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Abstract

We consider a compact space 2 on which R acts addi-
tively and Ry acts multiplicatively satisfying the distribu-
tive law. Moreover, R-action is strictly ergodic. Such Q is
constructed as a space of colored tilings corresponding to a
weighted substitution, which is a kind of natural extension of
the f-expansion for a piecewise linear f. We define a homo-
geneous cocycle F on €2, which was called a cocycle with the
scaling property in [5]. This is a realization of fractal func-
tions which admit the continuous scalings. This also defines
a self-similar process with strictly ergodic, stationary incre-
ments which has 0 entropy.



1 Introduction

Let @ be a complete separable metrizable space. Let G be a non-
trivial, closed, multiplicative subgroup of Ry, the set of positive real
numbers. That is, either G = Ry or there exists A > 1 such that
G ={N\";n € Z}. Assume that (R, ) acts on , that is,

(1) Forany w € 2, ¢t € Rand A € (i, w+1t and Aw are defined and
belong to € so that the mappings (w,?) — w +t and (w,A) = Iw
are continuous,

(2) -+ 0=1-=idg, and
(3) for any w € Q, 5,1 € R and A, n € (G, it holds that
(wWHt)+s=w+(t+s), Anw)=Mw, AMw+tt)= 4+ At

Let (R,G) act on . A continuous function F' : @ x R — R is
called a cocycle on Q if

Flw,t+s)=F(w,t)+ F(w+1,s)

holds for any w € @ and s,t € R. A cocycle I' on () is called
a-G-homogeneous if

F(Aw, At) = A\ F(w,t)

for any w € 2, A € G and ¢t € R, where a is a given real number
with 0 < o < 1. It is simply called a- homogeneous if G = R,.
We remark that the notion of homogeneuos cocycle is equivalent to
the notion of cocycle with the scaling property in [5].

Example 1 Let @ = R and (R,Ry) act on R in the usual sense.
Then, a cocycle F' on § is a coboundary, that is, there exists a
continuous function ¢ : Q0 — R such that

Flwl) = plw+1) — p(w)



for any w € Q and t € R. Moreover, if F' is a-homogeneous, then
the above ¢ satisfies that

AP A @30
Plw) = { Bl +C (w < 0).

In fact, the above ¢ is defined by o(w) = F(0,w).

Example 2 Let Q be the space of all continuous functionw : R — R
with w(0) = 0 with the compact open topology. Let 0 < o < 1. For
anyw € Q, t € R and M € Ry, we define w+t € Q and Aw € Q by

(wHt)(s)=w(t+s)—w(t) and (Aw)(s)= )\aw()\_ls)
for any s € R. Then, (R,Ry) acts on Q. Define
Flw,t)=w(t)

for any w € Q and t € R. Then, F is a a-homogeneous cocycle. Let
p be an (R, Ry)- invariant probability Borel measure on ), that is,

du(w + 1) = dp(w)  and  dp(Iw) = du(w)

foranyt € R and A € Ry. Then, F(w,t) is considered as a stochas-
tic process on the probability space (Q,/,L) with the time parameter
t € R. This process has stationary increments and is a-selfsimilar.
The Wiener process is one of them for o = 1/2.

We are interessted in € on which (R, ) acts and which is R-
minimal. That is,

(4) © is compact, and it holds that

{w+t;te R} =Q

for any w € €.

We call ) to be R-strictly ergodic if in addition, it is R-uniquely
ergodic, that is,



(5) there exists a unique R-invariant probability Borel measure
poon €, that is,
Ao + 1) = du(w)
for any t € R.

In this case, p is also G- invariant, that is,
(6)
du(0) = du(w)
for any A € (G, since du(Aw) is R-invariant and by the uniqueness is
equal to du(w).
We remark that a cocycle on R-minimal €2 is a minimal cocycle in
the sense of [5] and vice versa.

Theorem 1 ([5]) Let (R, G) act on Q. Assume that 2 is R-minimal.
Then, for a nonzero a-G-homogeneous cocycle F, we have the follow-
ing results.

(i) There exists a constant C' such that

[F(w,t) = Flw,s)| < Clt — s

for any w € Q and s,t € R. That is, the functions F(w,t) ont for
w € Q are uniformly a- Holder continuous.
(ii) For any w € Q and t € R,

1
limsup —|F(w,t+s) — F(w,t)] >0
540 s

holds. That is, for any w € Q the function F(w,-) is nowhere locally
B-Holder continuous for any 8 > . In particular, F(w,-) is nowhere

differentiable.

Theorem 2 Let (R, ) act on Q. Assume that Q is R-strictly er-
godic with the unique R-invariant probability Borel measure pu. Then,
for a nonzero a-G-homogeneous cocycle F' on €, we have

(i) [ F(w,t)du(w) =0, and

(i)  [F (o, A Edu(w) = A [ 1P, ) 5 dp(eo) > 0

foranyt € R and A € G with t # 0.
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PROOF. (i) Without loss of generality, we assume that ¢ > 0. Since
the R-action on (§, i) is ergodic, we have by Theorem 1,

[ P, 0du@)] = Jim & Y F(o+ s, t)ds|
= | lim & [ (F(w,s+1) = F(w,s))ds
=l LY Rl s)ds — [ P, 5)ds|

N—o0

= | Jim LN F(w,s)ds — fg Flw, s))ds|

< lim LR Flw,o)ds + ¢ P, s)lds)
< 11_;;0 tC(N+H)HtC
— N—co N

= 0.

(ii) Since dp(Aw) = dp(w), we have

[IF @A du(0) = [ 1F O, M) du(3w)
= [ 1F O, M) dp)
= [ F (e, 0] ()
— M 1P, ) du(w).

Moreover, the support of p is 0 by the minimality. Hence, the above
integral is positive since F'(w,t) is a nonzero continuous function of
w for any t # 0. |

There are two important aspects of ‘fractal’ functions; almost pe-
riodicity and self-similarity. Our notion of homogeneous cocycles on
minimal € is a formulation of ‘fractal’ functions from these points of
view. We are also interested in self-similar processes with strictly er-
godic, stationary increments which come from homogeneous cocycles
on strictly ergodic €. Rudin-Shapiro process defined in [2] is one of
them for a = § and G = {2";n € Z} if it is restricted on an ergodic
component.

We will construct such  and homogeneous cocycles on it.



2 Colored tiling

Let R be the set of nonempty rectangles (a,b] X [c,d) in R* such that

(7)

e t=d—ec.

Let ¥ be a finite set with at least 2 elements, which will be called
the set of colors.

A mapping w: dom(w) — X is called a colored tiling if dom(w) C
R and Usedom(w) S gives a partition of R?. For S € dom(w), we call
w(.5) the color of the tile S. In addition, if S = (a,b] X [¢,d), then
the point (b,¢) € R? is called the corner of S. For € R? we
define the color &(x) of w at point x € R? to be &(z) := w(S) for
the tile S with @ € S € dom(w). Let Q(X) be the set of all colored
tilings with the colors . It is considered as a topological space in
the sense that a net {w,},e;r C Q(X) converges to w € Q(X) if for
every S € dom(w), there exist S, € dom(w,) (n € I) such that
(8)

w(S) = w,(5,) for any n € [ and limp(S,S,) =0,

where p is the Hausdorff metric:
p(5,5,) = max{sup inf ||z —y [, sup inf ||z —y|}.
r€S YE€Sn 2E€Sy YES

For w € Q(X),t € Rand A € R;, we define w4+t € Q(X) and
Aw € Q(Y) as follows:
For S := (a,b] x [¢,d) and S" := (a,b] X [c—t,d—1), 5" € dom(w + 1)
if and only if S € dom(w), and in this case (w + t)(5) = w(9).
Also, for S := (a,b] X [¢,d) and S := (a —log A\, b — log A] x [Ae, Ad),
S" € dom(Mw) if and only if S € dom(w), and in this case (Aw)(S") =
w(9).

Then, it is easy to see that (R, R ) acts on 2(X). We are interested
in compact metrizable subsets of Q(X) which are invariant under the

action of (R, () for some G.



Example 3 Let ¥ = {0,1} and

By :={ weQX); forany S := (a,b] x [¢,d) € dom(w)
it holds that b = a +log2 € (log2)Z and
Si = (b,b+ log2] x [c+ %(d —c),c+ %(d —¢))
€ dom(w) with w(S;) =1 for1=0,1}.

Then, (R,{2";n € Z}) acts an By. We can consider By as the set of
2-sided, 2-adic expansions in the sense that w € By is identified with

ez @(ilog?2,0)27"
= Yico@(110g2,0)27 B Y s @(ilog2,0)27

where the convergence is in Zy x [0, 1] with the identification of x ® 1
with (x + 1) & 0 for any x € Zsy.

A substitution ¢ on a set ¥ is a mapping ¥ — X1, where ¥T =
Us2, X", For £ € T, we denote L(¢) :=n if £ € X", and & with
L(£) = n is usually denoted by &p&; - -+ €,—1. We can extend ¢ to be
a homomorphism ¥ — X7 as follows:

(&) == @(o)p(&r) - p(En-1)

for £ € ¥, where the right-hand side is the concatenations of ¢(&;)’s.
We can define ¢?, >, -+ as the compositions of ¢ : ¥+ — ¥F.

A weighted substitution (¢,7) on ¥ is a mapping ¥ — X x
(0, 1)* such that L(¢(c)) = L(n(0)) and 3icp(n(oy) n(o): = 1 for any
o € 3. Note that ¢ is a substitution on ¥. We call  the weight on
. We define n" : ¥ — (0,1)"  (n =2,3,...) inductively by

" (o) = n(o)m" (p(0)i);

for any o € ¥ and ¢, 5, k with

0<i< L(p(0)),0 <)< Le" (o)), k=3 L{e" " (plo)n)+J

h<i

In this sense, (¢",n") is also a weighted substitution for n = 2,3, - - -.



A substitution ¢ on X is called mixing if there exists a positive
integer n such that for any o,0’ € ¥ there exists ¢ with 0 < 7 <
L(¢"(0)) and $"(0); = o'

For a weighted substitution (¢,n) on X, we always assume that
(9) the substitution ¢ is mixing.

We define the base set B(y,n) as the closed, multiplicative subgroup
of Ry generated by the set
{ n(o)i; o0€¥, n=0,1,--- and
0 <i< L(p™(0)) such that ¢"(c); = o}.
It is called continuous if B(p,n) = Ry, otherwise, discrete.

Let (¢, n) be a weighted substitution on a finite set ¥ with X > 2.
Let G := B(p,n). Then, there exists a function g : ¥ — Ry such
that
(10)

9((0)))G = glo)n(o)G
for any 0 € ¥ and 0 < ¢ < L(p(o)). Note that if G = Ry, then
we can take g = 1. In the discrete case, we can define g by g(o) :=
n"(00); for some n and ¢ such that ¢"(0g); = o, where oy is a fixed
element in X. For another ¢ satisfying (10), there exists a constant

C' > 0 such that ¢'(0)G = Cg(o)G for any o € X.
Let Q(¢,7,g)" be the set of all elements w in Q(X) such that
(i) if (a,b] x[c, d) € dom(w), then e = d—c € g(w((a,b]x[c, d)))G,
and

(ii) if (a,b] x [¢,d) E dom(w) and w((a,b] x [¢,d)) = o, then for
i=0,1,---,L(e(0)) — 1, S; € dom(w) and w(S;) = ¢(0);, where

1—1

1= (b —logn(o)] x fe+ (d =) (o) (d =) Y (o),

7=0



We call the tile S; as above the i-th child of the tile S, and S
the mother of S;. Let Q(¢,n,9)" be the set of all w € Q(¢,n,g)
such that for any N, there exists (a,b] X [¢,d) € dom(w) with [¢,d) D
[— N, N). Finally, we define Q(¢,n, g) to be the closure of Q(p,n, g)".
Then, (R,G) acts on Q(p,n,9). We denote Q(¢,n,1) simply by
Q(e,n) in the continuous case.

A tile T'in w € Q(p,n,g) such that the vertical coordinates of
the points in it is a proper subset of that of another tile S is called
a descendant of S. Equivalently, we call S an ancestor of T.
These notions are continuations of mother and child. A tile S in
w € V(p,n,g) together with its color determines its descedants in
the sence that if for some W' € Q'(p,n,¢9), a tile S’ in W’ satisfies
that w(S) = W'(5") and p(0S,05") < ¢, then for any descendant T
of S, there exists a descendant 7" of S’ such that w(T) = &'(T")
and p(T,T") < ¢, where p is the Hausdorff metric and for a tile
S :=(a,b] x [¢,d), we denote its right edge {b} x [¢,d) by 05S.

Theorem 3 For any weighted substitution (¢,n) satisfying (9) and
g with (10), Q(p,n,g) is R-strictly ergodic. Moreover, the toplogical
entropy of the R-action on Q(p,n,g) is 0.

PROOF. (compactness and metrizability) We prove the compactness
and the metrizability of Q'(¢,n,¢g). Those of Q(p,n,g) follow since
it is a closed subset of the former.

By (8), the following sets for € = % form a countable open basis
of the topological space Q' (¢,1n,¢):

(11)

UE(SI7 Ty SIX"; 0-17 te 70-1() =
{w € V' (¢,n,q); there exist S} € dom(w) such that
w(Sy) = o and p(Sk, S;.) < efor k=1,---, K},

where K =1,2,---andfork=1,---, K, 0, € ¥ and S is a rectangle
in R? of type (a,b] x [¢,d) with rational a,b,c and d such that the
above set is not empty. It follows that Q'(¢,n, ¢) is a Hausdorff space
with the 2nd countability axiom. Therefore, by the Urison-Tikhonov
theorem, the metrizability follows from the compactness.



Let us prove the compactness. Take an arbitrary infinite sequence
{&in=1,2,---}in Q(e,n,9)". We define a sequence

{51777"”:1727}3{52771’71:1727}3

of subsequences of {£,;n = 1,2, -} such that a latter side is a subse-
quence of a former side, inductively. For a positive integer N, assume
that {&n_1m;n = 1,2, -} is already defined, where we put {&y,;n =
L2, }:={&sn=1,2,---}. For w € Q(p,n,9), let Siy(w) be the
corner of the tile in w containing the point (—log(2N) — ug, = N) (&
respectively), where

(12

up:= max —logn(o);.

cEY
0<i<L{ep(o))

Note that the tiles of w € Q(p,n,g) with the corner Sy(w) and
S_n(w) are either identical or neighboring each other, since the ver-
tical length of any tile intersecting with the line segment connecting
the 2 points (—log(2N) —ug, —N) and (—log(2N) —ug, V) is at least
2N. Therefore, these 1 or 2 tiles together with their colors, determine
w restricted on the region (—log(2N),00) x [=N, N). There exists a
subsequence {Ensn =1,2,---} of {En_1;n =1,2,---} such that
(i) oxn = §N7n(—log(2N) — ug, £N)(€ X) is constant in n (£ re-
spectively), and

(i1) Sen = lim,e0 Sen(En ) exists (£ respectively).

This is possible since ¥ is a finite set and the set {Siy(w);w €
Qe,n,9)'} is bounded. Thus we defined a sequence of subsequences
of {&;n=1,2,---}.

Let w be the colored tiling which has a tile with corner Siy and
color o1y (&£ respectively) for any N = 1,2,---, which is easily seen
to exist uniquely. It is also easy to see that w € Q(p,n,g) and that
Eny converges to w as N — oo. This completes the proof of the
compactness of Q(¢,n,q)".

(minimality) Let G = B(p,n). Take any

" "
U:=U. (Slv'"751(;0-17"'70-1()

K
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which intersects with Q(¢,n,g). Take arbitrary &’ € Q(p,n,¢9). To
prove the minimality, it is sufficient to prove that there exists t €
R such that '+t € U. Since Q"(¢,n,9) is dense in Q(p,n,9),
there exists w € U N Q"(¢,n,¢g). Then, for some S, € dom(w)(k =
L,---, K), it holds that

w(Sk) = of and p(Sk, SY) < F fork=1,---, K.

Therefore, there exists & > 0 such that

1
p(Sk, SY) < yan dfork=1,--- K.
Since w € Q"(¢,n,g), there exists (a,b] x [¢,d) € dom(w) which is
a common ancestor of Sy,---,Sk. Let w((a,b] X [¢,d)) = 0. Take
e > 0 with
2+ (e_b(eE — 1))2 < &2

There exist positive numbers A and B such that e=* = 5" (00);,,
0" (00)i, = 00, € B = 1" (0g);, and ¢"(0);, = oo for some ny,1;
and ng, 1o together with the property that if ¢ = Ry, then 0 <
B—-A<e, andifG:{)\”'nEZ} for A > 1, then B — A = log A.

Lemma 1 For any x > B —+, there exists y, p and k such that e™¥ =
n?(00)k, 00 = @*(00)k and 0 < & —y <log X (ore) if G ={\"} wzth
A>1 (or G =Ry, respectively).

PROOF. Let A be the set of all (n,7) such that n = 1,2,---, 0 <

i < L(¢"(00)) and ¢"(00); = o¢. For (n,1),(n',i') € A, we define
(n,1)(n',2") tobe (n+n',2") € Asuch that i" = Y o<, L™ (¢" (00) )+
i'. Let (n —1)B < a < nB for some n € Z. Then, since x > B 7, it
holds that nA < & < nB. Therefore, there exists m with 0 <m < n
such that (n —m)A+mB <z <(n—m—1)A+(m+1)B. Let

(p, k) == (na, 1) - (na,01) (2, 22) -+ (n2, i2)

n—m m

and y := —logn?(og)g. Then, since y = (n — m)A + mB, we have
0<z—y< B—A=log) (or < ¢), which completes the proof. =

11



Using this lemma, we can complete the proof of the minimality. In
fact, take any (a”,0"] x [, d") € dom(w') with &'((a”,0"] x[¢",d")) =
oo and b’ < b — %. This is possible by (9). Then, for = :=
b—b", we apply the lemma and get the conclusion that there exists

(a', V] x [¢,d) € dom(w') such that &'((a’,0] x [¢/,d")) = oy and
0 <b-—"b < e¢by taking V' := b" + y with y in the lemma. Moreover,
since b—b0 € Gand 0 < b—b <logA in the discrete case, we have
b=1"0.

This implies that for t = ¢ — ¢, the tiles (a,b] x [¢,d) € dom(w)
and (a’,b'] x [e,d" —t) € dom(w' + t) have the same color oy and
the p-distance between their right edges is less than 4. Since the tile
(a,b] x [¢,d) € dom(w) determines the tiles Sy,---, Sk, there exists
tiles ST, -+, 5% € dom(w' 4+ t) with

W'(Sy) = o and p(Sk, Sp) <dfork=1,--- K.
Thus, W' +t € U.

(uniquely ergodicity) Since @ := Q(¢,7n,g) is a nonempty compact
metrizable space and the R-action is continuous, there exists an R-
invariant probability Borel measure p on it. We prove that p is the
unique measure as this.

Let w € Q and (a,b] X [¢,d) € dom(w) with w((a,b] X [¢,d)) = oo.
Take y € [¢, d) randomly according to the normalized Lebesgue mea-
sure on [¢,d). We arrange the tiles intersecting with the half line
[b,00) x {y} from the left to right as Sp, S, S%,---, where Sy =
(a,b] x [e,d). Let S be the ¢x-th child of Sp_y (k = 0,1,2,--+),
where S_; 1s the mother of Sy. Let o be the color of the tile 5.
We put Yi(y) := iy and Z(y) := oy for k = 0,1,2,--- and consider
them as random variables on the probability space [¢, d) with the nor-
malized Lebesgue measure %. Then, it is easy to see that random
process {(Yo, Zo), (Y1, Z1), (Y2, Z2),- - -} is a Markov process with the
transition probability

(e ((fe(0)s =)
P(i,o),(¢,0") 0 (else).

Note that the distribution of {(Y1, Z1), (Y2, Z3),-- -} depends only on
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0o. We denote this process by {(Y"°, Z7°),(Y7°, Z3°),---} to make
sure the dependency on g¢. Of course, Z5° = 0.
Let 0,0’ € ¥.. We define random variables X7'7 (n = 1,2,---) by

=

n

X7 =" —logn(ZL)yes

=1
where 7, is the n-th 7(> 1) such that Z7 = o. That is,

T0:=10
7, = min{z >Tn_1;Zf/ =o} (n=1,2,---).

=

Note that 7, < oo with probability 1 by (9). It is easy to see that
the sequence of random variables

CT/CT CT/CT CT/CT CT/CT CT/CT
{X1 7X2 _X1 7X3 _Xz 7}

is independent and the distribution of Xg_llf’l — X7'7 is identical with
that of X77 forn=1,2,---.

Let F.:, be the distribution of the random variable Xflg. Then,
the distribution of Xglg is Fo,* Fgg(”_l)*, where '«” implies the con-
volution of distributions.

Let S := (a,b] x [¢,d) be a tile in w € Q with w(S) = o'. For
u > b, let I/ be the number of the tiles in w with color ¢ having the
corner belonging to [u, u+A,) X [¢,d), where A, as well as A, stands
for a sufficiently small positive number and by o(1), we denote terms
which tend to 0 uniformly in the other variables as A, — 0, A, — 0.
From the definition of the random variable Xglg, it holds that
(13)

B4 o(1)) =502, PO+ X777 € [u,u+ Ay))
= ZZOZO u—b<oe<u—b+Ay FU/U * Fggn*(dl')

since any tile with the corner [u,u + A,) X [¢,d) has the vertical
length e=*(1 + o(1)). It is well known by the renewal theory [1] that
the above value converges to

(/ o By (da)) LA,
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as u — oo if G =Ry and to

(/ o Fyy (dz)) " log A

as u — oo satisfying that e™™ € ¢g(0)G if G = {\*;n € Z} with
A > 1. Note that by (9), 0 < [aF,,(dx) < oo.

For o € ¥ and a Borel subset U of R?, let II(a, U) be the subset of
) consisting of w which has a tile S such that w(S) = o and S has the
corner belonging to U. Let A A, = [u,u+A,)x[v,v+A,)and o € ¥
satisfy that e™ € g(o)G. Since p is R-invariant, ({0, A,A,)) =
p(I(o, AyA, + (0,y))) for any y € R. By integrating this equality
with dy from —v to —v + N, where N is an arbitrary large positive
number, and applying Fubini’s theorem we have

(14)

p(I(o, AAL) = % Jor p((o, [u,u+ Ay) X [y,y + A)))dy
= fo fln( [wsut M) x [y,y+A, ) DY

yffo (o fuut ) x [y,v+- 20 ) Y dpe

= 3/ Avlnfwrau <[o,n)dp(1 =+ o(1))

= 3 J E(w)du(w)(1 + o(1)),

where we denote by F(w) the number of the tiles in w with color o
having the corner belonging to [u,u + A,) x [0, N).

For any € > 0, take L > 0 such that the the value in (13), for any
o,0" € ¥, any tile (a,b] x [¢,d) in any element in € with color ¢’ and
u € Rwithu—>b> L and e € g(0)G, is close to A within €, where
(15)

Ao { ([ 2F,o(d2))'A, i G=Ry
(faF,o(dz)) tlog\ i G={\NsneZ} (A>1).

Take any u € R with e™ € g(o)G. For any w € Q and y € R, let
S(y) be the tile in w such that S(y) intersects with the horizontal half
line [u— L —ug, 00) x {y} but its mother fails to satisfy this condition,
where ug is defined in (12). Then, the vertical size of S(y) is at most
el=vtw Let Sy, .-+, Sk be the set of all distinct S(y)’s for y € [0, N)

such that the vertical coordinates of the points in S(y) are contained

14



in [0, N). Then, the sets S; (i = 1,---, k) of the vertical coordinates
of the points in 5; are disjoint. We take N large enough so that their
union covers more than 1%-5 portion of the inteval [0, N). Let F;(w) be
the number of the tiles in w with color ¢ having the corner belonging
to [u,u+Ay,) x S;. Then, by the assumption on L, (13) and (15), we
Ei(w)e (1 +o(1)) — |§Z|A‘ < |Sile, where | S| is the length of
S;. By adding the inequalities, we have |E(w)e (1 + o(1)) — NA| <
2Ne. Thus, by integrating it with du(w), we have

(16)

have

‘/ E(w)du(w)e (1 + o(1)) — NA‘ < 2Ne.
Conbining (14) and (16), we have

n(I1(0, Ay ))e™(1 4 0(1)) — AA,
Since € > (0 was arbitrary, we have

(faF,.(dz)) e *ALA, (if G=Ry)
(10, A A1 40(1)) = | Temvenimyal 2 Fon(dr))~ e log AN,
(ifG={ " neZ}X>1)).

This holds for any v € R not necessarily satisfying e™* € g¢(o)G,
since if e ¢ ¢g(0)G, then u(Il(o, A A,)) = 0 for any sufficiently
small A,. Let U := [v/,u”) x [v/,0") satisfy that

(17)

< 2eA\,.

1

u —u' < Iglézn —logn(c); and v — o < e V.
0<i<L{p())
Then for any w € Q, U contains at most 1 corner of the tiles in w.
Therefore, we have

(18)
p((o,U)) = L7 [ (] @ Fpp(da)) ™ e dudv
= (JaFyo(da))™ (e — e')(v" — v')
if G =Ry, and
(187)
p(l(o, ) = [ ¥ (JaF,(de)) e log Adv
u;e""Eg(0)G
= ([aF,,(dzx))™" b e*log A(v" — v')
u;e""Eg(0)G
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if G = {A\";n € Z} for A > 1. This is because by (17), the sets
(o, Uy) and (o, Us) are disjoint if Uy and U, are dijoint Borel sub-
sets of U. Note that for general U := [/, u") x [v',v") without (17),
we only have the inequalities in (18) and (18’):

(19)

P, ) < ([ o)) e = (0" = )
(19

/,L(H(U,U))g(/xFM(dx))_l S etlog A(v" — o).

u;e""Eg(0)G

Since any open set in () can be written as a countable disjoint
union of sets (o, U) for 0 € ¥ and U with (17), p is determined
by (18) and (18’) and is unique, which completes the proof of the
strictly ergodicity.

(0 entropy) Since the topological entropy of the R-action on € co-
incides with the measure theoretical entropy of it on the probability
space (€, 1) by the uniquely ergodcity, it is sufficient to prove that
the latter is 0. That is, we prove that h,(7i) = 0 for the transfor-
mation Ty : @ — Q with Ty(w) = w + t. Then for any g € G, we
have h,(T,) = h,(Ty), since by (3) and (6), the transformations 7,
and T are conjugate. On the other hand, since h,(T,) = gh,(T1),
we have h,(Ty) = gh,(T1) for any g € GG. This implies that either
h,(Ty) = 0 or co. Thus, to prove that h,(T7) = 0 it is sufficient to
prove that h,(7Ty) < oo. For this purpose, we will show that there
exists a countable generator with finite entropy of the transformation
T on the measure space (2, ).
Let

3 -l jlj
%;z ) x5 )

forany ¢ =1,2,--- and j =1,2,---,4. Then by (19) and (19’),

(10, U)) < Jur, (o, dudy)

< (JalF,,(dx))™" o= Tt k( +log A)1
< Ot
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for any o € X, where (' is a constant independent of 7, 5,0, and A > 1
is such that G = {A\*;n € Z} if GG is discrete and A = 1 if G = R;.

Let 1o be a positive integer such that

3 .
— < min —logn(o);
0 o<idiele)

and Cig*Y < e7!. For any i > ip and j = 1,2,---,1, let Uy; be the
partition of © by the sets II(o,U;;) for o € ¥ and the complement
of the union of these sets. Note that in this case, U;; satisfies (17)
and the sets (o, U;;) for different o’s are disjoint. Then, the entropy
H,(U;;) of the partition U;; with respect to u satisfies that

H,(U;) < —4SCi~tlog(Ci™) — (1 — 42Ci~") log(1 — 42Ci~1)
< i,

where (' is a constant independent of 7, j. Let U be the least common
refinement of U;;’s for any ¢ > ¢ and 7 =1,2,---,1. Then, we have

H,(U) <> i < oo

1=1g

To complete the proof, we prove that the partition U is a generator
of the dynamical system (€2, 1, T1). Take any w,w’ €  with w # W'.
Then, there exists € > 0 and a tile S in w such that p(S5,5") > ¢ for
any tile S" in w’ with the same color as S. Take any ¢; > 7o with
@ < €. Since any ancestor of S determine S, the same requirement
is satisfied for any ancestor of S. Therefore, we may assume that a
tile S = (a,b] x [¢,d) in w as above satisfies that b < — >4, 2. Let
n be the integer part of ¢. Then, there exists 1 > 15, 1 < 7 <17 and
o € ¥ such that

w+ne H(O’, UZ])

From the assumption on S, ' + n ¢ I(o,U;;). Therefore, any 2
elements in  are seperated by the least common refinement of U —n
for n € Z. This implies that U is a generator of ({2, y, T1), which
completes the proof. [ ]
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Example 4 (Fibonacci expansion) Let ¥ = {0,1}. Let (¢, n) be
the weighted substitution on . such that

where \ = 1"'2—\/3 and we arranged (o(c);,n(o);)) in the order of 1
after ‘o —'. Then, G := B(y,n) = {\n € Z}. Forg =1, (10)
is satisfied. Let Q := Q(p,n,1). Then, by theorem 3, Q is R-strictly

ergodic. Let p1 be the unique R-invariant probability Borel measure
on Q. By (18°), u satisfies that

w(I1(0, dudv) = A~ e* log Adv
pw(II(1, dudv)) = B~te* log Adv

for any u,v € R with e™ € G, where

A = fl'Foo(dl’)
=M\ log A+ A=23log A + A5 log A + - - -
= ¥log A,

B = fl'Fll(dl’)
= A"22log A + A73log A + A" log A + - - -
= (A+2)log A.
Thus, we have

p(I1(0, dudv)) = %_l_ze“dv

p(I(1, dudv)) = A%l_ze“alv
for any u,v € R with e € G. To understand this example as the
Fibonacci expansion in the usual way, the symbol'l" should be con-

sidered as standing for the block '10'. Confer with the next example.

Example 5 Let ¢ be a mizing substitution on a set ¥ with 43 > 2.
Let M = (Mot )oores be the matriz with entry myor = §{i; p(0); =
o'}, Let X be the maximum eigenvalue of M and ¢ = ((,),ex be
the positive eigen column vector of M with eigenvalue \ such that
r;leag|§g| = 1. We define a weighted substitution (¢,n) by n(c); =

(ACo) ooy~ Then, it holds that G := B(g,n) = {\;n € Z}.
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Moreover, for g(o) := (,, we have the equation (10). There is a
small difficulty to get Qp,n,qg), namely, for some o € X, it can
happen that L(p(o)) = 1 and n(o)o = 1, so that the corresponding
tile” vanishes. To solve this difficulty, we modify (¢,n) so that

with '
n :=min{s; L(e'(0)) > 2}.
Thus, we get Q@',n',g). Erample 4 is obtained in this way for the

Fibonacei substitution 0 — 01,1 — 0. This example will be discussed
later.

Example 6 Let (p,n) be the weighted substitution on {0,1} such
that

—

0— (0,
1 — (1,

N
S
_ o

O[O [~

~—

log % _ log2

log% - B log3
Q= Q(e,n). Then, by theorem 3, Q is R-strictly ergodic. Let y be
the unique R-invariant probability Borel measure on Q). Then, p is

also Ry -invariant. By (18), p satisfies that

Since is irrational, we have B(p,n) = Ry. Let

(10, dudv)) = p(I(1, dudv)) = A~ e"dudv
for any u,v € R with

A = fl’dFoo(dl’)
— Slog 2+ 5202, 1 (2)" 5 (log 9 + nlog 2 + log9)
=4log3 — %logZ

This example is a special case of the next example.

Example 7 Let 0 < o < 1. There exists a unique 3 = B(a) such
that

0<ﬁ<%and2ﬁa—(1—2ﬁ)a:1.
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Let (¢,n) be the weighted substitution on ¥ = {0,1} such that

0— (076)(171 - 26)(076)
1 — (176)(071 - 25)(176)'

Since  is a piecewise strictly monotone function of «, it takes ratio-
nal values only for a countably many o’s. Therefore, B(p,n) = Ry
except for coutably many o’s. In particular, o = % satisfies this con-
dition as discussed in Frample 6. This example will be also discussed
later.

3 Homogeneous cocycle

Let (¢,n) be a weighted substitution on a finite set ¥ with §¥ >
2 satisfying (9). Let G = B(p,n) and g satisfy (10). Let Q :=
Qe,n,9). A cocycle Fi(w,t) on  is called adapted if ther exists a
function = : ¥ x Ry — R such that
(20)
Flw,[e,d)) = Flw,d) — F(w,c¢)
= Z(w((a,b] x [¢,d)),d — ¢)

for any tile (a,b] x [¢,d) in w € Q. We are going to characterize
adapted homogeneous cocycles on ().

For 0 < o < 1, let M, = M,(¢,n) be the matrix (mgg/(a))mg/eg
such that
1)

mcrcr’(a) = 77(0-)2 :
0<i<L(w(a))
(o) =a’

Assume that F'(w,t) is a nonzero adapted a-G-homogeneous cocy-
cle on . Then, there exists = satisfying (20). For any o € ¥ and
h € g(o)G, there exist w € Q and (a,b] x [¢,d) € dom(w) such that
w((a,b] x [¢,d)) = o and d — ¢ = h. It holds by (20) that
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=(o,h) = Flw,d) — F(w,¢)
= ¥ [Flw,e+ ¥ nlo)j(d—c))

0<i<L(¢(0)) 0<7<i

Floct T alo)fd o)
- 0<i<%(:<ﬂ(cr)) =) U(U);(d )

Since F'is a-G-homogeneous, it holds for any A’ € G that
(23)
=(o,h'h) = F(hw,h'd) — F(h'w,h'c)

= h"[F(w,d) — F(w,c)]

= h'*Z(o, h).
Since F'is nonzero, = is nonzero. By (23), there exists 0 € ¥ such
that =(o, g(0)) # 0. Moreover, for the column vector £ = (&, )sex 1=
(9(0)"=(0,9(0)))sex, we have by (22) and (23) that

(M), = X m{Zg(o") (e’ 9(0"))

= oci<Ho(o) n(0)7g((a)) =" E(e(0)i, g(e(0)i)
= e 9O g0 In(@)a(e(0)) ) Elp(0)is gl(2))
B g(a)_a 0<i<§@(0 E(c,o(a)i, U(U)ig(a))
= g(0)""E(0. g(0))
= 507
hence,
(24)

£#£0and M, ¢ =¢.

For a tile S = (a,b] x [¢, d), denote S := [¢, d). Let w € Q and [u,v)
be a finite interval. A subset S of dom(w) is called the w-partition
of [u,v) if it consisits of all elements S € S such that S C [u,v) and
S is maximal among those S’ C [u,v) such thatS’ € dom(w). In this
case, note that

(u,v) or [u,v) = S (disjoint).

SeSs
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Moreover, since for any = € [u,v) and € > 0 with v — 2 > "¢ and
x—u > e (refer (12) for ug), x € S with S € S and |S| > «, it
holds that
(25)

#{5 € 8;2" <|5] < 2"} < 4evo

for any n <log,(v — u). Moreover if n > log,(v — ), then the above
set 1s empty.

For any w € Q and t > 0, let S be the w-partition of [0,¢). We can
represent [’ by £ as follows.

Flw,t) = SZG:S F(w,S) (refer (20) for the notation)

= 3 E(w(5).15))

where by (25) and Theorem 1, the sum in the 2nd side converges to
the 1st side in the above equality.

We can prove the converse. Take any ¢ satisfying (24) and define
F' by the above equality. That is,
(26) )

Flw,t):= Z |S|a§w(5)
Ses

for any w € Q and ¢t > 0, where S is the w-partition of the interval
[0,%). Let F(w,0) =0 and for a negative ¢, let

Flw,t) = —F(w+t,—1).

For any w € Q and t,s > 0, denote by S;S’,S” the w-partition
of [0,t), the w + t-partition of [0,s), the w-partition of [0, + s),
respectively. Then, note that 8"+ (0,¢) := {S + (0,¢); S € S’} is a
w-partition of the interval [t, + s), where we denote S + (0,1) :=

{(z,y +1);(z,y) € S}. Since S+ (0,¢) = 5 + ¢, it holds that
(0,t+s)or [0,t+s) = U SuU U St

Ses  Ses’
= U S

Ses!
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and that the 2nd side is a refinement of the 3rd side such that
any element, say S in {S S e S"tis a dlsJ01nt union of at most
max Lip(o )) number of elements, say Sl, - SB,SI\_H +1,- SL—I—t

in {5;5 € SYU{S + ;5 € S'}. In this case, since the set of tiles
corresponding to the latter is the set of children of the tile S in w,
we have by (24) that

(27)

~

1517 6uis) = 215
=1
where we used the fact that (w + ¢)(S) = w(S + (0,t)). Therefore,
by (26),

Flwd+s) = 5 181

Ses!

=Z|5|§w +Z|S|§w
—F(w t)—l—F(w—I—t s).

The above equality for a general ¢ and s follows easily from the pos-
itive case.

Now we prove the continuity of F'. By (25) and (26), we have
(28)

[F (w0, 1) = F(w, )| < max{|F(w+ 5,1 = s)|,[F(w+ 1,5 = 1)[}
< 2 e ][ €l

nin<logy [t—s|
<Ot —s|”

for any w € ©Q and s,t € R with a constant C'. Hence, F(w,?) is a
uniformly equicontinuous function of ¢ € R with respect to w € €.
Therefore, to prove the continuity of F'(w,?) in 2 variables w € 2
and t € R, it is sufficient to prove the continuity of F'(w,t) in the
variable w € €) for any fixed ¢ = t3. This is clear for ty = 0 since
F(w,0) = 0. Without loss of generality, we may assume that ¢, > 0
since F(w, —tg) = —F(w — to,t0). Take an arbitrary wy € Q. Let
S be the wp-partition of the interval [0,?y). Take a sufficiently small
¢ > 0. Take wg-rational points ¢, d such that 0 < ¢ < d < {y and
d — ¢ > to — €, where by a wg-rational point, we mean a vertical
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coordinate of the corner of some tile in wy. Then, the interval [¢, d)
is a finite union of elements in S, say [¢,d) = S1 U ---U Sk. Take an
open neighborhood U of wy such that for any w € U, there exist 5] €
dom(w) (k =1,---, K) such that wo(Sy) = w(5}) and p(Sk, S}) < 9,
where § > 0 is small enough so that S7U---US% is an interval [¢/, d")
with 0 < ¢ < d' <ty and d' — ¢ >ty — ¢ and the union is a disjoint
union. Then by taking ¢ further small, we have

K ~ K ~
Pl e d)) = Flao [ D] = |5 183 Eusy — 35 1907 €0
K o ~
< kzl ||Sk|a - |Sllc|a||§w0(5k)|

= (1541 = (150 = 6711 € I

M~

<

A
o

Therefore by (28),

|F(w07t0) - F(w7t0)|

S |F(w07t0) - F(wov [C, d))| + |F(w07 [C, d)) - F(wv [clv d/))|
+|F(w7t0) - F(wv [clvd/))|

< 20 + e+ 2Ce"

for any w € U. Thus, F' is continuous, and hence, is a cocycle on ().

Since it is clear that F' is adapted and nonzero, to complete the
proof, it is sufficient to prove that F' is a-G-homogeneous. Take any
we N, te Rand A € G. Let S be the w-partition of the interval
[0,2). Then, it is clear that AS is the Aw-partition of the interval
[0, At). Since we have

F()\w, )\t) = SZG:S |X§|a§/\w(/\s)
=AY Lus)
SeS

= A\ F(w,t),

F'is a-G-homogeneous.
Thus, we have proved the following theorem.
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Theorem 4 A nonzero adapted a-G-homogeneous cocycle on Q(p, 1, q),
with (9) and (10), where G := B(p,n), is characterized by (26) with
some & satisfying (24).

Corollary 1 If G = Ry in theorem 4, then F' defines a self-similar
process with strictly ergodic, stationary increments having 0 entropy.

PROOF. Let ((w) := F(w,-) and F(w,-) is considered as an element
of O in Example 2. Let Q(F) be the image of (. Then, the dynamical
system of the (R, R} )-action on Q(F) is a factor of that on €, where
(R, R, )-action on Q) is as in Example 2. Thus, Corollary 1 follows
from theorem 4. ]

Corollary 2 (i) The set of nonzero a-G-homogeneous cocycles on
Q= Q(p,n, g) with distinct exponents « is linearly independent.
(ii) The set of adapted a-G-homogeneous cocycles on §), where o can
be any number 0 < o < 1, has only finitely many linearly independent
elements.

PROOF. (i) Let F; (i = 1,---,K) be nonzero «;-G-homogeneous
cocycles on Q with distinct o;’s. Suppose that they are linearly de-
pendent. Then there exists (¢, -+, cx) # (0,---,0) such that

e Fi(w,t) + - 4 cx Fr(w,t) = 0.

We may assume that ¢; # 0. Since Fj is nonzero, we can take w,t
such that Fy(w,t) # 0. Let A € G with A > 1. Since F;’s are

a;-G-homogeneous, we have for any n € Z that

0 =caFi(A"w, A"+ -+ + cx Fr(A'w, A™t)
= Cl)\nal Fl(@,t) ‘I’ te -I_ C]g'AnaI(F]g'(CU,t).

Each A" has different order of infinity as n — oo, so it follows from
this equality that ¢;Fi(w,t) = 0 (¢« = 1,---, K), which contradicts
with ¢ Fy(w,t) # 0.

(ii) Let M, be the matrix as in (21). Let r, be the dimension of the
eigenspace of the matrix M, with eigenvalue 1. Then by theorem 4,
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it is sufficient to prove that > r, < co. Suppose to the contrary
0<a<l1
that > r, = oo. Then, the characteristic equation
0<a<l1

(30)
det(m(a)/ — 50'0'/)0'70'/62 =0

a0

has infitely many solutions in o with 0 < o < 1, since the dimension
of the eigen space for each « is not bigger than 3. Therefore, there
exists an accumulation point ap with 0 < ag <1 of the solution a of
(30). Since the equation (30) is of the form

fle) = e+ +erng =0
with 0 < n; < --- < ng, it holds that

f(ao) = er(logni)™n® + - -+ + ci(log i )"

=0
for n = 0,1,---. Since det((logn;) ') j=1..x # 0, it follows that
eni®=0(=1,---,K). Hence,¢; = --- = cx = 0 and f(a) =0,
which is a cotradiction since f(—oo) = +1 by (30). ]

Example 8 Let us take Q = Q(p,n) in Example 7 for o such that
B(e,n) = Ry. Then, the matric M, in (21) is as follows.

26" (1-2p)° )
M, = N N .
(a2 "5
Then & = _1
F be the cocycle on ) defined by (26) for this £&. Then, F is a self-

stmilar process with stationary increments of order o which has 0
entropy. In particular, we have such a process for a = L with

y

is an eigenvector of M, with eigenvalue 1. Let

W=
O [ [ =
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Example 9 Let us take Q = Q(¢',n',g) in Example 5. Assume
that the matrix M in Example 5 has another eigenvalue 7 such that
1 <7 <\ with an eigen column vector m # 0. Let o 1= 87 Then,

log A
5 "~ (@) ogEY

satisfies (24). Thus, we have an a-G-homogeneous cocycle F' on §
by (26) with G = {\*;n € Z}.

the column vector

Example 10 (Rudin-Shapiro cocycle) Consider a mizing substi-
tution @ on {0,1,2,3}:

0—-0 1 0 3

1—=0 1 2 1

2—2 3 2 1

3—2 3 0 3

Then, the matriz

2 1 0 1

1 2 1 0

M= 01 2 1

1 0 1 2

in Fxample 5 for this @ has the mazimum eigenvalue 4 with the fol-
lowing eigenvector (. [t also has eigenvalue 2 with the following
eigenvector w. Then £ in Example 9 for these ( and w is equal to
T

1

1

1 1
C_ 1 9 5_7[-_ _1
1

—1
We define a £-G- cocycle F by (26), where F' is defined on Q(¢,n, 1)
with n(o); = § (0,i € {0,1,2,3}) and G := B(p,n) = {4";n € Z}.
It is called Rudin-Shapiro cocycle and was discussed in [2] and [}].

It is a rare case where we know something about the distribution of
F(w,t) more than Theorem 2. In fact,

J () = Flew,)(F(e,d) = Flw, e))dp(w) = lfa.b] 0 e, d]
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for any a,b,c,d € R.

Now let us consider generally an a-G-homogeneous cocycle F/(w,t)
on  := Q(¢,n, g) with (9) and (10) which are not necessarily adapted.

4 Remarks and acknowledgment

To represent a nonlinear f-expansion, we need a space of colored
tilings with curved tiles S of the shape

S ={(x,y);aly) <z <bly) and ¢ <y < d},

where ¢ < d are real numbers and a,b are smooth functions on ¢, d)
such that a(y) < b(y) for any y € [¢,d) and [*e!@Wdy = 1. Tt is
discussed in [4] in a somewhat different form.

The cocycle in Example 8 has the least possible complexity among
the nonzero, a-homogeneous, minimal cocycles [5]. Though it is not
the same cocycle in [5], the proof is the same.

The G-action on the probability space (€2, ) with the unique R-
invariant probability Borel measure p, where Q := Q(p,n,¢) and
G := B(p,n) with (9) and (10), can be proved to be ergodic. More-
over, for any adapted a-G-homogeneous cocycle F' on €) and for any
w € Q,

1 U (w,t + ) — Fw, 1) ds

el —loge Je s S

holds for almost all ¢ € R, where

Ci= [ 1F(w, 1) dp(w)
Using this, we can prove [td’s formula for the case o = 1/2:

f(F(wv B)) - f(F(wvA))
= 3 f(F(w,9)dW(w,s) + G [7 f'(F(w,s))ds

for any w € Q, where the ‘martingale part’ W(w, s) is defined in a
weak sense [3].
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[t is an interesting question to ask when a quotient space of Q(p, 1, g)
admits a nontrivial additive group structure consistent with (R, G)-
action. We know only a little about this.

The author thanks Prof. J-M. Dumont (Marseille) and Prof. S.
Takahashi (0Osaka) for their useful discussions with him. It is so sad
that Prof. J-M. Dumont deceased all of sudden. The author also
thanks his student Dr. Nertila Gjini and Prof. H. Sato (Kyushu

Univ.) for their useful suggestions.
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