Maximal pattern complexity as
topological invariants
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Abstract: For an infinite word o = agajas--- € AN over a finite
set A, the maximal pattern complexity was introduced as

PZ(N) = sgp ﬁ{ai+w(0)az’+w(1) C Qg (N-1); (NS N}

where the “sup” is taken over all subsets Q := {w(0) < w(1) < -+ <
w(N —1)} of N of size N.
In this paper, we prove that if fA = ¢ > 2, then either
Pa(N) =" (N=1,2,--+)

=

or there exists n = 1,2, such that
n—1 N
“(N) < (—1)N (N=1,2,--).
=3 ()0 v
Hence,

1
h*(«) := lim sup N log pi (N)

N—oo

takes value either 0 or log2 if fA = 2. We also define

d*(a) := lim sup log pX(N).

N—oo log N
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We prove that for any a € AN and B € BY, if there exists a
continuous mapping f : AY — BN with fTy = Tgf, where T4 and
Ty are the shifts on AY and BY, respectively, such that 3 = f(a),
then we have d*(f) < d*(a). Thus, d* is a monotone increasing
topological invariant. In the same way, h* is a monotone increasing
topological invariant among infinite words over 2 letters.

1 Introduction

Let N be a positive integer. By a N-window, we mean a finite subset
Qof N:={0,1,2,---} with Q2 = N, where £ denotes the number
of elements in 2.

Let a = (q;)ieny = qpaas - - - € AN be a word over a finite alphabet
A defined on N and Q2 be a N-window. We denote

Oé[l + Q] = (Ofi_:,_j)jeg c AQ,

and
F,(Q) :={ali +9Q]; i € N}.

The mazimal pattern complexity p:(N) as a function on N €
{1,2,3,---} was introduced by the author with Luca Zamboni [1]
as

pa(N) = sup EFa(Q) (1)

where the “sup” is taken over all N-windows Q. In [1], it is always
assumed that 0 € ) for a window {2, while it is not assumed here.
This change is irrelevant for the definition (1).

We also define the mazimal pattern entropy h*(a) and mazimal
pattern dimension d*(a) of a by

1

h*(a) := limsup — logp:(N) (2)
N—o0 N

d*(a) = h}?j’;plog v 108 pa(N). (3)

It is asked in [1] (Problem 2) whether the statement that for o« € AN
with #A = 2, if p’ (V) increases exponentially, then p* (N) = 2V (N =
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1,2,--+) holds is true or not. Here, we solve this problem positively.
Actually, we prove a stonger statement that either p? () is full or of
a polynomial order if fA = 2. In fact, we prove that

Theorem 1. Let o € AN with A =0 > 2.
(i) Either pt(N) = (N (N = 1,2,---) holds or there exists n =
1,2,--- such that

n—1
N )

() < (=N (N=1,2,--).

=3 ()0 v

(ii) Either pf(N) > 2V (N = 1,2,---) holds or there exists n =

1,2,--- such that

ph(N) < (nz—:l (7))61 (N=1,2,---).

=0

(iii) The maximal pattern entropy h*(a) does not take value in (0, log 2)U
(log(¢ — 1),log¥). Moreover, if h*(a) = 0, then pi(N) is a polyno-
mial order in N and if if h*(a) = £, then pi(N) is full, that is
pi(N)=0N (N=1,2,---).

For o € AY and 8 € BY, we say that 3 is a factor of a if there
exists a continuous mapping f : AN — BY such that fT4 = Tsf and
B = f(a), where T,y and T are the shifts on AN and BY, respectively.
If in the above, f is a homeomorphism, then we say that a and g
are conjugate. A function P defined on the set of infinite words over
finite sets is called a monotone increasing (decreasing) topological
invariant if P(8) < P(«) (P(5) < P(a), respectively) holds for any
infinite words «,  such that § is a factor of a. Here, if P(f) < P(«)
(P(8) < P(a)) holds only for a special kind S of infinite words «, S
such that [ is a factor of «, we say that P is a monotone increasing
(decreasing, respectively) topological invariant among the class S. A
property P on the set of infinite words over finite sets is consisered as
{0, 1}-valued function in the usual way, so that the above definitions
will be applied for proreties as well.
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Theorem 2. (i) The mazimal pattern dimension d* is an increasing
topological invariant.

(ii) The maximal pattern entropy h* is an increasing topological in-
variant among the infinite words over 2 letters.

(iii) The property on « that h*(a) = 0 is a decreasing topological
1mvariant.

It is suggested by Xiangdon Ye [3] that for any a € AN, h*(a) =0
if and only if the dynamical system (O(a),T4) has 0 topological
sequence entropy defined by Wen Huang and others [4], where O(a)
is the closure of {Tx'c; i € N}.

2 Combinatorial Lemma

Let A and ) be nonempty finite sets. Denote by P(2) the set of all
subsets of ().

The set USEP(Q)AS consists of all words over A defined on some
S € P(). Let £ = (&)ies € AS. We denote S = dom(§). For
&,n € UgepyA®, n is called a restriction of £ if dom(n) C dom(§)
and n; = & for any ¢ € dom(n). In this case, we call n a restriction
of £ and denote n C € or n = {|g with S = dom(n).

For F C UgepA®, we denote by A%(F) the set of words £ € A?
such that n C & does not holds for any n € F. In this setting, we call
n € F a forbidden word and & € A(F) an admissible word.

Let n be a positive integer. We denote by P,(2) the set of S €
P(Q) with 45 =n. We call F' C Ugep)A® a simple complete list of
forbidden words of size n on L if F C Ugep, @)A° and §(FNA%) =1
for any S € P, ().

Lemma 1. Let A be a set with §A = 2. Let Q be a finite set with
N = 1Q. Let n be a positive integer such that n < N. Let I be
a simple complete list of forbidden words of size n on ). Then, we

have
i <3 (V) (@)

=0



Proof. We use the induction onn =1,2,---

Let n = 1 and F be a simple complete list of forbidden words of
size 1 on . Then for any i € €, there exists a unique 7; € A with
(m:)iegiy € F, so that for any £ € AN(F), & # n; for any i € Q. Hence,
¢ € A%(F) is uniquely determined since f4 = 2. Thus, A%(F) = 1
and we have (3) for n = 1.

Let n > 2 and (3) hold for n — 1 in place of n. We further use
the induction on N. Let N = n and F' be a simple complete list
of forbidden words of size n on €). Then, F' consists of one element
belonging to A®. Hence, fA%(F) = 2¥ — 1, which implies (3) for
N =n.

Let N > n and (3) holds for N — 1 in place of N. Let F be a
simple complete list of forbidden words of size n on ). Take w € )
and Q' = Q\ {w}. Let F' :== {n € F; w ¢ dom(n)} and F" :=
{laommne; m € F\ F'}. Then, F’ is a simple complete list of
forbidden words of size n on €', while F” is a simple complete list of
forbidden words of size n — 1 on . Since #) = N — 1, we have by
the induction hypothesis that

LAY (FY) < nzl( _1) (5)

1=

Moreover, since §F” = n — 1, we have by the induction hypothesis

that )
LA (Y gz( ) (6)

For any & € A%(F), we have £|oy € AY(F') since F' C F. Define
the mapping 7 : A%(F) — AY(F') by 7(€) = €|qy. Then, for any ¢ €
AY(F'Y, tn1(¢') < 2 since $A = 2. Moreover, if £ € AY \ AY(F"),
then there exists ' € F" such that ' C &'. Since there exists n € F
such that 7/ C 7, there exists ¢ € A% such that & C ¢ and 7 C &,
and hence, & ¢ A%(F). Therefore, in this case, we have fr~1(¢/) < 1.



Hence, 7~ 1(¢') = 2 holds only if & € AY(F”). Thus, we have

BAN(F) < iAf% >+ﬁAQ’§1F;’>
S () (M)
> (Y1) t:f))

()

1=0

INA
)

n—

Il
(]

using (4) and (5). This completes the proof. O

3 Proof of Theorem 1

Let o € AY with 44 = 2. Assume that there exists n = 1,2,---
such that pf(n) < 2". Take any N > n and any N-window €.
Take any subset S of Q with 45 = n. Since tFL(S) < pi(n) < 2™,
there exists n®) € A%\ F,(S). Since n¥) € A% and S € P,(Q),

={n®); S¢ 73 (Q)} is a simple complete list of forbidden words
of size n on 2.

Let & € F,(). Note that £ € A? and there exists i € N such that
¢ = afi + ). Hence, {|s = afi + 5] € F,(S) for any S € P,(12).
Therefore, £|g # n®) since n ¢ F,(S), so that ) C ¢ does not
holds for any S € P,(£2). Thus, £ € A®(F) holds for any & € F, ().
Since it follows that F,(Q2) € A%(F), we have

<2 (7)

for any N-window Q by Lemma 1. Thus, p5(N) < S0 () holds
forany N =n,n+1,---. If N < n, then Z?:_Ol (Zj) = 2V so that
pi(N) < Z?;(} (]j) holds trivially. Thus, the proof is completed. [J

= ~
gl



4 Proof of Theorem 2

Since (i) follows from Theorem 1 and (iii) follows from (ii), it is
sufficient to prove (ii). By (i), it is sufficient to prove that if g is a
factor of o and if h*(a)) = 0, then h*(8) = 0.

Assume that 3 is a factor of @ and h*(a) = 0. Let f : AN — BY
be a continuous mapping such that f74 = T f and 5 = f(«). Then,
there exists k such that f(v)o is determined by vo, v, -+, Ye_1-
Let 2 be any N-window. Let

V={w+j,weQ, j=01,---  k—1}.

Then, since (i + ] is determined by «a[i 4+ ], we have §F5(Q2) <
1F,(Y). Since 82 < Nk, #F3(Q) < p}(Nk) holds for any N-window
Q. Hence, we have p5(N) < pj,(Nk). Thus,

1 1
lim sup N logps(N) < limsup i log p (NE)

N—oo N—o0

1
< klimsupﬁlogpj;(]\f) =0,

N—oo

which completes the proof.

5 Remarks

For a € AN with 44 = ¢, we can prove just in the same way as
Theorem 1 that either pi(N) = ¢~ (N = 1,2,---) or there exists
n=1,2,--- such that

Hence, h*(«) does not take value in (log(¢ — 1), log¥).
There is a conjecture by Xiangdon Ye [3] and the author that
for « € AN with 4 = ¢, h*(«) takes values in {0,log 2,log 3 - - - ,log ¢}.
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