measurable with respect to dN|;. We define (, = v/, {; = o' if
u <v and (=0, G =u if v <.

2nd step: Assume that a sequence of dN|;-measurable functions
(o < (1 < -+ < (g is defined so that (o < a + 2¢ and [(;_1, (] is a
synchronized interval with ¢; — (;—y < € for any 1 = 1,2,--- k. This
is done for £ = 1 in the 1st step.

We add (41 to get a longer sequence with this properties. Take
the minimum nonnegative integer ¢ such that 4(4/9)i(§k — (p-1) <
e. Since [(x—1,(x] is a synchronized interval, for exactly one of ¢ in

{1/4,4}, [Crky G +£(4/9)" (Cr — Ck—1)] is a synchronized interval. Define
Cro1 = Ce +E(4/9)' (¢ — Cuo1) with this €. Since € can be chosen in a
dN|j-measurable way by Theorem 2, (41 is measurable with respect
to dN|; such that (441 — ( < e.

final step: We prove that we can continue this process until we get
(41 > b—2e. Then, ( :={( < (1 < --- < (1} satisfies the required
properties.

The only possible obstruction against this is that (. converges to

some point, say n < b—e as k — oo. We prove that this is impossible.
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To the contrary, suppose that this is the case. Then, there exists K
such that for any & > K, the 7 in the description of the 2nd step is
chosen as ¢ = 0, so that all synchronized intervals [(g, (x41] for k& =
K, K+1,--- have the same level. All consecutive 2-3" synchronized
intervals of the same level contains a synchronized interval of level
—n relative to them for any n = 1,2,---. A synchronized interval of
level —n relative to the synchronized interval [(x, (xy1] has length
at least (9/4)"(Cx+4+1 — (k). Therefore, it holds that (xi2.3n — (x >
(9/4)"(Cx+1 — Cx), which is a contradiction since letting n — oo we
have n — (i in the left hand side while co in the right hand side. [

Let A(w, s) be a function on Oy x R which is measurable in w and
continuous in s for any fixed w. Then for any a,b € R with a < b,
we define a stochastic integral f; AdNy as follows:

b L-1
[ A= Jim, 3 A G)New, = Ne) (9
8% -

if the limit in the right-hand side exists, where ( = {(o < (1 < -+ <
(.} is a synchronized net.

Theorem 4. Let H(x,s) be a real valued function of x,s € R
which is twice continuously differentiable in x and once continu-
ously differentiable in s. Then for any a < b, the stochastic in-
tegral fa H,(N;,1)dN; exists and is (Hy)y V dN|j-measurable with
J =la,b], where (H;)y := {H.(Ny,t); t € J}. Moreover, the follow-
ing formula holds:

H(Ny,b) — H(N,,a) =

b b
1
/ H, (N, t)dN; + / (§Hm(Nt, 1)+ Hy(Ny, t))dt  (10)
Proof. (1) The (H,);VdN|;-measurability of the stochastic integral
follows from Lemma 8 if it exists, by taking the limit (o | @ and (g, T b.
(2) The stochastic integral fab H.(N;,1)dN; is Yj-measurable by

Lemma 8 and Theorems 5 and 6 which are proved later if it exists.

23



Therefore, it suffices to prove the existence of the the stochacstic
integral and the formula (10). For anet ( = {(o < (1 < --- < (1},

denote
I —

B(¢) == ) H.(N¢,G)(Ne,, —Ng).

7

—_

Il
=]

Then, by the Taylor expansion of H and the continuity of H, H,,
and H, in (x,s) as well as the sample path N, in ¢, it holds as
| ¢ |I= 0, (o — @ and (z, — b that

H(N;,b) — H(N,, a)

L-1

= Z Ngi+1, Giy1) — H(Ng,, Q)) +o(1)

hs
_.o

1
= Z e(Ng, Gi)(Newwy = Neo) + 5 Hew (N, 6i) (N, — N,)?

=0

—I-Ht(Nc” C')(Q+1 — )+ 0(Gy1 — G)) +o(1)

= —|— Z mg NC“ ) + Ht(NCm § ))(Q-I—l - Q) + 0(1)

= B(C) + /b <%Hxx(Nt7t) + Ht(Nt,t)>dt + 0(1),

where we used the fact that (N¢,,, — N¢,)? = (41 — ¢;. Hence, B(()

converges. Thus, the stochastic integral exists and we have (10). O

5 Prediction

Let H(x,s) be a real valued function of x,s € R such that
(H1) H is twice continuously differentiable in # and once continuously
differentiable in s, and

(H2) H,(x,s) > 0 for any z,s € R.
We consider the stochastic process Y; = H(Ny, ) (t € R). Our

problem is to predict Y; for ¢ ¢ J from the observation Y := {Y;; t €
J}, where J is a bouded closed interval with nonempty interior. The
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function H is considered to be unknown except for the property (H1)
and (H2). All the measurable functions of the observation Y; we
construct in the following do not need any further knowledge on the
unknown function H.

Theorem 5. For anyw € Qg and t € R, it holds that

. Y, — Y,
u<<v
Let tq, ty with t; < ty tend to t attaining the limsup in the right
hand side of the above equality. Let t;' = (5t + 4t2)/9 and ty' =
(4t1 + 5t2)/9. Then, it holds that

9 . YV +Y 4V, -
Ho(Nyt) = =1 LN B S
(N, 1) 4 (ty — 11)1/?
3 . Yy — 9V, 43V, +5Y,
Hs(Nt, t) = g lim (t2 — t1)1/2

Therefore, if t € J, then those quantities as Hp(IN;, 1), Hpp(IN4, 1)
and Hy(Ny,t) are measurable functions of the observation Y.

Proof. Since by the Taylor expansion of H, we have
Y,—Y, = H(N,,v)— HN,u)
= H,(N4t)(N,—N,)+ %Hm(Nt,t)(NU ~N,)?
+H; (N4, t) (v —u) + o(v — u)
as u,v — t, by Theorem 2 and (H2), we have

: Y, — Y.
lim sup

u’llv<—v)t (U - u)1/2

N, — N,
= Hw(Nt,t)limsup| |

w,v—>t (U - u)1/2

u<<v
— Hx(Nt,t)
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By Theorem 3, the limsup is attained if and only if wv,v — ¢
so that [u,v] is an (1 — ¢)-synchronized interval of w with ¢ — 0.
Therefore, the interval [tq,¢3] as in the statement of our theorem
satisfies this condition. Furthermore, since we can approximate the
(1 — e)-synchronized interval [t1,?2] by a synchronized interval close
to 1t and approximate the following quantities for the former by those
for the latter with small errors, we may assume that [tq,¢s] itself is
synchronized. Consider the Taylor expansions for

H(Nt2/7t2/) - H(Nt1/7t1/)
H(Ntwt?) - H(Ntl'vtll)
H(Ntwt?) - H(Ntmtl)

and using the relations that

' —t" = (1/9)(tz — 1)
ty—t' = (5/9)(ty —ty)
Ny — Ny = —(1/3)&(ty — t)'/?
Ny, — Ny = (1/3)€(ty — t1)"/?

NtQ—Ntl = f(t2—t1)1/27

where £ = sgn(Ny, — Ny, ), we have

Y = Yo = —(1/3)EHo(Ny, 1)(tz — t)"/? 4 (1/18) How (N, 1) (15 — 1)
H(1/9)Hs (N4, t)(t2 — 1) + otz — ty),
Y, =Y = (1/3)EH(Nyt)(t — 1) 4 (1/18) Hop (N4, 1) (12 — 1)

+(5/9)Hs (N, t)(tg — t1) + oty — t1),

and

1
Yo, =Yy =GNy t)(t — 1) 4 S Hew(Nis 1) (12 — 1)

—|—H5(Nt,t)(t2 — tl) —|— O(tz — tl)
By solving the above linear equation on H,(N¢,t), H,»(INy, 1), Hs(Ny, 1)
and letting t5 — t; — 0, we get the required formulas for H,, (N, 1)
and Ht(Nt,t).

It is clear from the above formulas that if ¢ belongs to the interior
of J, then the quantities as H,,(Ny,t) and H;(Ny,t) are measurable
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with respect to the observation Y. It follows from the continuity
that the same result holds for any t € J. O

Theorem 6. Let [,.J be closed intervals with J = [a,b] (a < b) and
0£1'CIC(ab).

(1) For any § > 0, there exists € > 0 such that for anyt € J and
u,v € (t —e,t+¢e), it holds that

with
[Z] < 8(INy = Nu| + [0 —u'?)
(2) For any ¢ > 0, there exists a Yj-measurable synchronized net
covering I with || ¢ ||< e.

(3) dN|; is measurable with respect to the observation Y;. Hence,
both terms in the right-hand side of (10) are Yj-measurable.

Proof. (1) For any given § > 0, take ¢ with 0 < ¢ < 1 satisfying
that
(i) |[Hy(2',8") — Hy(x,s)| < § for any (x,s) and (2',s") with
s,s' € |s—s| <e, |z, |2'| < (|a']V]P)? and |z — 2’| < V2,
(i)
wp ()] 20 <6
s€J, || <(Ja’|V]br])1 /2

where ' =a—1, 0 =b+ 1, J :=[d,0]. Then for any ¢ € J and
u,v € (t —e,t 4+ ¢), it holds that

with



where #' and ' satisfies that [t/ — | < ¢ and |2’ — N;| < £'/2. Then
using (i) and (ii), we have

=]

[ Ho(No, 1)][o = ul + [Ho(2", u) = He(Ne, £)[[Ny — Ny |
(N, £)](25) 2] — a2 4 5N, — N,|

S(IN, = No| + o — ul'/?).

IA A A

(2) Take sufficiently small § > 0 determined finally in the following
2nd step. At this moment, we assume that

0<d< inf H,(x,1)/1200. (11)
ted, e|<(JalVIb])!/2

We may assume that ¢ > 0 is small enough so that the statement
(1) holds with this ¢ and that I C [a + 2¢,b — 2¢]. We use a similar

construction as in the proof of Lemma 8.
st step: Let {(u,,v,); n=1,2,---} be a countable dense subset
of {(z,y);—e/2<a2<0<y<e/2 ¢/18 <y—a <e/2}. There
exists an synchronized interval [¢,d] of w containing ¢ := a + ¢ with

e/18 < d— ¢ < /2. Then, we have by (1)

Yy — Y|
> (LN t) — 8N, — N — 8(d — o)
= (Ho(Ni,t) = 6)(d = ¢)'/* = §(d — c)'/?
= (Ho(Ni,t) = 28)(d — ¢)'/2,
Hence, there exists n = 1,2, - - - such that |Yiq,, —Yigu,| > (Hz(N¢, t)—
38) (v, — un)l/z. Take the minimum n as this and define functions

u:=1t+u, and v := t + v,, which are Y;-measurable by Theorem 5.
Since as above we have

(Hy(Nyyt) —30) (v — u)1/2
< |V, =Y.
< (Ho(Ng,t)+ 6)IN, — Ny| + 6(v —u)'/?,

it holds by (11) that
IN, — N,| > (1 —1/200)(v — u)/2.
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Then by Theorem 3, [u,v] is a (1 —1/11)-synchronized interval of w.
Let u’ and v be the unique solution of the equation (8) in Theorem
3 for this (1 — 1/11)-synchronized interval [u,v].

We prove that u’, v’ is also the unique solution of the equation:

u', v e fu—(1/T)(v—u), v+ (1/7)(v —u)] (12)

Y = minfYy; s € [u— (1/7)(0— ), v+ (/7)o — )}

Yo =max{Ys; s € [u—(1/7)(v—u), v+ (1/7)(v —u)]}.
Take any s € [u— (1/7)(v —u), v+ (1/7)(v — w)] with s # «'. Then

by Lemma 7, N, — N, > (1/3)|s — /|'/2. Therefore as above, we
have

Y, — Yo
> (Ho(t.Ny) = 8)(N; = Ny — d]s —'['/?
> (Ho(Ne,t) = 5)(1/3)IS W2 = 8ls — w2
= (Ho(Npyt) = 48)(1/3)]s — |/
> (1200 — 4)8(1/3)]s — /]2,

so that «’ is the unique solution of the equation (12). Similarly,
v’ is the unique solution of the equation (12). Thus, u’ and v are
Y;-measurable functions on w € ©.

We define (o = v/, (1 =v ifv <v'and (o =0/, (; =u" if v/ <.

2nd step: Assume that a sequence of ¥;-measurable functions (o <
(1 < -+ < ( is defined so that (o < @+ 2¢ and [(;_1,(;] is a synchro-
nlzed mterval with ;-1 — (; < e for any 1 = 1,2,--- , k. This is done
for k =1 in the 1st step.

We add (41 to get a longer sequence with these properties. Take
the minimum nonnegative integer ¢ such that 4(4/9)((x — Cio1) <
e. Since [Cr—1,(x] is a synchromzed interval, for exactly one of ¢ in
{1/4,4}, [fk,§k+§(4/9) (G —Cro1)] is asynchronized interval. Define
Cer = Ck + &(4/9)" (¢ — Cr—1) with this €.

What we have to prove is that £ is chosen in a Yj-measurable
way. Let & € {1/4,4} be such that [t,(] is a synchronized interval
and let £ € {1/4,4} be & # £, so that [¢,('] is not a synchronized
interval, where we put t := (x, ¢ := t + £(4/9)'(t — (1) and (' =
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t4&(4/9) (t — Ck—1). Let [t, ("] be the minimal synchronized interval
containing [¢,(']. Then, we can prove that there exists p > 0 such
that (4/9) +p < (' —1)/(¢" —t) < 1 — p. Therefore, by Theorem 2,
there exists ¢ with 1/2 < ¢ < 1 such that

[N = NyJ < q|¢" = 1]/

while

N = N| = |¢ —¢]'/%.

Then, as we proved in the 1st step, we have

Yo = Vi
< (Ho(Npt)+ 6)|Ne = N +6(¢" —t)/?
< (Ho(Nyyt) +38)q(¢" — 1)'V7,
while
Yo — Vi
> (Ho(Ny,t) = §)[Ng = Ni| = 8(¢ =)'/

= (H.(Ny,1) = 28)(¢ —t)'/%
Therefore, by choosing small § > 0, we have

Yo = Yil/(¢'=)'? < Ho(Nut)(1+29)/3
Yo = Yil/(C=0)"* > H.(N,t)(2+q)/3,

so that we can ditinguish these 2 cases by the observation Y;. Hence,
¢ is Yjy-measurable.

Thus, the function (x1; on w € O is Yj-measurable such that
[Ck, Cks1] is a synchronized interval of with (41 — (& < €.

final step: We continue this process until we get (711 > b — e.
Then, ¢ := {(o < ¢4 < -+ < (1} satisfies the required properties.
This can be done by the same reason as in the final step of the proof
of Lemma 8.

(3) Let ( = {¢ < (& < -+ < (1} be a Y-measurable syn-

chronized net covering J. If necessary, we repeat the division of a
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synhronized interval [, Gi11] by [Giy ¢ ]s [Css Ciga]s [Cigrs Gogn] with
(i = (5G +4G4+1)/9 and ;1 = (4G + 5¢i41)/9, we may assume that
there exists [(;, (i+1] C ' such that ;41 —(; is sufficiently small so that
Y, — Y¢, has the same sign with N¢,,, — N¢,. Then, we know from
the observation Y; whether the synchronized interval [(;, (;11] is in-
creasing or decreasing. Since the synchronized intervals [(;, (j4+1]’s are
increasing and decreasing alternatively, we know & = sgn(N,;; —Nj;)

forall 7 =0,1,---,L — 1. Since

t _ .
- (225
G+t — G
for any t € [(;, (j4+1] by Theorem 2, we get dIN|; from the observation
Y7, hence by Y considering the limit. O

Lemma 9. (1) Let {(o < (o < (& < -+ < (1} be a synchronized
net. Let (G — G)/(G — Goy) = £(4/9) with € € {1/4,4} and
7 €Z forsomei =1,2,--- . L —1and w € ©. If 7 > 0, then for
n:=CG+E(G—Co1), [y 0] is a synchronized interval of w € Oy and
if n < (i, then there exists n with 14+ 1 < n < L such that n=(,. If
J <0, then forn = (—E(Cy1 — G), [0, G] is a synchronized interval
of w € Og and if n > (o, then there exists n with 0 < n <1 —1 such
that n = (,.

(2) For any neighboring synchronized intervals [a,b], [b, c] and [e, d]
of w € O, if (c=b)/(b—a)=1/4 and (d—c)/(c—b) =4, then [a,d]
is a synchronized interval of w.

(3) For any neighboring synchronized intervals [a,b], [b, ¢] and [e, d]
of w € O, if (c=b)/(b—a)=1/4 and (d —¢)/(c—b) = 1/4, then
[a—(9/4)(b—a),b] and [b,b+4(9/4)(c —b)] are synchronized intervals
of w.

(4) For any neighboring synchronized intervals [a,b], [b, c] and [e, d]
of w € O, if (c—0)/(b—a) =4 and (d —¢)/(c —b) = 4, then
[b—(9/4)(c—10),c] and [e,c+ (9/4)(d— ¢)] are synchronized intervals
of w.

Proof.

(1) Assume that 7 > 0. Let K be the nearest common ancester of
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[Ciz1, ¢;] and [(;y Ciy1]. Let [G—1, ¢;] have level k relative to K. Then
by (2) of Lemma 2, [(;, (i4+1] has level k 4 j relative to K. Since
k > 0, the j-th ancester of [(;, (;4+1], is neighboring to [(;_1, (;]. Let
it be [¢;, n]. Then, n — ¢ = &(¢ — Go1). I n < (g, then by (1) of
Lemma 2, there exists n with ¢« + 1 < n < L such that n = (,. The
proof for the case j < 0 is similar.

(2) Let K be the nearest common ancester of [a, b], [b, ¢] and [c, d].
It is sufficient to prove that K = [a,d]. Suppose to the contrary
that K # [a,d]. Then, [b,c] has level 7 > 1 relative to K and is not
middle. Assume that it is left. Then, [e, d] is middle since [b, ¢] and
[c, d] have the same level. Thus, (d — ¢)/(c¢ — b) = 1/4 contradicting
with the assumption. If [b, ¢] is right, we have (¢ — b)/(b—a) = 4
contradicting with the assumption.

(3) Since neither of [a,b] and [b, ¢] is middle by the assumption, it
holds that [a,b] is right and [b,¢] is left. Then, the first ancestor of
[a,b] is [b— (9/4)(b — a), b] and the first ancestor of [b,¢] is [b, b+
(9/4)(c — b)].

(4) Let K be the nearest common ancester of [a,b] and [b,¢]. If
K is not the first ancestor of [a,b] and [b, ¢], then [b, ¢] is left, which
contraicts with (d — ¢)/(¢ —b) = 4. Hence, K is the first ancestor of
[a,b] and [b, ¢]. This implies that K = [¢ — (9/4)(¢ — b), ¢] and that
K is not an ancestor of [¢, d], since (¢ —b)/(b—a) = 4. Therefore, the
nearest common ancestor of [b,¢] and [e, d] is not the first ancestor
of them. Thus, [¢,d] is left and the first ancestor of [¢,d] is [¢, ¢ +
(9/4)(d — ) -

Let ¢ ={G <G < <Grandn={p <m < <nu}
be synchronized nets such that 1 is measurable with respect to (.
We say that 7 is a reduction of ¢ if 79 < (o < (& < nm and

{m<m<--<nuoa}t C{G<G<---< (-1} holds.

Theorem 7. For any Yj-measurable synchronized net { = {(y <
(1 < -+ < (p}, there exists a reduction of it consisting at most of 3
synchronized intervals with the same level.

Proof. Let n = {ny < m < --- < num} be a reduction of ¢ with
the smallest number of intervals M. If the levels of the synchronized
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intervals contained in it are not the same, then there exists 1 =
0,1,---, M — 1 such that (i1 — m:)/(: — miz1) = £(4/9)7 with £ €
{1/4,4} and j # 0.

If j > 0, then by Lemma 9, [;, n; +&(n: — ni—1)] is a synchronized
interval and either there exists n with 7 + 1 < n < M such that
Nn = 0 + &E(ni — ni—1) or n; + E(ni — ni—1) > nr. In the former case,
we have a further reduction of (, {no < m < -+ <y <y, < -+ <
nyv} with a number of intervals less than M contradicting with the
assumption on M. In the latter case, we have a futher reduction of
G i={no<m <---<mn <ni+E&mn —ni—1)}, which has a number
of intervals at most M. By the assumption on M, it is exactly M
and 1 = M — 1.

If j <0, then by Lemma 9, [, — £(ni41 — mi), n:] is a synchronized
interval and either there exists n with 0 < n < 7 — 1 such that
o =0 — EMigr — mi) or m; — E(Mig1 — 1) < no. In the former case,
we have a further reduction of (, {no <m < -+ <y <y < -+ <
nyv} with a number of intervals less than M contradicting with the
assumption on M. In the latter case, we have a futher reduction of
C,n'i=Ani —&igr —mi) < < --- < nar}, which has a number of
intervals at most M. By the assumption on M, it is exactly M and
1= 1.

If the levels of the synchronized intervals contained in 7" are not the
same, we repeat the above procedure to get finally a futher reduction
of ¢ such that it has M number of synchronized intervals with the
same level. Hence, we may assume that n = {no < m < -+ < nm}
is a reduction of { wich has the smallest number of intervals M with
the same level.

Suppose that M > 4. Then, in the sequence of (941 — n:)/(n;i —
ni—1) (1 = 1,2,--+ ;M — 1), there exists 1 = 1,2,--- ;M — 2 such
that the combination ((ni41 —7:)/(0i — Mi=1)y (Miv2 — Miv1)/(Miv1 —
n;)) is either (1/4, 4), (1/4, 1/4) or (4, 4). Then by Lemma 9,
we find a further reduction of ( with a smaller number of intervals,
contradicting with the assumption on M. Hence M < 3. O

Theorem 8. For any bounded closed interval J = [a,b] with a <
b, there exists measurable functionals 7 : C(J) — [0,00) and G :
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C(J) — © such that

(1) Pr{ G(Y7)(t) =Nyt = Ny |t <7(Yy) | =1 for any t > 0, and
(2) Pr[ 7(Yy) <t ] <9t/(4B) for any t > 0,

where C(J) is the space of continuous functions on J and we put

B:=(b—a)/21.

r

Proof. By Theorem 6, there exists a Yj-measurable synchronized
net covering [a,b]. Taking its reduction obtained in Theorem 7, we
get a Yj-measurable synchronized net n := {ny < m1 < -+ < na}
satisfying that
(i) M <3,
(ii) the synchronized intervals in  have the same level, and
(iii) no < a < b < .

Define 7 = 7(Y;) := ny — b and

0 t<0
G(Yj)(t) = Nb-l—t — Nb 0 S t S T
Nb_|_7- — N, t> T

Then, (1) is clear from the definitions of 7 and G together with (3)
of Theorem 6.
Let b € [n;, nix1]. Then, it holds that

Nig1 — M > (o — no) /(1L +4 +4%) > (b—a)/21 = B.

Let [u,v] be the minimal synchronized interval containing b with

v—u > B. Since [u,v] C [1;, Nit1], we have
= —b<ng —b<nyu—-b=r.

Take t > 0 with ¢t < (4/9)B and let n = [B/t]. If 7'(w) € [0,1),
then 7'(w — jt) € [jt, (7 + 1)t) for any y =0,1,--- ,n — 1. Hence, for
any j =0,1,--- .n — 1, we have

Pr(r'(w) €[0,1))
< Pr(rl(w—jt) € [jt, (G + 1)1))
Pr(r'(w) € [it, (7 + 1)),
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where we used the fact that the probability measure P is invariant
under the addition. Therefore, we have Pr(r’ <t) < 1/n, since

nPr(r" €10,t))

n—1

< Y P(Felit(i+ 1))

=0

< Pr(r"€[0,B)) <1
Thus we have (2), since
Pr(r <t) < Pr(r'<t)<1/n<9t/(4B)

for any t < 4B/9. For t > 4B/9, (2) holds trivially since 9t/(4B) >
1. 0

We construct a predictor for Y. with ¢ > b based on the observation
Yy, where J = [a,b]. We use G(YJ)(¢) for to estimate N, — N;. By
Theorem 8, if c—b < 7(Yy). then the estimation is exact. To estimate
Y. = H(N,,c), we use the Taylor expansion at (N, b) with G(Y))(¢)
for N, — Ny:

= Vit HL (N, DGV ) ) 5 Hoe(No DGOV () +H (No. D)D),

Note that Yc is a measurable function of the observation Y; by Theo-
rem 6. The value can be calculated based on the observation without
using any further information on the unknown function H than (H1)

and (H2).
Theorem 9. [t holds that
@—®3
b—a
as ¢ | b with C(b) in (2) in Section 1 as the constant in O( ).

E[(Y. = Yo)!] = o((e = b)) + O

Proof. Since
Yo = Yo+ Ho(Ny, b)G(Y)(c)
1
—|—§Hm(Nb, b)G(YJ)(C)2 + Hs(Ny,b)(c —b) + o(c — b),
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Y.— Y. = o(c — b) holds if ¢ — b < 7(Yj). If otherwise, Y.— Y. =
Ol 8)72) since [GY2)(0)] < (e~ b2, [N~ Ny| < (e~ )2 and

|G(Y7)(e) = (Ne = Ny)| = [Ny ) = Ny < (e —0)'/2,

so that

(B ¥ <(149) sup (e b)e—b)
|| <[p*/2
for any § > 0 as ¢ — b. Since by Theorem 8, Pr[r(Y)) < ¢ —b] <
48(¢ — b)/(b — a), we have

BLY: — Y.
= [(Y Y) |7(Y;) > ¢—b] Pr[r(Y;) > ¢ — b
[( Y) |7(Y)) <e—10b] Prir(Yy) < ¢ — 0]
< ofe—bp 10
with C'(b) in (2) as the constant in O( ). O
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