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Abstract

We consider a compact space � on which R acts addi

tively and R� acts multiplicatively satisfying the distribu

tive law� Moreover� R
action is strictly ergodic� Such � is
constructed as a space of colored tilings corresponding to a
weighted substitution� which is a kind of natural extension of
the f 
expansion for a piecewise linear f � We de�ne a homo

geneous cocycle F on �� which was called a cocycle with the
scaling property in �
�� This is a realization of fractal func

tions which admit the continuous scalings� This also de�nes
a self
similar process with strictly ergodic� stationary incre

ments which has � entropy�
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� Introduction

Let � be a complete separable metrizable space� Let G be a non�
trivial� closed� multiplicative subgroup of R�� the set of positive real
numbers� That is� either G � R� or there exists � � � such that
G � f�n�n � Zg� Assume that �R� G	 acts on �� that is�

��	 For any � � �� t � R and � � G� �
 t and �� are de�ned and
belong to � so that the mappings ��� t	 �� � 
 t and ��� �	 �� ��
are continuous�

��	 �
 
 � �� � id�� and

��	 for any � � �� s� t � R and �� � � G� it holds that

�� 
 t	 
 s � � 
 �t
 s	� ����	 � ���	�� ��� 
 t	 � �� 
 �t�

Let �R� G	 act on �� A continuous function F � � � R � R is
called a cocycle on � if

F ��� t
 s	 � F ��� t	 
 F �� 
 t� s	

holds for any � � � and s� t � R� A cocycle F on � is called
��G�homogeneous if

F ���� �t	 � ��F ��� t	

for any � � �� � � G and t � R� where � is a given real number
with 
 	 � 	 �� It is simply called �� homogeneous if G � R��
We remark that the notion of homogeneuos cocycle is equivalent to
the notion of cocycle with the scaling property in ����

Example � Let � � R and �R�R�	 act on R in the usual sense�
Then� a cocycle F on � is a coboundary� that is� there exists a
continuous function 
 � �� R such that

F ��� t	 � 
�� 
 t	� 
��	

�



for any � � � and t � R� Moreover� if F is ��homogeneous� then
the above 
 satis�es that


��	 �

�
Aj�j� 
 C �� � 
	
Bj�j� 
 C �� 	 
	�

In fact� the above 
 is de�ned by 
��	 � F �
� �	�

Example � Let �� be the space of all continuous function � � R� R
with ��
	 � 
 with the compact open topology� Let 
 	 � 	 �� For
any � � ��� t � R and � � R�� we de�ne � 
 t � �� and �� � �� by

�� 
 t	�s	 � ��t
 s	� ��t	 and ���	�s	 � �������s	

for any s � R� Then� �R�R�	 acts on ��� De�ne

F ��� t	 � ��t	

for any � � �� and t � R� Then� F is a ��homogeneous cocycle� Let
� be an �R�R�	� invariant probability Borel measure on ��� that is�

d��� 
 t	 � d���	 and d����	 � d���	

for any t � R and � � R�� Then� F ��� t	 is considered as a stochas�
tic process on the probability space ���� �	 with the time parameter
t � R� This process has stationary increments and is ��selfsimilar�
The Wiener process is one of them for � � ����

We are interessted in � on which �R� G	 acts and which is R�
minimal� That is�

��	 � is compact� and it holds that

f� 
 t� t � Rg � �

for any � � ��

We call � to beR�strictly ergodic if in addition� it isR�uniquely
ergodic� that is�

�



��	 there exists a unique R�invariant probability Borel measure
� on �� that is�

d��� 
 t	 � d���	

for any t � R�

In this case� � is also G� invariant� that is�
��	

d����	 � d���	

for any � � G� since d����	 is R�invariant and by the uniqueness is
equal to d���	�
We remark that a cocycle on R�minimal � is a minimal cocycle in

the sense of ��� and vice versa�

Theorem � ����� Let �R� G	 act on �� Assume that � isR�minimal�
Then� for a nonzero ��G�homogeneous cocycle F� we have the follow�
ing results�
�i� There exists a constant C such that

jF ��� t	� F ��� s	j 	 Cjt� sj�

for any � � � and s� t � R� That is� the functions F ��� t	 on t for
� � � are uniformly �� H�older continuous�
�ii� For any � � � and t � R�

lim sup
s��

�

s�
jF ��� t
 s	� F ��� t	j � 


holds� That is� for any � � � the function F ��� �	 is nowhere locally

�H�older continuous for any 
 � �� In particular� F ��� �	 is nowhere
di	erentiable�

Theorem � Let �R� G	 act on �� Assume that � is R�strictly er�
godic with the unique R�invariant probability Borel measure �� Then�
for a nonzero ��G�homogeneous cocycle F on �� we have
�i�

R
F ��� t	d���	 � 
� and

�ii�
R
jF ��� �t	j

�
�d���	 � �

R
jF ��� t	j

�
�d���	 � 


for any t � R and � � G with t 
� 
�

�



PROOF� �i	 Without loss of generality� we assume that t � 
� Since
the R�action on ��� �	 is ergodic� we have by Theorem ��

j
R
F ��� t	d���	j � j lim

N��
�
N

RN
� F �� 
 s� t	dsj

� j lim
N��

�
N

RN
� �F ��� s
 t	� F ��� s		dsj

� j lim
N��

�
N
�
RN�t
t F ��� s	ds�

RN
� F ��� s		dsj

� j lim
N��

�
N
�
RN�t
N F ��� s	ds�

R t
� F ��� s		dsj

	 lim
N��

�
N
�
RN�t
N jF ��� s	jds


R t
� jF ��� s	jds	

	 lim
N��

tC�N�t���tCt�

N

� 
�

�ii	 Since d����	 � d���	� we have

R
jF ��� �t	j

�
�d���	 �

R
jF ���� �t	j

�
�d����	

�
R
jF ���� �t	j

�
�d���	

�
R
j��F ��� t	j

�
�d���	

� �
R
jF ��� t	j

�
�d���	�

Moreover� the support of � is � by the minimality� Hence� the above
integral is positive since F ��� t	 is a nonzero continuous function of
� for any t 
� 
�

There are two important aspects of �fractal� functions� almost pe�
riodicity and self�similarity� Our notion of homogeneous cocycles on
minimal � is a formulation of �fractal� functions from these points of
view� We are also interested in self�similar processes with strictly er�
godic� stationary increments which come from homogeneous cocycles
on strictly ergodic �� Rudin�Shapiro process de�ned in ��� is one of
them for � � �

� and G � f�
n�n � Zg if it is restricted on an ergodic

component�
We will construct such � and homogeneous cocycles on it�
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� Colored tiling

Let R be the set of nonempty rectangles �a� b�� �c� d	 in R� such that
��	

e�b � d � c�

Let � be a �nite set with at least � elements� which will be called
the set of colors�
A mapping �� dom��	� � is called a colored tiling if dom��	 �

R and
S
S�dom��� S gives a partition of R

�� For S � dom��	� we call
��S	 the color of the tile S� In addition� if S � �a� b�� �c� d	� then
the point �b� c	 � R� is called the corner of S� For x � R�� we
de�ne the color ���x	 of � at point x � R� to be ���x	 �� ��S	 for
the tile S with x � S � dom��	� Let ���	 be the set of all colored
tilings with the colors �� It is considered as a topological space in
the sense that a net f�ngn�I � ���	 converges to � � ���	 if for
every S � dom��	� there exist Sn � dom��n	 �n � I	 such that
��	

��S	 � �n�Sn	 for any n � I and lim��S� Sn	 � 
�

where � is the Hausdor� metric�

��S� Sn	 � maxfsup
x�S

inf
y�Sn

k x� y k� sup
x�Sn

inf
y�S

k x� y kg�

For � � ���	� t � R and � � R�� we de�ne � 
 t � ���	 and
�� � ���	 as follows�
For S �� �a� b�� �c� d	 and S � �� �a� b�� �c� t� d� t	� S� � dom��
 t	
if and only if S � dom��	� and in this case �� 
 t	�S�	 � ��S	�
Also� for S �� �a� b�� �c� d	 and S� �� �a� log �� b� log ��� ��c� �d	�
S � � dom���	 if and only if S � dom��	� and in this case ���	�S�	 �
��S	�
Then� it is easy to see that �R�R�	 acts on ���	� We are interested

in compact metrizable subsets of ���	 which are invariant under the
action of �R� G	 for some G�

�



Example 	 Let � � f
� �g and

B� �� f � � ���	� for any S �� �a� b�� �c� d	 � dom��	
it holds that b � a
 log � � �log �	Z and
Si �� �b� b
 log��� �c
 i

�
�d � c	� c
 i��

�
�d � c		

� dom��	 with ��Si	 � i for i � 
� �g�

Then� �R� f�n�n � Zg	 acts an B�� We can consider B� as the set of

�sided� 
�adic expansions in the sense that � � B� is identi�ed withP

i�Z ���i log �� 
	��i

�
P

i�� ���i log �� 
	�
�i �

P
i�� ���i log �� 
	�

�i

where the convergence is in Z�� �
� �� with the identi�cation of x� �
with �x
 �	� 
 for any x � Z��

A substitution 
 on a set � is a mapping �� ��� where �� �S�
n���

n� For � � ��� we denote L��	 �� n if � � �n� and � with
L��	 � n is usually denoted by ���� � � � �n��� We can extend 
 to be
a homomorphism �� � �� as follows�


��	 �� 
���	
���	 � � �
��n��	

for � � �n� where the right�hand side is the concatenations of 
��i	�s�
We can de�ne 
�� 
	� � � � as the compositions of 
 � �� � ���
A weighted substitution �
� �	 on � is a mapping � � �� �

�
� �	� such that L�
��		 � L����		 and
P

i�L������ ���	i � � for any
� � �� Note that 
 is a substitution on �� We call � the weight on

� We de�ne �n � �� �
� �	� �n � �� �� ���	 inductively by

�n��	k � ���	i�
n���
��	i	j

for any � � � and i� j� k with


 	 i 	 L�
��		� 
 	 j 	 L�
n���
��	i		� k �
X
h�i

L�
n���
��	h		
j

In this sense� �
n� �n	 is also a weighted substitution for n � �� �� � � ��

�



A substitution 
 on � is called mixing if there exists a positive
integer n such that for any �� �� � � there exists i with 
 	 i 	
L�
n��		 and 
n��	i � ���
For a weighted substitution �
� �	 on �� we always assume that

��	 the substitution 
 is mixing�

We de�ne the base setB�
� �	 as the closed� multiplicative subgroup
of R� generated by the set

f �n��	i � � � �� n � 
� �� � � � and

 	 i 	 L�
n��		 such that 
n��	i � �g�

It is called continuous if B�
� �	 � R�� otherwise� discrete�
Let �
� �	 be a weighted substitution on a �nite set � with �� � ��

Let G �� B�
� �	� Then� there exists a function g � � � R� such
that
��
	

g�
��	i	G � g��	���	iG

for any � � � and 
 	 i 	 L�
��		� Note that if G � R�� then
we can take g 
 �� In the discrete case� we can de�ne g by g��	 ��
�n���	i for some n and i such that 
n���	i � �� where �� is a �xed
element in �� For another g� satisfying ��
	� there exists a constant
C � 
 such that g���	G � Cg��	G for any � � ��

Let ��
� �� g	� be the set of all elements � in ���	 such that

�i	 if �a� b���c� d	 � dom��	� then e�b � d�c � g����a� b���c� d			G�

and

�ii	 if �a� b� � �c� d	 � dom��	 and ���a� b� � �c� d		 � �� then for
i � 
� �� � � � � L�
��		� �� Si � dom��	 and ��Si	 � 
��	i� where

Si �� �b� b� log ���	i�� �c
 �d � c	
i��X
j��

���	j� c
 �d� c	
iX

j��

���	j	�

�



We call the tile Si as above the i
th child of the tile S� and S
the mother of Si� Let ��
� �� g	�� be the set of all � � ��
� �� g	�

such that for any N � there exists �a� b�� �c� d	 � dom��	 with �c� d	 �
��N�N	� Finally� we de�ne ��
� �� g	 to be the closure of ��
� �� g	���
Then� �R� G	 acts on ��
� �� g	� We denote ��
� �� �	 simply by
��
� �	 in the continuous case�
A tile T in � � ���
� �� g	 such that the vertical coordinates of

the points in it is a proper subset of that of another tile S is called
a descendant of S� Equivalently� we call S an ancestor of T �
These notions are continuations of mother and child� A tile S in
� � ���
� �� g	 together with its color determines its descedants in
the sence that if for some �� � ���
� �� g	� a tile S� in �� satis�es
that ��S	 � ���S �	 and ���S� �S�	 	 �� then for any descendant T
of S� there exists a descendant T � of S� such that ��T 	 � ���T �	
and ��T� T �	 	 �� where � is the Hausdor� metric and for a tile
S �� �a� b�� �c� d	� we denote its right edge fbg � �c� d	 by �S�

Theorem 	 For any weighted substitution �
� �	 satisfying ��� and
g with ��
�� ��
� �� g	 is R�strictly ergodic� Moreover� the toplogical
entropy of the R�action on ��
� �� g	 is 
�

PROOF� �compactness and metrizability	We prove the compactness
and the metrizability of ���
� �� g	� Those of ��
� �� g	 follow since
it is a closed subset of the former�
By ��	� the following sets for � � �

K
form a countable open basis

of the topological space ���
� �� g	�
���	

U��S�� � � � � SK���� � � � � �K	 ��
f� � ���
� �� g	� there exist S�k � dom��	 such that
��S�k	 � �k and ��Sk� S�k	 	 � for k � �� � � � �Kg�

whereK � �� �� � � � and for k � �� � � � �K� �k � � and Sk is a rectangle
in R� of type �a� b� � �c� d	 with rational a� b� c and d such that the
above set is not empty� It follows that ���
� �� g	 is a Hausdor� space
with the �nd countability axiom� Therefore� by the Urison�Tikhonov
theorem� the metrizability follows from the compactness�

�



Let us prove the compactness� Take an arbitrary in�nite sequence
f�n�n � �� �� � � �g in ��
� �� g	�� We de�ne a sequence

f��	n�n � �� �� � � �g � f��	n�n � �� �� � � �g � � � �

of subsequences of f�n�n � �� �� � � �g such that a latter side is a subse�
quence of a former side� inductively� For a positive integer N � assume
that f�N��	n�n � �� �� � � �g is already de�ned� where we put f��	n�n �
�� �� � � �g �� f�n�n � �� �� � � �g� For � � ��
� �� g	

�� let S�N ��	 be the
corner of the tile in � containing the point �� log��N	� u���N	 ��
respectively	� where
���	

u� �� max
���

��i�L������

� log ���	i�

Note that the tiles of � � ��
� �� g	 with the corner SN ��	 and
S�N ��	 are either identical or neighboring each other� since the ver�
tical length of any tile intersecting with the line segment connecting
the � points �� log��N	�u���N	 and �� log��N	�u�� N	 is at least
�N � Therefore� these � or � tiles together with their colors� determine
� restricted on the region �� log��N	��	� ��N�N	� There exists a
subsequence f�N	n�n � �� �� � � �g of f�N��	n�n � �� �� � � �g such that
�i	 ��N �� ��N	n�� log��N	 � u���N	�� �	 is constant in n �� re�
spectively	� and
�ii	 S�N �� limn�� S�N ��N	n	 exists �� respectively	�
This is possible since � is a �nite set and the set fS�N ��	�� �

��
� �� g	�g is bounded� Thus we de�ned a sequence of subsequences
of f�n�n � �� �� � � �g�
Let � be the colored tiling which has a tile with corner S�N and

color ��N �� respectively	 for any N � �� �� � � �� which is easily seen
to exist uniquely� It is also easy to see that � � ��
� �� g	� and that
�N	N converges to � as N � �� This completes the proof of the
compactness of ��
� �� g	��

�minimality	 Let G � B�
� �	� Take any

U �� U �
K
�S��� � � � � � S

��
K���� � � � � �K	

�




which intersects with ��
� �� g	� Take arbitrary �� � ��
� �� g	� To
prove the minimality� it is su�cient to prove that there exists t �
R such that �� 
 t � U � Since ����
� �� g	 is dense in ��
� �� g	�
there exists � � U � ����
� �� g	� Then� for some Sk � dom��	�k �
�� � � � �K	� it holds that

��Sk	 � �k and ��Sk� S
��
k 	 	

�

K
for k � �� � � � �K�

Therefore� there exists � � 
 such that

��Sk� S
��
k 	 	

�

K
� � for k � �� � � � �K�

Since � � ����
� �� g	� there exists �a� b� � �c� d	 � dom��	 which is
a common ancestor of S�� � � � � SK� Let ���a� b�� �c� d		 � ��� Take
� � 
 with

�� 
 �e�b�e� � �		� 	 ���

There exist positive numbers A and B such that e�A � �n����	i��

n����	i� � ��� e�B � �n����	i� and 
n����	i� � �� for some n�� i�
and n�� i� together with the property that if G � R�� then 
 	
B �A 	 �� and if G � f�n�n � Zg for � � �� then B �A � log ��

Lemma � For any x � B�

B�A � there exists y� p and k such that e�y �
�p���	k� �� � 
p���	k and 
 	 x� y 	 log � �or �� if G � f�ng with
� � � �or G � R�� respectively��

PROOF� Let � be the set of all �n� i	 such that n � �� �� � � �� 
 	
i 	 L�
n���		 and 
n���	i � ��� For �n� i	� �n�� i�	 � �� we de�ne
�n� i	�n�� i�	 to be �n
n�� i��	 � � such that i�� �

P
��j�i L�
n

�

�
n���	j		


i�� Let �n� �	B 	 x 	 nB for some n � Z� Then� since x � B�

B�A � it
holds that nA 	 x 	 nB� Therefore� there exists m with 
 	 m 	 n
such that �n�m	A
mB 	 x 	 �n�m� �	A
 �m
 �	B� Let

�p� k	 �� �n�� i�	 � � � �n�� i�	� �z �
n�m

�n�� i�	 � � � �n�� i�	� �z �
m

and y �� � log �p���	k� Then� since y � �n � m	A 
 mB� we have

 	 x� y 	 B �A � log � �or 	 �	� which completes the proof�

��



Using this lemma� we can complete the proof of the minimality� In
fact� take any �a��� b�����c��� d��	 � dom���	 with ����a��� b�����c��� d��		 �
�� and b�� 	 b � B�

B�A � This is possible by ��	� Then� for x ��
b� b��� we apply the lemma and get the conclusion that there exists
�a�� b�� � �c�� d�	 � dom���	 such that ����a�� b�� � �c�� d�		 � �� and

 	 b� b� 	 � by taking b� �� b��
 y with y in the lemma� Moreover�
since b � b� � G and 
 	 b� b� 	 log � in the discrete case� we have
b � b��
This implies that for t � c� � c� the tiles �a� b�� �c� d	 � dom��	

and �a�� b�� � �c� d� � t	 � dom��� 
 t	 have the same color �� and
the ��distance between their right edges is less than �� Since the tile
�a� b�� �c� d	 � dom��	 determines the tiles S�� � � � � SK� there exists
tiles S ��� � � � � S

�
K � dom��� 
 t	 with

���S �k	 � �k and ��Sk� S
�
k	 	 � for k � �� � � � �K�

Thus� �� 
 t � U �

�uniquely ergodicity	 Since � �� ��
� �� g	 is a nonempty compact
metrizable space and the R�action is continuous� there exists an R�
invariant probability Borel measure � on it� We prove that � is the
unique measure as this�
Let � � � and �a� b�� �c� d	 � dom��	 with ���a� b�� �c� d		 � ���

Take y � �c� d	 randomly according to the normalized Lebesgue mea�
sure on �c� d	� We arrange the tiles intersecting with the half line
�b��	 � fyg from the left to right as S�� S�� S�� � � �� where S� �
�a� b� � �c� d	� Let Sk be the ik�th child of Sk�� �k � 
� �� �� � � �	�
where S�� is the mother of S�� Let �k be the color of the tile Sk�
We put Yk�y	 �� ik and Zk�y	 �� �k for k � 
� �� �� � � � and consider
them as random variables on the probability space �c� d	 with the nor�
malized Lebesgue measure dy

d�c � Then� it is easy to see that random
process f�Y�� Z�	� �Y�� Z�	� �Y�� Z�	� � � �g is a Markov process with the
transition probability

p�i	��	�i�	��� �

�
���	i� �if 
��	i� � ��	

 �else	�

Note that the distribution of f�Y�� Z�	� �Y�� Z�	� � � �g depends only on

��



��� We denote this process by f�Y
��
� � Z��

� 	� �Y
��
� � Z��

� 	� � � �g to make
sure the dependency on ��� Of course� Z

��
� � ���

Let �� �� � �� We de�ne random variables X���
n �n � �� �� � � �	 by

X���
n �


nX
i��

� log ��Z��

i��	Y ��i �

where �n is the n�th i�� �	 such that Z
��

i � �� That is�

�� �� 

�n � minfi � �n���Z��

i � �g �n � �� �� � � �	�

Note that �n 	 � with probability � by ��	� It is easy to see that
the sequence of random variables

fX���
� �X���

� �X���
� �X���

	 �X���
� � � � �g

is independent and the distribution of X���
n�� �X���

n is identical with
that of X��

� for n � �� �� � � ��
Let F��� be the distribution of the random variable X���

� � Then�
the distribution of X���

n is F��� �F��
�n���	� where ��� implies the con�

volution of distributions�
Let S �� �a� b� � �c� d	 be a tile in � � � with ��S	 � ��� For

u � b� let E be the number of the tiles in � with color � having the
corner belonging to �u� u
�u	� �c� d	� where �u as well as �v stands
for a su�ciently small positive number and by o��	� we denote terms
which tend to 
 uniformly in the other variables as �u � 
��v � 
�
From the de�nition of the random variable X���

n � it holds that
���	

Ee�u

d�c �� 
 o��		 �
P�

n�� P �b
X���
n � �u� u
�u		

�
P�

n��

R
u�b�x�u�b�
u

F��� � F��
n	�dx	

since any tile with the corner �u� u 
 �u	 � �c� d	 has the vertical
length e�u�� 
 o��		� It is well known by the renewal theory ��� that
the above value converges to

�
Z
xF���dx		

���u

��



as u�� if G � R� and to

�
Z
xF���dx		

�� log �

as u � � satisfying that e�u � g��	G if G � f�n�n � Zg with
� � �� Note that by ��	� 
 	

R
xF���dx	 	��

For � � � and a Borel subset U of R�� let  ���U	 be the subset of
� consisting of � which has a tile S such that ��S	 � � and S has the
corner belonging to U � Let �u�v �� �u� u
�u	��v� v
�v	 and � � �
satisfy that e�u � g��	G� Since � is R�invariant� �� ����u�v		 �
�� ����u�v 
 �
� y			 for any y � R� By integrating this equality
with dy from �v to �v 
N � where N is an arbitrary large positive
number� and applying Fubini�s theorem we have
���	

�� ����u�v		 � �
N

RN
� �� ��� �u� u
�u	� �y� y
�v			dy

� �
N

RN
�

R
����	�u	u�
u�
�y	y�
v ��d�dy

� �
N

R RN
� ����	�u	u�
u�
�y	y�
v �dyd�

� �
N

R
�v����	�u	u�
u �
��	N��d��� 
 o��		

� 
v

N

R
E��	d���	�� 
 o��		�

where we denote by E��	 the number of the tiles in � with color �
having the corner belonging to �u� u
�u	� �
� N	�
For any � � 
� take L � 
 such that the the value in ���	� for any

�� �� � �� any tile �a� b�� �c� d	 in any element in � with color �� and
u � R with u� b � L and e�u � g��	G� is close to A within �� where
���	

A �

�
�
R
xF���dx		���u if G � R�

�
R
xF���dx		

�� log � if G � f�n�n � Zg �� � �	�

Take any u � R with e�u � g��	G� For any � � � and y � R� let
S�y	 be the tile in � such that S�y	 intersects with the horizontal half
line �u�L�u���	�fyg but its mother fails to satisfy this condition�
where u� is de�ned in ���	� Then� the vertical size of S�y	 is at most
eL�u�u� � Let S�� � � � � Sk be the set of all distinct S�y	�s for y � �
� N	
such that the vertical coordinates of the points in S�y	 are contained

��



in �
� N	� Then� the sets �Si �i � �� � � � � k	 of the vertical coordinates
of the points in Si are disjoint� We take N large enough so that their
union covers more than �

���
portion of the inteval �
� N	� Let Ei��	 be

the number of the tiles in � with color � having the corner belonging
to �u� u
�u	� �Si� Then� by the assumption on L� ���	 and ���	� we

have
���Ei��	e�u�� 
 o��		 � j �SijA

��� 	 j �Sij�� where j �Sij is the length of
�Si� By adding the inequalities� we have jE��	e�u�� 
 o��		�NAj 	
�N�� Thus� by integrating it with d���	� we have
���	 ����Z E��	d���	e�u�� 
 o��		 �NA

���� 	 �N��

Conbining ���	 and ���	� we have����� ����u�v		e
�u�� 
 o��		 �A�v

��� 	 ���v�

Since � � 
 was arbitrary� we have

�� ����u�v		��
o��		 �

����	
�
R
xF���dx		��eu�u�v �if G � R�	

�e�u�g���G�
R
xF���dx		��eu log ��v

�if G � f�n�n � Zg�� � �		�

This holds for any u � R not necessarily satisfying e�u � g��	G�
since if e�u �� g��	G� then �� ����u�v		 � 
 for any su�ciently
small �u� Let U �� �u�� u��	� �v�� v��	 satisfy that
���	

u�� � u� 	 min
���

��i�L������

� log ���	i and v
�� � v� 	 e�u

��

�

Then for any � � �� U contains at most � corner of the tiles in ��
Therefore� we have
���	

�� ���U		 �
R v��
v�
R u��
u� �

R
xF���dx		��eududv

� �
R
xF���dx		���eu

��
� eu

�
	�v��� v�	

if G � R�� and
����	

�� ���U		 �
R v��
v�

P
u
e�u�g���G

�
R
xF���dx		��eu log �dv

� �
R
xF���dx		��

P
u
e�u�g���G

eu log ��v�� � v�	

��



if G � f�n�n � Zg for � � �� This is because by ���	� the sets
 ���U�	 and  ���U�	 are disjoint if U� and U� are dijoint Borel sub�
sets of U � Note that for general U �� �u�� u��	� �v�� v��	 without ���	�
we only have the inequalities in ���	 and ����	�
���	

�� ���U		 	 �
Z
xF���dx		

���eu
��

� eu
�

	�v�� � v�	

����	

�� ���U		 	 �
Z
xF���dx		

�� X
u
e�u�g���G

eu log ��v�� � v�	�

Since any open set in � can be written as a countable disjoint
union of sets  ���U	 for � � � and U with ���	� � is determined
by ���	 and ����	 and is unique� which completes the proof of the
strictly ergodicity�

�
 entropy	 Since the topological entropy of the R�action on � co�
incides with the measure theoretical entropy of it on the probability
space ��� �	 by the uniquely ergodcity� it is su�cient to prove that
the latter is 
� That is� we prove that h��T�	 � 
 for the transfor�
mation Tt � � � � with Tt��	 � � 
 t� Then for any g � G� we
have h��Tg	 � h��T�	� since by ��	 and ��	� the transformations Tg
and T� are conjugate� On the other hand� since h��Tg	 � gh��T�	�
we have h��T�	 � gh��T�	 for any g � G� This implies that either
h��T�	 � 
 or �� Thus� to prove that h��T�	 � 
 it is su�cient to
prove that h��T�	 	 �� For this purpose� we will show that there
exists a countable generator with �nite entropy of the transformation
T� on the measure space ��� �	�
Let

Uij �� ��
iX

k��

�

k
��

i��X
k��

�

k
	� �

j � �

i
�
j

i
	

for any i � �� �� � � � and j � �� �� � � � � i� Then by ���	 and ����	�

�� ���Uij		 	
R
Uij
 ��� dxdy	

	 �
R
xF���dx		��e�

Pi��

k��
�
k �	

i

 log �	�

i

	 Ci��

��



for any � � �� where C is a constant independent of i� j� �� and � � �
is such that G � f�n�n � Zg if G is discrete and � � � if G � R��
Let i� be a positive integer such that

�

i�
	 min

���
��i�L������

� log ���	i

and Ci��� �� 	 e��� For any i � i� and j � �� �� � � � � i� let Uij be the
partition of � by the sets  ���Uij	 for � � � and the complement
of the union of these sets� Note that in this case� Uij satis�es ���	
and the sets  ���Uij	 for di�erent ��s are disjoint� Then� the entropy
H��Uij	 of the partition Uij with respect to � satis�es that

H��Uij	 	 ���Ci�� log�Ci��	� �� � ��Ci��	 log�� � ��Ci��	
	 C �i�	�

where C � is a constant independent of i� j� LetU be the least common
re�nement of Uij �s for any i � i� and j � �� �� � � � � i� Then� we have

H��U	 	
�X
i�i�

iC �i�	 	��

To complete the proof� we prove that the partitionU is a generator
of the dynamical system ��� �� T�	� Take any �� �� � � with � 
� ���
Then� there exists � � 
 and a tile S in � such that ��S� S�	 � � for
any tile S� in �� with the same color as S� Take any i� � i� withp
��
i�

	 �� Since any ancestor of S determine S� the same requirement
is satis�ed for any ancestor of S� Therefore� we may assume that a
tile S � �a� b�� �c� d	 in � as above satis�es that b 	 �

Pi�
k��

	
k
� Let

n be the integer part of c� Then� there exists i � i�� � 	 j 	 i and
� � � such that

� 
 n �  ���Uij	�

From the assumption on S� �� 
 n ��  ���Uij	� Therefore� any �
elements in � are seperated by the least common re�nement of U�n
for n � Z� This implies that U is a generator of ��� �� T�	� which
completes the proof�

��



Example � �Fibonacci expansion� Let � � f
� �g� Let �
� �	 be
the weighted substitution on � such that


� �
� ���	��� ���	
�� �
� ���	��� ���	�

where � � ��
p
�

�
and we arranged �
��	i� ���	i		 in the order of i

after �� ��� Then� G �� B�
� �	 � f�n�n � Zg� For g 
 �� ��
�
is satis�ed� Let � �� ��
� �� �	� Then� by theorem �� � is R�strictly
ergodic� Let � be the unique R�invariant probability Borel measure
on �� By ������ � satis�es that

�� �
� dudv	 � A��eu log �dv
�� ��� dudv		 � B��eu log �dv

for any u� v � R with e�u � G� where

A �
R
xF���dx	

� ��� log � 
 ��	� log �
 ���� log �
 � � �
� ���

�
log ��

B �
R
xF���dx	

� ���� log � 
 ��	� log � 
 ���� log � 
 � � �
� ��
 �	 log ��

Thus� we have
�� �
� dudv		 � �

���e
udv

�� ��� dudv		 � �
���

eudv

for any u� v � R with e�u � G� To understand this example as the
Fibonacci expansion in the usual way� the symbol ��� should be con�
sidered as standing for the block ��
�� Confer with the next example�

Example � Let 
 be a mixing substitution on a set � with �� � ��
Let M � �m���	�	���� be the matrix with entry m��� �� �fi�
��	i �
��g� Let � be the maximum eigenvalue of M and � � ���	��� be
the positive eigen column vector of M with eigenvalue � such that
max
���

j��j � �� We de�ne a weighted substitution �
� �	 by ���	i �

����	���
���i � Then� it holds that G �� B�
� �	 � f�n�n � Zg�

��



Moreover� for g��	 �� ��� we have the equation ��
�� There is a
small di�culty to get ��
� �� g	� namely� for some � � �� it can
happen that L�
��		 � � and ���	� � �� so that the corresponding
�tile� vanishes� To solve this di�culty� we modify �
� �	 so that

�
���	� ����		 � �
n��	� �n��		

with
n �� minfi�L�
i��		 � �g�

Thus� we get ��
�� ��� g	� Example � is obtained in this way for the
Fibonacci substitution 
� 
�� �� 
� This example will be discussed
later�

Example � Let �
� �	 be the weighted substitution on f
� �g such
that


� �
� �
�
	��� �

�
	�
� �

�
	

�� ��� �
�
	�
� �

�
	��� �

�
	�

Since
log 	




log �



� � � log�
log	

is irrational� we have B�
� �	 � R�� Let

� � ��
� �	� Then� by theorem �� � is R�strictly ergodic� Let � be
the unique R�invariant probability Borel measure on �� Then� � is
also R��invariant� By ����� � satis�es that

�� �
� dudv		 � �� ��� dudv		 � A��eududv

for any u� v � R with

A �
R
xdF���dx	

� �
�
log �

�


P�

n��
�
�



�
�

�n
�
�



log � 
 n log �

�

 log �

�
� � log � � 	�

� log �

This example is a special case of the next example�

Example 
 Let 
 	 � 	 �� There exists a unique 
 � 
��	 such
that


 	 
 	
�

�
and �
� � ��� �
	� � ��

��



Let �
� �	 be the weighted substitution on � � f
� �g such that


� �
� 
	��� �� �
	�
� 
	
�� ��� 
	�
� �� �
	��� 
	�

Since 
 is a piecewise strictly monotone function of �� it takes ratio�
nal values only for a countably many ��s� Therefore� B�
� �	 � R�

except for coutably many ��s� In particular� � � �
�
satis�es this con�

dition as discussed in Example �� This example will be also discussed
later�

� Homogeneous cocycle

Let �
� �	 be a weighted substitution on a �nite set � with �� �
� satisfying ��	� Let G � B�
� �	 and g satisfy ��
	� Let � ��
��
� �� g	� A cocycle F ��� t	 on � is called adapted if ther exists a
function ! � ��R� � R such that
��
	

F ��� �c� d		 �� F ��� d	� F ��� c	
� !����a� b�� �c� d		� d� c	

for any tile �a� b� � �c� d	 in � � �� We are going to characterize
adapted homogeneous cocycles on ��
For 
 	 � 	 �� let M� � M��
� �	 be the matrix �m���

���	�	����
such that
���	

m���
��� �

X
��i�L������
����i��

�

���	�i �

Assume that F ��� t	 is a nonzero adapted ��G�homogeneous cocy�
cle on �� Then� there exists ! satisfying ��
	� For any � � � and
h � g��	G� there exist � � � and �a� b�� �c� d	 � dom��	 such that
���a� b�� �c� d		 � � and d� c � h� It holds by ��
	 that

�




���	

!��� h	 � F ��� d	� F ��� c	
�

P
��i�L�
����

�F ��� c

P

��j�i
���	j�d� c		

�F ��� c

P

��j�i
���	j�d� c		�

�
P

��i�L�
����
!�
��	i� ���	i�d� c		�

Since F is ��G�homogeneous� it holds for any h� � G that
���	

!��� h�h	 � F �h��� h�d	� F �h��� h�c	
� h���F ��� d	� F ��� c	�
� h��!��� h	�

Since F is nonzero� ! is nonzero� By ���	� there exists � � � such
that !��� g��		 
� 
� Moreover� for the column vector � � ���	��� ��
�g��	��!��� g��			���� we have by ���	 and ���	 that

�M��	� �
P
����

m
���
���g��

�	��!���� g���		

�
P

��i�L�
����
���	�i g�
��	i	

��!�
��	i� g�
��	i		

�
P

��i�L�
����
g��	���g��	���	ig�
��	i	��	�!�
��	i� g�
��	i		

� g��	��
P

��i�L�
����
!�
��	i� ���	ig��		

� g��	��!��� g��		
� ���

hence�
���	

� 
� 
 and M�� � ��

For a tile S � �a� b�� �c� d	� denote �S �� �c� d	� Let � � � and �u� v	
be a �nite interval� A subset S of dom��	 is called the �
partition
of �u� v	 if it consisits of all elements S � S such that �S � �u� v	 and
�S is maximal among those �S� � �u� v	 such thatS� � dom��	� In this
case� note that

�u� v	 or �u� v	 �
�
S�S

�S �disjoint	�

��



Moreover� since for any x � �u� v	 and � � 
 with v � x � eu�� and
x � u � eu�� �refer ���	 for u�	� x � �S with S � S and j �Sj � �� it
holds that
���	

�fS � S� �n 	 j �Sj 	 �n��g 	 �eu�

for any n 	 log��v� u	� Moreover if n � log��v� u	� then the above
set is empty�
For any � � � and t � 
� let S be the ��partition of �
� t	� We can

represent F by � as follows�

F ��� t	 �
P
S�S

F ��� �S	 �refer ��
	 for the notation	

�
P
S�S

!���S	� j �Sj	

�
P
S�S

j �Sj�g���S		��!���S	� g���S			

�
P
S�S

j �Sj����S��

where by ���	 and Theorem �� the sum in the �nd side converges to
the �st side in the above equality�
We can prove the converse� Take any � satisfying ���	 and de�ne

F by the above equality� That is�
���	

F ��� t	 ��
X
S�S

j �Sj����S�

for any � � � and t � 
� where S is the ��partition of the interval
�
� t	� Let F ��� 
	 � 
 and for a negative t� let

F ��� t	 �� �F �� 
 t��t	�

For any � � � and t� s � 
� denote by S�S��S�� the ��partition
of �
� t	� the � 
 t�partition of �
� s	� the ��partition of �
� t 
 s	�
respectively� Then� note that S� 
 �
� t	 �� fS 
 �
� t	�S � S�g is a
��partition of the interval �t� t 
 s	� where we denote S 
 �
� t	 ��

f�x� y 
 t	� �x� y	 � Sg� Since gS 
 �
� t	 � �S 
 t� it holds that

�
� t
 s	 or �
� t
 s	 �
S
S�S

�S �
S

S�S�
�S 
 t

�
S

S�S��
�S

��



and that the �nd side is a re�nement of the �rd side such that
any element� say �S in f �S�S � S��g is a disjoint union of at most
max
���

L�
��		 number of elements� say �S�� � � � � �SK� �SK��
t� � � � � �SL
t

in f �S�S � Sg � f �S 
 t�S � S�g� In this case� since the set of tiles
corresponding to the latter is the set of children of the tile S in ��
we have by ���	 that
���	

j �Sj����S� �
LX
i��

j �Sij
����Si��

where we used the fact that �� 
 t	�S	 � ��S 
 �
� t		� Therefore�
by ���	�

F ��� t
 s	 �
P

S�S��
j �Sj����S�

�
P
S�S

j �Sj����S� 

P
S�S�

j �Sj����S�

� F ��� t	 
 F �� 
 t� s	�

The above equality for a general t and s follows easily from the pos�
itive case�
Now we prove the continuity of F � By ���	 and ���	� we have

���	

jF ��� t	� F ��� s	j 	 maxfjF �� 
 s� t� s	j� jF �� 
 t� s� t	jg
	

P
n
n�log� jt�sj

�eu���n��	� k � k�

	 Cjt� sj�

for any � � � and s� t � R with a constant C� Hence� F ��� t	 is a
uniformly equicontinuous function of t � R with respect to � � ��
Therefore� to prove the continuity of F ��� t	 in � variables � � �

and t � R� it is su�cient to prove the continuity of F ��� t	 in the
variable � � � for any �xed t � t�� This is clear for t� � 
 since
F ��� 
	 
 
� Without loss of generality� we may assume that t� � 

since F ����t�	 � �F �� � t�� t�	� Take an arbitrary �� � �� Let
S be the ���partition of the interval �
� t�	� Take a su�ciently small
� � 
� Take ��
rational points c� d such that 
 	 c 	 d 	 t� and
d � c � t� � �� where by a ���rational point� we mean a vertical

��



coordinate of the corner of some tile in ��� Then� the interval �c� d	
is a �nite union of elements in S� say �c� d	 � S� � � � � � SK� Take an
open neighborhood U of �� such that for any � � U � there exist S�k �
dom��	 �k � �� � � � �K	 such that ���Sk	 � ��S�k	 and ��Sk� S

�
k	 	 ��

where � � 
 is small enough so that S���� � ��S
�
K is an interval �c

�� d�	
with 
 	 c� 	 d� 	 t� and d� � c� � t� � � and the union is a disjoint
union� Then by taking � further small� we have

jF ���� �c� d		� F ��� �c�� d�		j �

����� KPk�� j �Skj�����Sk� �
KP
k��

j �S�kj
����S�

k
�

�����
	

KP
k��

jj �Skj� � j �S�kj
�jj����Sk�j

	
KP
k��
�j �Skj� � �j �Skj � �	�� k � k�

	 ��

Therefore by ���	�

jF ���� t�	� F ��� t�	j
	 jF ���� t�	� F ���� �c� d		j
 jF ���� �c� d		� F ��� �c�� d�		j


jF ��� t�	� F ��� �c�� d�		j
	 �C�� 
 �
 �C��

for any � � U � Thus� F is continuous� and hence� is a cocycle on ��
Since it is clear that F is adapted and nonzero� to complete the

proof� it is su�cient to prove that F is ��G�homogeneous� Take any
� � �� t � R and � � G� Let S be the ��partition of the interval
�
� t	� Then� it is clear that �S is the ���partition of the interval
�
� �t	� Since we have

F ���� �t	 �
P
S�S

jg�Sj������S�
� ��

P
S�S

���S�

� ��F ��� t	�

F is ��G�homogeneous�
Thus� we have proved the following theorem�

��



Theorem � A nonzero adapted ��G�homogeneous cocycle on ��
� �� g	�
with ��� and ��
�� where G �� B�
� �	� is characterized by �
�� with
some � satisfying �
���

Corollary � If G � R� in theorem �� then F de�nes a self�similar
process with strictly ergodic� stationary increments having 
 entropy�

PROOF� Let ���	 �� F ��� �	 and F ��� �	 is considered as an element
of �� in Example �� Let ���F 	 be the image of �� Then� the dynamical
system of the �R�R�	�action on ���F 	 is a factor of that on �� where
�R�R�	�action on �� is as in Example �� Thus� Corollary � follows
from theorem ��

Corollary � �i� The set of nonzero ��G�homogeneous cocycles on
� �� ��
� �� g	 with distinct exponents � is linearly independent�
�ii� The set of adapted ��G�homogeneous cocycles on �� where � can
be any number 
 	 � 	 �� has only �nitely many linearly independent
elements�

PROOF� �i	 Let Fi �i � �� � � � �K	 be nonzero �i�G�homogeneous
cocycles on � with distinct �i�s� Suppose that they are linearly de�
pendent� Then there exists �c�� � � � � cK	 
� �
� � � � � 
	 such that

c�F���� t	 
 � � �
 cKFK��� t	 
 
�

We may assume that c� 
� 
� Since F� is nonzero� we can take �� t
such that F���� t	 
� 
� Let � � G with � � �� Since Fi�s are
�i�G�homogeneous� we have for any n � Z that


 � c�F���n�� �nt	 
 � � �
 cKFK��n�� �nt	
� c��

n��F���� t	 
 � � �
 cK�
n�KFK��� t	�

Each �n�i has di�erent order of in�nity as n��� so it follows from
this equality that ciFi��� t	 � 
 �i � �� � � � �K	� which contradicts
with c�F���� t	 
� 
�
�ii	 Let M� be the matrix as in ���	� Let r� be the dimension of the
eigenspace of the matrixM� with eigenvalue �� Then by theorem ��

��



it is su�cient to prove that
P

�����
r� 	 �� Suppose to the contrary

that
P

�����
r� ��� Then� the characteristic equation

��
	

det�m���
��� � ����	�	���� � 


has in�tely many solutions in � with 
 	 � 	 �� since the dimension
of the eigen space for each � is not bigger than ��� Therefore� there
exists an accumulation point �� with 
 	 �� 	 � of the solution � of
��
	� Since the equation ��
	 is of the form

f��	 
 c��
�
� 
 � � �
 cK�

�
K � 


with 
 	 �� 	 � � � 	 �K� it holds that

f �n����	 � c��log ��	n�
��
� 
 � � �
 c��log �K	n�

��
K

� 


for n � 
� �� � � �� Since det��log �j	i��	i	j��	���	K 
� 
� it follows that
cj�

��
j � 
 �j � �� � � � �K	� Hence� c� � � � � � cK � 
 and f��	 
 
�

which is a cotradiction since f���	 � �� by ��
	�

Example � Let us take � � ��
� �	 in Example � for � such that
B�
� �	 � R�� Then� the matrix M� in �
�� is as follows�

M� �



�
� ��� �
	�

��� �
	� �
�

�
�

Then � �



�

��

�
is an eigenvector of M� with eigenvalue �� Let

F be the cocycle on � de�ned by �
�� for this �� Then� F is a self�
similar process with stationary increments of order � which has 

entropy� In particular� we have such a process for � � �

�
with

M �
�
�



�
	

�
	

�
	

�
	

�
�

��



Example � Let us take � �� ��
�� ��� g	 in Example �� Assume
that the matrix M in Example � has another eigenvalue � such that
� 	 � 	 � with an eigen column vector � 
� 
� Let � �� log 


log�
� Then�

the column vector

� ��



��
���

�
���

satis�es �
��� Thus� we have an ��G�homogeneous cocycle F on �
by �
�� with G � f�n�n � Zg�

Example �� �Rudin
Shapiro cocycle� Consider a mixing substi�
tution 
 on f
� �� �� �g�


� 
 � 
 �
�� 
 � � �
�� � � � �
�� � � 
 ��

Then� the matrix

M �

�BBB�
� � 
 �
� � � 


 � � �
� 
 � �

�CCCA
in Example � for this 
 has the maximum eigenvalue � with the fol�
lowing eigenvector �� It also has eigenvalue 
 with the following
eigenvector �� Then � in Example � for these � and � is equal to
��

� �

�BBB�
�
�
�
�

�CCCA � � � � �

�BBB�
�
�
��
��

�CCCA �

We de�ne a �
��G� cocycle F by �
��� where F is de�ned on ��
� �� �	

with ���	i �
�
�
��� i � f
� �� �� �g	 and G �� B�
� �	 � f�n�n � Zg�

It is called Rudin�Shapiro cocycle and was discussed in �
� and ����
It is a rare case where we know something about the distribution of
F ��� t	 more than Theorem 
� In fact�Z

�F ��� b	� F ��� a		�F ��� d	� F ��� c		d���	 � j�a� b�� �c� d�j

��



for any a� b� c� d � R�

Now let us consider generally an ��G�homogeneous cocycle F ��� t	
on � �� ��
� �� g	 with ��	 and ��
	 which are not necessarily adapted�

� Remarks and acknowledgment

To represent a nonlinear f �expansion� we need a space of colored
tilings with curved tiles S of the shape

S � f�x� y	� a�y	 	 x 	 b�y	 and c 	 y 	 dg�

where c 	 d are real numbers and a� b are smooth functions on �c� d	
such that a�y	 	 b�y	 for any y � �c� d	 and

R d
c e

b�y�dy � �� It is
discussed in ��� in a somewhat di�erent form�
The cocycle in Example � has the least possible complexity among

the nonzero� ��homogeneous� minimal cocycles ���� Though it is not
the same cocycle in ���� the proof is the same�
The G�action on the probability space ��� �	 with the unique R�

invariant probability Borel measure �� where � �� ��
� �� g	 and
G �� B�
� �	 with ��	 and ��
	� can be proved to be ergodic� More�
over� for any adapted ��G�homogeneous cocycle F on � and for any
� � ��

C � lim
���

�

� log �

Z �

�

jF ��� t
 s	� F ��� t	j���

s

ds

s

holds for almost all t � R� where

C ��
Z
jF ��� �	j���d���	�

Using this� we can prove It"o�s formula for the case � � ����

f�F ���B		� f�F ���A		

�
RB
A f ��F ��� s		dW ��� s	 
 C

�

RB
A f ���F ��� s		ds

for any � � �� where the �martingale part� W ��� s	 is de�ned in a
weak sense ����

��



It is an interesting question to ask when a quotient space of ��
� �� g	
admits a nontrivial additive group structure consistent with �R� G	�
action� We know only a little about this�
The author thanks Prof� J�M� Dumont �Marseille	 and Prof� S�

Takahashi �
saka	 for their useful discussions with him� It is so sad
that Prof� J�M� Dumont deceased all of sudden� The author also
thanks his student Dr� Nertila Gjini and Prof� H� Sato �Kyushu
Univ�	 for their useful suggestions�
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