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Abstract: A numeration system originally implies a digitization
of real numbers, but in this paper it rather implies a compactification
of real numbers as a result of the digitization.

By definition, a numeration system with G, where G is a non-
trivial closed multiplicative subgroup of R,, is a nontrivial com-
pact metrizable space © admitting a continuous (Aw + t)-action of
(A1) € G xR tow € Q, such that the (w + t)-action is strictly
ergodic with the unique invariant probability measure pg, which is
the unique G-invariant probability measure attaining the topological
entropy |log A| of the transformation w — Aw for any A # 1.

We construct a class of numeration systems coming from weighted
substitutions, which contains those coming from substitutions or (3-
expansions with algebraic 4. It also contains those with G = R .

We obtained the (-function (g of the numeration systems () com-
ing from weighted substitutions. For o € C with 0 < Re(a) < 1,
there exists a nontrivial adapted a-homogeneous cocycle on € if and
only if (o has a pole at a. These cocycles are generalizations of the
fractal functions of Peano type. Moreover, in the case G = R, these
cocycles define self-similar processes of order o under pg. We discuss
one of them with o = 1/2. For a pole a of (o with Re(a) < 0,
there exsists a nontrivial adapted a-homogeneous cocycle on the set
of integer points Z(£2) in €, which is proved to be a coboundary. The
image of Z({2) under this coboundary function becomes a fractal set



of Rauzy type.
This paper is based on [10] changing the way of presentation.

1 Numeration systems

By a numeration system, we mean a compact metrizable space §)
with at least 2 elements as follows:

(#1) There exists a nontrivial closed multiplicative subgroup G of
R4 and a continuous action Aw + 1t of (A1) € G x R to w € 2 such
that N(Aw +1) +t = Ndw + Nt + 1.

(42) The (w + t)-action of t € R to w €  is strictly ergodic with
the unique invariant probability measure uq called the equilibrium
measure on §). Consequently, it is invariant under the (Aw +1¢)-action
of (M 1) € G xR tow €N as well.

(#3) For any fixed Ag € (G, the transformation w — Agw on € has
the |log Ag|-topological entropy. For any probability measure v on €
other than pg which is invariant under the Aw-action of A € GG to w,

and 1 # Xy € G, it holds that
hl,()\o) < hug()\O) = |10g )\0|

The (w + t)-action of t € R to w €  is called the additive action
or R-action, while the Aw-action of A € GG to w €  is called the
multiplicative action or G-action.

Note that if £ is a numeration system, then 2 is a connected space
with the continuum cardinality. Also, note that the multiplicative
group G as above is either Ry or {\"; n € Z} for some A > 1.
Moreover, the additive action is faithful, that is, w + ¢ = w implies
t =0 for any w € Q and t € R.

This is because if there exist w; € Q and #; # 0 such that wy +1; =
wy, then take a sequence A, in GG such that A, — 0 and A,w; converges
as n — oo. Let wy = lim, o Aywi. For any t € R, let a, be a
sequence of integers such that a,\,t; — t as n — co. Then we have

Woo +1 = lim (A1 + Apants)
n—00

= lim A, (w1 + anty) = lim Aw; = weo.
n—00 n—>00
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Thus, ws becomes a fixed point of the (w + t)-action of ¢ € R to
w € Q. Since this action is minimal, we have Q = {w., }, cotradicting
with that € has at least 2 elements.

An example of a numeration system is the set {0,1}% with the
product topology divided by the closed equivalence relation ~ such
that

("'Oé—z,Oé—l;OéO,Oél,Oéz"‘) ~ (“‘5—%5—1?50751752‘”)

if and only if there exists N € Z U {f+oo} satisfying that «,, =
Bn (Yn > N), ay = v+ 1 and o, =0, 3, =1 (Vn < N) or the
same statement with a and 3 exchanged. Let Q(2) := {0,1}%/ ~ and
the equivalence class containing (- - a_y,a_1;ap, ajay -+ ) € {0,1}2
is denoted by > @,2" € Q(2). Then, (2) is an additive topo-

logical group with the addition as follows:

D a2+ Y B2t = )y 2

n=—0oo n=—0oo n=—0oo

if and only if there exists (- 1_9,7_1;70, 71,72 - - ) € {0, 1}7 satisfy-
ing that
21 + Y = n + Bu+ 0 (YR EZ).

This is isomorphic to the 2-adic solenoidal group which is by def-
inition the projective limit of the projective system 6 : R/Z — R /Z
with 6(a) = 2a (a € R/Z).

Moreover, R is imbedded in (2) continuously as a dense additive
subgroup in the way that a nonnegative real number « is identified
with > @,2" such that a = EnN:_OO ;2" and o, =0 (Yn > N)
for some N € Z, while a negative real number —a with « as above is
identified with >~ (1—a,)2". Then, R acts additively to £(2) by
this addition. Furthermore, G := {2%; k € Z} acts multiplicatively
to Q(2) by

o0

ok i a,2" = Z 12"

Thus, we have a group of actions on (2) satisfying (1), (§2)and (¢3)
with G := {2%; k € Z} and the equilibrium measure (1/2,1/2)Z.
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Theorem 1. Q(2) is a numeration system with G ={2"; n € Z}.

We can express (2) in the following different way. By a partition
of the upper half plane H := {z = z +1y; y > 0}, we mean a disjoint
family of open sets such that the union of their closures coincides
with H. Let us consider the space (2)’ of partitions w of H by open
squares of the form (&1, 22) X (y1,y2) with 3 — 21 = yo— 11 = y1 and
y1 € G such that (21, x2) X (y1,y2) € w implies

(21, (w1 + 22)/2) X (11/2,51) € w (type 0)
and (1)
((x1 4 22)/2,29) X (y1/2,11) € w (type 1).

An example of w € Q(2) is shown in Figure 1. For w € Q(2),
let (ag,aq,---) be the sequence of the types defined in (1) of the
squares in w intersecting with the half vertical line from 40 + ¢ to
+0 + 100 and let (a—y,_3,-- ) be the sequence of the types of the
squares in w intersecting with the line segment from 40 + ¢ to +0.
Then, w is identified with > a,2". Note that replacing +0

n=—0oo

by —0, we get > 7 3,2" such that (- a_y,a_1;00,a1,++) ~

n=—0oo

(- Bozy B-1; Bos By -+ ).
The topology on Q(2)" is defined so that w, € Q(2)" converges to

w € Q2) as n — oo if for every R € w, there exist R, € w, such
that lim, . p(R, R,) = 0, where p is the Hausdorff metric between

sets R, R C H

p(R, R = max{iglg Jnf | =2, sup infle =2} (2)

For w € Q2),t € Rand A € {2"; n € R}, w+ 1t € Q(2) and
Aw € Q(2) are defined as the partitions

wHti={(r1 —t, 20— 1) X (y1,y2); (21, 22) X (y1,¥2) € W}
and
Aw = {(Azq, Azg) X (Ayr, Ayz); (21, 22) X (y1,42) € W}

Let £ : Q(2)" — Q(2) be the identification mapping defined above.
Then, « is a homeomorphism between ©(2)" and 2(2) such that x(w+
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Figure 1: the tiling corresponding to ---01.101 - - -

1) = k(w) +t and k(Aw) = Ak(w) for any w € Q(2), t € R and
A€ {2" n € Z}. Thus, Q2(2) is isomorphic to (2) as a numeration
system and will be identified with (2).

We generalize this construction. Let A be a nonempty finite set.
An element in A is called a color. An open rectangle (21, x2) X (y1, y2)
in H is called an admissible tile if

Tog —T1=U1 (3)

is satisfied (see Figure 2). In another word, an admissible tile is a
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Figure 2: admissible tiles

rectangle (x1,23) X (y1,y2) in H such that the lower side has the
hyperbolic length 1. Let 'R be the set of admissible tiles in H.

A colored tiling w is a subset of 'R x A such that
(1) RN R =0 for any (R,a) and (R',a') in w with (R,a) # (R, d'),
and

(2) Ur,ayeuft = H

An element in R x A is called a colored tile. We denote
dom(w) :={R; (R,a) € w for some a € A}.

For R € dom(w), there exists a unique @ € A such that (R,a) € w,
which is denoted by w(R) and is called the color of the tile R (in w).
Let R = (21, 22) X (y1,y2). We call y2/y; the vertical size of the tile
R which is denoted by S(R).

Let Q(A) be the set of colored tilings with colors in A. A topology
is introduced on Q(A) so that a net {w,},er C Q(A) converges to
w € Q(A) if for every (R, a) € w, there exists (R, a,) € w, such that

a, = a for any sufficiently large n € [ and lim p(R, R,) =0,

n—0oo

where p is the Hausdorff metric defined in (2).
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For an admissible tile R := (x1,22) X (y1,¥2), t € Rand XA € Ry,
we denote

R+t = (21 + 122 +1) X (y1,92)
AR = (Axy, Axg) X (Ayr, Aya).

Note that they are also admissible tiles.
For w € Q(A), t € R and A € Ry, we define w+t € Q(A) and
Aw € Q(A) as follows:

w+t = {(R—t,a); (R,a) €w}
Mo = {(AR,a); (R,a) € w}.

Thus, we define a continuous group action Aw + ¢ of (A, ¢) € R x
R to w € Q(A). We construct compact metrizable subspaces of
Q(A) corresponding to weighted substitutions which are numeration
systems. Though §A > 2 is assumed in [8], we consider the case

tA =1 as well.

2 Remarks on the notations

In this paper, the notations are changed in a large scale from the
previous papers [8], [9] and [10] of the author. The main changes are
as follows:

(1) Here, the colored tilings are defined on the upper half plane H, not
on R? as in the previous papers. The multiplicative action here agree
with the multiplication on H, while it agree with the logarithmic
version of the multiplication at one coodinate in the previous papers.
Here, the tiles are open rectangles, not half open rectangles as in the
previous papers.

(2) Here, we simplified the proof in [9] for the space of colored tilings
coming from weighted substitutions to be numeration systems by
omitting the arguments on the topological entropy.

(3) The roles of x-axis and y-axis for colored tilings are exchanged
here and in [10] from those in [8] and [9].

(4) Here and in [10], the set of colors is denoted by A instead of ¥.



Colors are denoted by a, @, a; (etc.) instead of o, o', o, (etc.).

(5) Here and in [10], the weighted substitution is denoted by (o, 7)
instead of (¢, n).

(6) Here and in [10], admissible tiles are denoted by R, R', R, R’
(etc.) instead of S, ', S;, S* (etc.).

(7) Here and in [10], the terminology “primitive” for substitutions is
used instead of “mixing” in [8] and [9].

3 Weighted substitutions

A substitution o on a set A is a mapping A — AT, where AT =
U, AY. For € € AT, we denote ] :=(if £ € A", and & with [¢| ={
is usually denoted by &&; --- &1 with & € A. We can extend o to
be a homomorphism AT — At as follows:

o(&) == o(&o)a(&r) - o(&e-1),

where £ € A and the right-hand side is the concatenations of (&;)’s.

We can define %, 07, -+ as the compositions of o : AT — AT,

A weighted substitution (o, 7) on A is a mapping A — At x (0,1)*
such that |o(a)| = |7(a)] and 3°, |, |T( a); = 1 for any a € A. Note
that o is a substitution on A. We define 7 : A — (0, 1)t (n = 2,3, ...)
(depending on o) inductively by

T (a) = T(a)iT" " (o (a):);
for any a € A and 1, 5, k with
0<i<|o(a), 0<j <o (o(a))], k=Y lo"(o(a))| + .
h<1

Then, (0", 7") is also a weighted substitution for n = 2,3,---.

A substitution o on A is called primitive if there exists a positive
integer n such that for any a,a’ € A, ¢"(a); = & holds for some ¢
with 0 < < |o™(a)|.

For a weighted substitution (o,7) on A, we always assume that

the substitution o is primitive. (4)
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We define the base set B(o, 1) as the closed, multiplicative subgroup
of R, generated by the set

™(a);; a€ A, n=0,1,--- and 0 <1 < |0"(a)|
such that o™(a); = a '

_|_
4/9 o 1/9 : 4/9
+ +
+ + + +
A IEARERE A IEARERE:

Figure 3: the weighted substitution in Example 1

Example 1. Let A = {+,—} and (o, 7) be a weighted substitution
such that

_|_

(+,4/9)(=, 1/9)(+,4/9)
(_74/9)(+7 1/9)(_74/9)7

9
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_>



where we express a weighted substitution (o, 7) by

a— (o(a)o,m(a)o)(o(a), T(a)1) - (a € A).

Then, 4/9 € B(o,7) since o(+)o = + and 7(+)o = 4/9. More-
over, 1/81 € B(o,7) since o?(+)s = + and 7%(+)s = 1/81. Since
4/9 and 1/81 do not have a common multiplicative base, we have
B(o,7) = Ry. This weighted substitution is discussed in the follow-
ing sections. The repetition of this weighted substitution starting at
+ is shown in Figure 3 by colored tiles. The substituted word of a
color is represented as the sequence of colors of the connected tiles in
below in order from left. The horizontal (additive) sizes of tiles are
proportional to the weights and the vertical (multiplicative) sizes are
the inverse of the weights.

Let GG := B(o, 7). Then, there exists a function g : A — R, such

that

g9(o(a)i)G = gla)T(a)iCG (5)
for any @ € A and 0 <1 < |o(a)|. Note that if G = Ry, then we
can take g = 1. In the other case, we can define g by g(ag) = 1 and
g(a) := 7"(ap); for some n and ¢ such that ¢"(ap); = a, where ag is
any fixed element in A.

Let (o,7) be a weighted substitution satisfying (4). Let G =
B(o,7). Let g satisfy (5). Let Q(o,7,g)" be the set of all elements w
in Q(A) such that for any ((z1,x2) X (y1,92),a) € w, we have

(I) y1 € g(a)G, and

(I) (R, 0(a);) € w holds for 1 = 0,1, -+ ,|o(a)] — 1, where

i—1 7
R = (14 (22 — 2 ZT iy 1+ (29 — xl)ZT(a)j)
J=0 7=0
<(r(a)yr, y1)-

A vertical line v := {2} X (—o0,0) is called a separating line of
w € Qo,7,g) if for any (R,a) € w, RN~y = 0. Let Q(o,7,9)" be
the set of all w € Q(o, 7,g)" which do not have a separating line and
Q(o,7,9) be the closure of Q(o,7,¢9)”. Then, the action of G x R
on Q(o,1,g) satisfies (§1). We usually denote Q(o,7,1) simply by
Qo, 7).
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Remark 1. [8] A nontrivial primitive substitution o : A — At
where “nontrivial” means Y ., |0(a)| > 2, is considered as a weighted
substitution in a canonical way. Let

M = (80 < < Jo(@)l: o(a) = a'})uwes

be the associate matrix. Let A be the maximum eigen-value of M
and € := (£,)qea be a positive column vector such that M¢ = A€.
Define weight T by

£o(a)s
T(a)l - )\fa ”

which is called the natural weight of o. Thus, we get a weighted sub-
stitution (o, 7) which admits weight 1. We modify (o, 7) if necessary
in the following way. If there exists ¢ € A with |o(a)| = 1, so that
a — (a’,1) is a part of (o,7), then we replace all the occurrences of
a in the right hand side of “—” by ' and remove a from A together
with the rule @ — (a’,1) from (o, 7). We continue this process until
no a € A satisfies |o(a)| = 1. After that if there exist a, ¢’ € A such
that (o(a),7(a)) = (o(d’),7(a’)), then we identify them.

For example, the 2-adic expansion substitution 1 — 12, 2 — 12
corresponds to the weighted substitution 1 — (1,1/2)(1,1/2). The
Thue-Morse substitution 1 — 12, 2 — 21 corresponds to the weighted
substitution 1 — (1,1/2)(2,1/2), 2 — (2,1/2)(1,1/2). The Fi-
bonacei substitution 1 — 12, 2 — 1 corresponds to the weighted
substitution 1 — (1, A7")(1,A72), where A = (1 +/5)/2.

The weighted substitution (o, 7) obtained in this way satisfies that
B(o,7) = {\*; n € Z} and that g in (5) can be defined by g(a) =
£, (a € A). Dynamical systems coming from substitutions are dis-
cussed by many authors (see [2], for example). Our weighted substi-
tutions are a generalization of them.

Let (0,7) be a weighted substitution on A satisfying (4). Let g
satisfy (5). Consider Q(o,7,g). We call the tile R* in (II) the i-th
child of the tile (w1, x2) X (y1,y2), and (21, x2) X (y1, y2) the mother of
Ri. Note that the vertical size S(R') of R' coincides with the inverse
of the weight 7(a);. If R; is a child of R;4y for j = 0,1,--- k — 1.
Then, the tile Ry is called a k-th descendant of the tile Ry. If Ry is
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the i-th tile among the set of the k-th descendants of Ry counting as
0,1,2,--- from left, we call Ry the (k,i)-descendant of the tile Ry.
In this case, we also say that Ry is the k-th ancestor of Ry.

Theorem 2. The space Q(o,7,9) is a numeration system with G =
B(o,T).

Proof. We have already proved (f1) and (§2) in Theorem 3 of [8].
Here we prove (£3). Let Q := Q(o,7,9) and pg be the equilibrium
measure. Since fiq is the unique invariant probability measure under
the additive action, it is also invariant under the multiplicative action.

By Goodman [4], it is sufficient to prove that for any A € G with
A # 1, the transformation w — Aw on {2 has the metrical entropy
|log A| under pg, while it has the metrical entropy less than |log A|
under any other G-invariant probability measure.

Lemma 1. Let

Y = {w € Q; w has a separating line}
Yo = {w € Q; y-axis is the separating line of w}.

Then, we have

(1) ¥\ X is dissipative with respect to the G-action, so that v(¥\
o) =0 for any G-invariant probability measure v on €.

(11) For any w € Yo, w restricted to the right quarter plane (0, 00) x
(0,00) and to the left quarter plane (—o0,0) x (0,00) are cyclic indi-
vidually with respect to the G-action. Hence, Gw with respect to the

G-action is either cyclic or conjugate to a 2-dimensional irrational
rotation with a multiplicative time parameter.

(1i1) Xo is a finite union of minimal and equicontinuous sets with
respect to the G-action. In fact, there is a mapping from the set of
pairs a € A and 1 with 0 < i <i+1 < |o(a)| onto the set of minimal
sels in Y.

Proof. (i) If the line # = w is the separating line of w € Q, then
x = Au is the separating line of Aw. Hence, ¥\ ¥ is dissipative.
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(17) Let w € Xg. Denote by wt the restriction of w to the right
quarter plane (0,00) x (0, 00), while by w™ the restriction of w to the
left quarter plane (—oo,0) x (0,00). Let (RE);ez be the sequence of
tiles in dom(w) such that R intersects with the upper half lines of
x = 0, and RF is a child of R;t_l_l for any ¢ € Z (4 respectively). Let
af := w(R¥) be the colors of RE (& respectively). Define mappings

o+ from A to A by o4(a) = o(a)o and o_(a) = 0(a)|;(a)-1- Since
os(a¥) = af, (i € Z) (& respectively), the sequence (af)icy is
periodic, which also implies that the vertical sizes S(R;t) of RE, which
coincide with the inverses of the weights 7(a;41)+, are also periodic
in ¢ € Z with the period, say r* which is the minimum period of
(aF)iez (£ respectively). Then, A\t := 7 (af)y" is the minimum
(multiplicative) cycle of w*, while A7 := Tr_(ag);_(a_”_l is the
minimum (multiplicative) cycle of w™, that is, Aw* = woi holds for
A = A% and A* is the minimum among X > 1 with this property (&
respectively).

Therefore, w is cyclic with respect to the G-action if At and A~
have a common multiplicative base. In this case, the minimum cycle
of w is the minimum positive number x such that x = (AT)" =
(A7) holds for some positive integers n, m. Otherwise, the G-action
to Gw is conjugate to an 2-dimensional irrational rotation with a
multiplicative time parameter.

(1i1) We use the notations in the proof of (i7). Take any pair
(a,1) with @ € A and 0 < i <1+ 1 < |o(a)]. Take any v’ € Q
having a tile R € dom(w’) with &'(R) = a such that the y-axis
passes in between the i-th child of R and the 7 + 1-th child of R.
Let ¢(a,1) be the set of limit points of A’ as A € G tends to oc.
Note that this does not depend on the choice of w'. Then, ¢ (a,)
is a closed G-invariant subset of ¥3. Moreover, since the sequence
(0(o(a)i), ol (0(a)iy1))n=012,. enter into a cycle after some time,
Y(a,1) is minimal and equicontinuous with respect to the G-action.

To prove that the mapping ) is onto, take any w € ¥g. There exists
w, € Q(o,7,9)" which converges to w as n — oo. We may assume
that there exists a pair (a,7) such that for any n = 1,2,---, there
exists R € dom(w,) with a = w,(R) such that the y-axis separetes
the i-th child of R and the 7 + 1-th child of R. Then, w € ¥(a,1),
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which proves that ¢ is a mapping from the set of pairs (a,?) with
a€Aand 0<i<i+1<|o(a)| onto the set of minimal sets in X
with respect to the G-action. O

vertical sizes

1/(1 —p)

vertical sizes

7"

Figure 4: an element in Y in Example 2

Example 2. Let p with 0 < p < 1 satisfy that log p/log(1 — p) is
irrational. Let (o, 7) be a weighted substitution on A = {1} such that
I — (1,p)(1,1 — p). Then, B(o,7) = Ry holds. Let Q = Q(o, 7).
In this case, elements in Yg are not periodic, but almost periodic as
shown in Figure 4. Then, the dynamical system (X, A (A € Ry)) is
isomorphic to ((R/Z)? T\ (A € Ry)) with

T\(x,y) = (x +log A/ log(1/p), y +log A/log(1/(1 = p))).

Lemma 2. [t holds that h,,(X) = |log A| for any A € G'. Let X\ #
1 and v be any other A-invariant probability measure on ), then

hy(A) < |log Al.
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Proof. To prove the lemma, it is sufficient to prove the statements
for A > 1. Take any G-invariant probability measure v on € which
attains the topological entropy of the multiplication by Ay € G with
A1 > 1, that is, h, (A1) = log A;. We assume also that the G-action to
) is ergodic with respect to v. Then by Lemma 1, either v(Xq) = 1 or
v(Q\X) = 1. In the former case, h,(A) = 0 holds for any A € (& since
the G-action on Y is equicontinuous by Lemma 1, which contradicts
with the assumption. Thus, we have v(Q2\ ¥) = 1.

For w € Q, let Ro(w) € dom(w) be such that Ro(w) = (21, 23) X
(y1,y2) with 23 <0 < 23 and y; <1 < yy. Take ag € A such that

v({w € 0 w(Ro(w)) = ao}) > 0.

Take by := max{b < 1; b € g(ag)G} (see (5)). Let

Q, = { w € ) the set {)\ € G, )\w(Ro()\w)) = aO}
is unbounded at 0 and oo simultaneously }
Qo = {we i Ro(w) = (21,22) X (y1,2)

with y; = by and w(Ro(w)) = ao }.

For w € Qq, let Ag(w) be the smallest A € GG with A > 1 such that
Aw € Qg. Define a mapping A : Qo — Qo by A(w) := Ao(w)w.
For k=0,1,2,--- and i =0,1,--- ,|0"(ao)| — 1, let
P(k,i) = {we€ Ny Ao(w) ' Ro(Ao(w)w)
is the (k,1)-descendant of Ro(w)}

(see Figure 5) and let
,P:{P(k,l), k:1727 ) 0§Z< |Uk(a0)| }

be a measurable partition of Q. Note that Ag(w) = 7%(ag);" if
w € P(k,1).
Since v(€4) = 1 by the ergodicity and

Q1 — U U )\P(k,i),

P(ki)EP 1<x<rF (ag) [t
AEG

15



o

o

Figure 5: w € P(3,4) with Ao(w) = 13/3

there exists a unique A-invariant probability measure 14 on €y such
that for any Borel set B C (), we have

W(B) = C /bw O B P i))dA))

kz epP bo
with
Clv) = Z —log 7 (a0)i vo(P(k,i)) < oo (6)
P(k,i)eP
if G =R; and
v(B) Y > w(ATBNP(k,iD)
P(ka)EP AEG
bg <A<y * (ag)

with

Cw):= Y (=log7*(ao)i/log ) vo(P(k.i)) <o (7)

P(ka)EP
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if G={p" neZ}with g > 1.

Since
Z Tk(ao)izland Z vo(P(k,1)) =1,
P(ka)EP P(ka)EP
we have
Hy(P) = — Y logro(P(k,7))- vo(P(k,i))
P(ka)EP
< — ) log7*(ao)i - vo( Pk, 1)) (8)
P(k,i)eP

by the convexity of —logx. The equality in (8) holds if and only if

vo(P(k,1)) = 7%(ao)s (VP(k,i) € P). (9)
By (6)(7)(8), we have
Hyo(P)=— Y logug(P(k,i))- vo(P(k,i)) < oo.
P(ki)eP

For any w, w' € § such that A*¥(w) and A¥(w') belong to the
same element in P for k = 0,1,2,---, the horizontal position of
Ro(w), say (x1,x2), coincides with that of Ry(w’). Therefore, w and
W' restricted to (w1, z2) % (0,bo) coincide. In the same way, if A®(w)
and A*(w') belong to the same element in P for any k € Z, then
Ry := Ro(w) = Ro(w') holds and all the ancestors of Ry in w and '
coincide as well as their colors. Therefore, w and w’ restricted to the
region covered by the ancestors of Ry coincide. Hence, if w or w’ does
not have the separating lines, then w = &’ holds.

Since v(¥) = 0, we have (X N Qy) = 0. Hence, the above argu-
ment implies that P is a generator of the system (£, 1, A). Thus,
huy(A) = hyy (A, P). It follows from (8) that

huo(A) = huo(A77D)
H,,(P)
— Y logr¥(ag)s - vo( P(k,i)). (10)

P(ka)EP

<
<
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The equality in the above that

hu(A) == Y log7*(ao)i - vo( P(k, 1))

P(ki)EP

holds if and only if (A"P),ez is an independent sequence with respect
to vy satisfying (9).
Since
hue (A)
fQO Ao(w)dvo(w)
hue ()
- ZP(k,i)eP log 7*(ag); - vo(P(k,1))

h, (A1) <log A follows from (10), while the equality holds if and only
if (A"P),ez is an independent sequence with respect to 14 satisfying
(9). Let this probability measure be g. Then, it is not difficult
to prove that p is invariant under the additive action. Hence, the

hl,()\l)/log )\1 =

uniqueness of such measure ([8]) proves y = pq, which completes the
proof of Lemma 2 and Theorem 2. O

The following Theorem 3 follows from a known result about the
spectrum of unitary operators corresponding to the affine action
(Lemma 11.6 of [13], for example). Nevertheless, we give the proof
for to be self-contained.

Theorem 3. Let Q be a numeration system with G = Ry, that is,
with the multiplicative Ry -action. Then, the additive action on the
probability space Q) with respect to ug has a pure Lebesgue spectrum.

Proof. Let U; (t € R)and V) (A € R;) be the groups of the unitary
operators on L*({), ug) defined by

(Uif)(w) = flw+ 1), (Mw) = [(dw).

Let -
U, = / ¢"dE, (t € R)

o0
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be the spectral decomposition of U; ([3]). Since U V\, = V\U,:, we
have d&,V\ = VAdE\-1,,.

Take any f € L*(Q, puq) with [ fdug =0 and [|f|?dug = 1. Let
m(f) be the measure on R defined by

m(F)(S) = / | dEf |

for any Borel set S C R. Then, m(f) is a probability measure with
m(f)({()}) = 0. Since dEuV/\ = V/\dE/\_luv we have

A0S = [IENAS IP= [ 1 VidE 1P
= [ HaBf = [ B = mn07S)
S A—ls
Moreover, we have
(PP =1 [ @B LBV
< [NaBS I dBNAS = [ Van{PVaniD,

Since limy—1 |(f, VAf)| = 1, we have

tiy [ {1/ an(7)e 3T = i [ (/a7 = 1.
— —
It follows from this that m(f) is absolutely continuous by the follow-
ing well known argument (see [12], for example).

Suppose to the contrary that m := m(f) is not absolutely contin-
uous. Take a Borel set S C R such that S has Lebesgue measure 0

while § := m(S) > 0. Denoting p(}) := [ Vdm\/dm o \=1, we have
21— p(A)) = / (Vi —am o3’
> (Vi) - Ve dT®) = (Vi V()
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Since 2(1 — p(A)) — 0 as A — 1, there exists € > 0 such that for any
A with 1 —2e <A <1+2¢ m(A™LS) > §/2 holds. Hence,

142¢ 1—|—25
256§/ A7LS) d)\—// s(Au)dAdm(u).
1—2¢

This implies that the set of v € R such that fH_QE Ls(Au)dX > de
has the measure at least §/4 with respect to m. Since m({0}) = 0,
this implies that there exists u # 0 such that fH_QE Ls(Au)dr > de.
Thus, S has Lebesgue measure at least |u|de, which contradicts the
assumption that S has Lebesgue measure 0. Thus, m = m(f) is
absolutely continuous. O

4 (-function

Let Q := Q(o,7,¢) satisfying (4) and (5). For o € C, we define the

associated matrices on the suflix set A x A as follows:

M, = Z T(a) (11)

so(a)i=a’

a,a’€A
Ma7+ = <1cr(a)0=a' T(a)g>a,a’€A
M, - = <10(a)|o<a>|—1=“' T(a)ﬁ’(“)|‘1> a,a’€A

Let © be the set of closed orbits of ) with respect to the action of
GG. That is, O is the family of subsets £ of € such that ¢ = Gw for
some w € ) with Aw = w for some A € G with A > 1. We call A as
above a multiplicative cycle of £&. The minimum multiplicative cycle
of £ is denoted by ¢(£). Note that ¢(€) exists since Aw # w for any
weNand A € G with 1 <X <min{r(a)7’; a €A, 0<1<|r(a)|}.

We say that £ € © has a separating line if w € ¢ has a separating
line. Note that in this case, the separating line is necessarily the y-
axis and is in common among w € . Denote by O the set of £ € ©

with the separating line.
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Let

L(o) :=={(a,k,i); a€ A, k=1,2,--- and
0 <i < |o¥(a)| with o¥(a); = a}.

For (a,k,i) and (a,k',i") in L(o), define the product by
1—1
(a, k. D) (a k0" = (a.k+ K)o (o"(a))] + ).
7=0

We say that (a,k,1) € L(o) is irreducible if (a,k,1) = (a,k',i")" does
not hold for any h =2,3,--- and (a,k,?') € L(o).

Let £ € O\ Og and w € £ Then, there exists R = (21, 22) X
(y1,y2) € dom(w) with 21 < 0 < 5. Since ¢({)w = w, there exists
a descendant R' of R such that w(R') = w(R) =:a and R = ¢({)R'.
Let R' be the (k,7)-descendant of R.

Lemma 3. For any £ € O\ Oq with the above setting, the following
statements hold.

(1) 1 <i<|of(a)] —1.

(17) (a,k,i) is in L(o) and irreducible.

(i) €(€) = (@)

Conversely, any triple (a,k,i) € L(o) satisfying (i)(ii) determines
£ €0\ 0O and (i1i) follows.

Proof. (ii1) holds since ¢(§)R’ = R and R’ is the (k,1)-descendant
of R.
Since R is the (k,1)-descendant of R such that 7%(a);'R' = R, we

have .
—Ty Z]‘gi—l 7" (a);
X2 EjZH—l m(a);
Since 0 < —x1 /a2 < 00, (¢) follows.

If (a,k,i) = (a,k',i")" with { > 2, then (k’,4')-descendant R" of R
also satisfies 77 (a);'R" = R and that 7% (a);' = ¢(€)"/* becomes a
cycle of €, contradicting the minimality of ¢(£). Thus, (i) follows.

Let us prove the last statement. Assume that (a,k,i) € L(o) is
irreducible satisfying (¢). Take any &’ € Q and R € dom(w') with

(12)
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W'(R) = a. Take t € R such that R+t =: (21, x2) X (y1, y2) satisfies
the equation (12). Then z; < 0 < x4, and 7%(a);"(w’ + ) converges
as n — oo to, say w € 0 which satisfies that 7%(a);7'w = w. Thus,
we have £ := Gw € O\ Oy which is determined by (a, k,i) € L(0o).
(127) follows by the irreducibility of (a, k, ). O

Let £ € O\ Og and w € €. Let R and R’ satisfy that R = ¢(&) R’
and that R’ is the (k,7)-descendant of R. Let Rg, Ry, Ra,--- be the
sequence of tiles in w intersecting with the y-axis such that R;;, is
the mother of R; (1 =0,1,2,---) and Ry = R'. Let R; be the (k,1;)-
descendant of Rjyj for any 7 = 0,1,--- ,k — 1. Then, w(Rj4x) =
w(R;) holds and the triple (w(Rj4x), k,4;) (j =0,1,--- [k — 1) sat-
isfies the condition (¢)(i¢) in Lemma 3 determining ¢ in the sense of
Lemma 3. In fact, these k triples are different from each other such
that they are all that determine £, while £ is common among them

which we denote by k(¢).
Lemma 4. For k=1,2,---, it holds that
tr(Mg) — tr(M; ) — tr(M )
= > kO, (13)

£€EOG\Og
k(¢)|E
Proof. Note that
tr(ME) —tr(ME ) — tr(M)F_) = > ™ (a)?.
aeA,lSki<|o'k(a)|—1
of(a);=a

For any £ € ©\ Oy with k(&)|k, there exist exactly k(&) number of
triples (a;,k(€),7;) € L(o) (j =0,1,--- ,k(§) — 1) determining £ so
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that Tk(f)(aj)ij = ¢(&)~! follows. Therefore,

oo HMay = > Hay

aea1<i<|ok (a)|—1 (a,k,i)€L(0)
ok (a);=a 1<i<|ok (a)|—1

= Z Z Tk/(a)gk/k/)a

k/|k (a,k! ) E€L(o):irreducible
1<l<|o’k/( Y—1

- 33 v

k'|k ¢€0\0g
k(e) =K'

= D KOe T

£€EO\Og
k(&) |k

The following lemma follows from Lemma 1.

Lemma 5. The set Qg is a finite set. In fact, we have

100 <> (lo(a)] = 1).

ach
Lemma 6. For o € C with R(a) > 1, where R(«) is the real part
of a, we have
D le(6)7 < oo
£€®

Proof. By Lemma 5, it is sufficient to prove that

S 16 < .

SCACH

Since
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there exists ¢ with 0 < § < 1 such that the maximal eigen-value of
MR(a) is less than 6. Hence, by (13) we have

Yool = Y TR

£€0\0q £€0\0q

> Y k@) R

k=1 ¢€0\0g
k(&) |k

< Y (M) <> 08 < 0.
k=1 k=1

IA

Define the (-function of G-action to by
Gala) = [0 =e(€)™)™, (14)
£€®

where the infinite product converges for any o € C with R(«) > 1 by
Lemma 6. It is extended to the whole complex plane by the analytic
extension.

Theorem 4. We have

_det(f — M, ;) det(l — M, _)

ale) det(I — M,)

gzo(a)v

where

Cxola) = [T (1 =c(6)™)"

£E€EOg

is a finite product with respect to £ € Q.

Proof. By the definition of (g(a) and (13), for any a with R(«a) > 1,
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it holds that

Gala) = Copla)exp | Y 10%(1C(§)a))

SCACH

£€0\0g k=1

= Cu(a)exp | Y Z(l/k)C(ﬁ)’”)

k=1 ¢€0\0g
k(&)|k

= e Y Y <k<§>/k>c<f>k<’%>°*)
= (y,(a)exp i (1/k)(tr(MF) —tr(Mk )—tr(Mi_)))

o0

= (sol@)exp (Z(l/k)( - M —Mc’f,_))>

= (y,(a)exp (tr(— log([ - M,) +log(l — M, +)
+log(I — Ma,-)))

_det(l — M, y)det(I — M, )

- det([ M ) CEo( )

O

Example 3. For the 2-adic expansion substitution (o, 7) defined
in Remark 1, 1 — (1,1/2)(1,1/2), define Q := Q(o,7) with G =
{2";n € Z}, g =1 (see (5)). Then, we have

M, =2(1/2)" , May = M,_ = (1/2)°.

Moreover, we have Oy = {Gwg} with wg shown in Figure 6. Since

c(Gwo) = 2 and (x, () = (1 —27*)7!, we have

Gala) = o)L= U2N)

1—2(1/2)=
1=(1/2)"
1—2(1/2)
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Figure 6: wp in the 2-adic expansion

Example 4. Consider the weighted substitution (o, 7) in Example
2, that is 1 — (1,p)(1,1 — p). Then, we have

My=p"+ (1 —=p), Moy =p", My_=(1—-p)~.

Since Oy = (), we have

1-p)d-0-p")

l—p*—(1—-p)
Example 5. For the Thue-Morse substitution (o, 7) defined in Re-
mark 1, 1 — (1,1/2)(2,1/2), 2 — (2,1/2)(1,1/2), define Q :=

Cola) =
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Figure 7: wy (w2, respectively) in the Thue-Morse substitution

Qo, 1) with G ={2";n € Z}, g = 1. Then, we have

(w2 (e
Mo = ((1/2>a <1/2>a>

o = (U )
Mo = (e "0

Moreover, we have Oy = {Gwy, Gw, } with w; and wy shown in Figure

7. Since ¢(Gw,) = ¢(Gwz) =4 and (x,(a) = (1 —47*)7%, we have

(1—(1/2)7)*(1 — (1/2)*)
1—2(1/2)=
1—(1/2)
(1+(1/2))(1 = 2(1/2)*)

gﬂ(a) = gEo (a)
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+ +

vertical size 81/64

+ +
vertical size 16/9]

)
=s =5

Figure 8: 4 elements in Oy in Example 6 (£, respectively)

Example 6. For the weighted substitution (o, 7) in Example 1

+ = (+,4/9)(—,1/9)(+,4/9)
- = (_74/9)(+71/9)(_74/9)7

define ) := Q(o, 7), where since B(o,7) = R holds, taking g = 1, we

have
_ (2479 (1/9)°
Mo = ((1/9)“ 2<4/9>“>

Moy = M, _= ( (4/09)a (4/09)“ )

There are 4 elements in Oy determined as in (¢i7) of Lemma 1 by the
pairs (+, 0),(+, 1),(—, 0),(—, 1). All of them are different as shown
in Figure 8. The £ corresponds to the 4 in the first coordinate, while
0, 1 corresponds to the vertical gap from the left side tiles to the right
side tiles. It is 81/64 for 0 (left side in Figure 8) and 16/9 for 1 (right

side in Figure 8). These 4 elements have the same multiplicative
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cycle 9/4 . Hence, we have

1
(1 =2(4/9)* = (1/9)*)(1 = 2(4/9) + (1/9)*) °

Theorem 5. [

(i) Gale) £ 0 if R(a) £ 0.

(12) In the region R(a) # 0, « is a pole of (o) with multiplicity
k if and only if it is a zero of det(I — M, ) with multiplicity k for any
k=12,

(1i7) 1 is a simple pole of (a(a).

Cala) =

Proof. Since ¢(§) > 1 for any € € O, 1 — ¢(£)™ # 0 if R(a) # 0.
Hence, (5, () has neither pole nor zero in the region R(«) # 0.

For a with R(«) # 0, suppose that det(l — M, ) = 0, so that
M, +& = £ holds for some nonzero vector £ = (&,)uea. Take ag € A
such that &, # 0. Then, for some & > 0 and ¢ > 1, o*(ag)o =
o"*(ag)o =: a; holds. Smce Coy = TH(a0)3y # 0 and 7(a1)5&,, =
€4, , we have 7%(a;)§ = 1. This is impossible since 0 < 7¢(a; ) < 1.

Thus, det(l — M, ) has no zero in the region R(a) # 0. In the
same way, det(] — M, _) has no zero in the region R(«) # 0. These
facts with Theorem 4 prove (¢)(i¢) of Theorem 5.

(1i2) Since My*(1,---,1) = *(1,---,1), 1 is an eigen-value of My,
hence is a zero of det(/ — M, ). We prove that it is a simple zero. Let
A={a, - ,a,} and A" :== A\ {a1}. For a matrix M = (my;)icr,jes
and I' C I,J' C J,let M[I',J'] := (mi;)ier jey. Since 1 is the
maximum eigen-value of M; and o is primitive, there exists a positive
row vector (&1, &, -+, &) with & = 1 such that (&,&, -+, &)1 —
M) =(0,---,0). Therefore, since

1= S 7 (a2
det(I — M, ) = det

1—2'““ r(a,);
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we have

%det([— M,)|a=1
> —7(ar);log 7(ay);

= det : (I — My)[A, A
Ei —7(a,);log (a,);
> —&(a;)ilog T(ay); 0 - 0

> —7laz);log 7(az);
= det ] (1 — M)A, A

> _T(ar)‘i log 7(a,);
= (Z —§jf(aj)ilogr(aj)i> det((1 — M)A, A]).

We have >, - —&7(a;);log 7(a;); > 0 and det((1 — M;)[A", A']) # 0
since the spectral radius of M;[A’, A'] is strictly less than 1. Hence,
%det([ — M,)|a=1 # 0 and 1 is a simple zero of det(/ — M, ). By
(1), it is a simple pole of (q. O

Theorem 6. For Q = Q(o,n,9), if Blo,7) = {\*; n € Z} with
A > 1, then there exist polynomials p,q € Z[z] such that (o(a) =
p(A")/q(AY).  Conversely, if Cala) = p(AY)/q(AY) holds for some
polynomials p,q € Z[2] and XA > 1, then B(o,7) = {\*"; n € Z} for
some positive integer k.

Proof. Assume that B(o,n) = {A\*; n € Z} with A > 1. Let ¢
satisfies (5). Then for any ¢ € A and ¢ with 0 < i < |o(a)|, there

exists r(a); € Z such that 7(a);, = %X’(“)i. Hence, we have

o= o]
0<i<|o(a)|
o(a);=a’ a,a’€A
Mog = AJ (Loqmar (X)) 0, As
M,_ = A <1cra =a’ A” T(“)Ic(a)|—1> A
; a (@po(gr=a' (A7) aa'€h
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where Ay = (g(a)*1a=q )a,area is a diagonal matrix. Therefore, det(/—
M.,), det(I — M, ) and det(/ — M, ) are polynomials in A* divided
possibly by (A%)" for some positive integer n. Since ¢(§) = A" for
some positive integer n for any ¢ € 0y and Oy is a finite set, (s, (o)™
is a polynomial in A=, Thus, (o(a) = p(A*)/q(A*) for some polyno-
mials p, g € Z[z].

Conversely, assume that (g(a) = p(A*)/q(A¥) for some polynomi-
als p,q € Z[z]. Then we have

Heeo(1 — c(§)™) = q(A")/p(A")

on R(a) > 1. Comparing their expansions as Dirichlet series in o, it
holds that ¢(§) € {A\"; n € Z} for any £ € © ([6]). Since B(o,7) is
generated by {c(§); € € O}, we have B(o,7) C {\"; n € Z}. Thus,
B(o,7) = {)\": n € Z} for some positive integer k. O
Theorem 7. If B(o,7) = {\*; n € Z}, then X is an algebraic

number.

Proof. Let Q:=Q(o,7,9). By Theorem 6, there exist polynomials
P, q € Z[z] such that (o(a) = p(A*)/q(A*). By Theorem 5, 1 is a pole
of (a(a). Hence ¢(A) = 0, which implies that A is algebraic. O

5 [J-expansion system

Let 3 be an algebraic integer with 3 > 1 such that 1 has the following
periodic 3-expansion

1= (51077 by02 70 - - - h 0 1)>

blvb%"' 7bk € {1727 ) Lﬁj}

i17i27"' 7ik € {1727"'}7
where (- )* implies the infinite time repetition of ( ). Let n :=
11+124---+1; > 1 and assume that n is the minimum period of the
above sequence. Since the above sequence is the expansion of 1, we

have the solution of the following equation in ay,as, - ,apy; with
ap=appp=land 0<a; <1 (y=2,---,k):

a; = b]ﬁ_l + a]-l-lﬁ_ij (.] = 1727' o 7k)
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Let A:={1,2,--- |k} and define a weighted substitution (o, 7) by

=1, (1/a;)B7") (5 + 1, (aj41/a;)87")
(j: 1,2,--- ,k—l)
k= (1, (Lag)B™)™ (1, (apgr/ax)B™*)

where (, )* implies the k-time repetition of (, ). Then, o is primitive
and B(o,7) ={0" n € Z}. Define g: A — Ry by ¢(j) := a;. Then,
g satisfies (5) and (o, 7, g) is a numeration system by Theorem 2.
We denote Q(3) := Q(o,7,g9) and Q(3) is called the -expansion
system.

The (-expansion system is studied by many authors, for example,
S. Ito and Y. Takahashi ([7]) where the (-function is obtained. Here,
we give the formula again as a corollary of Theorem 4. There is a little
difference between them. In [7], the (-function is for the restriction
{w™; w € O} to the right-quarter space, while ours is for Q2 itself, so

1-p2
1—g—na:

that ours is the product of the former and
Theorem 8. We have

_ -5
- 1 — Ek bj/B_(il-l—"'-I—i]—l-I—l)a _ ﬁ—na )

i=1

Cas)(@)

Proof. We have

det(I — M,) =
L=bi(5)"  —(:%)° 0 0 - 0 0
ba(L)e L0 0 0
_bk_l(ak_lﬁ)a 0 _(ak—laﬁklk_l )a
_bk(akﬁ)a N (!j:gllk )* 0 0 I

k
-1 Z b]‘ﬁ_(21+"'+2]_1+1)a _ g

i=1
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11— (ﬁ)a 0o --- 0
—(ﬁ)CY 1 0 0
det(I — M, ;) = : o, =107
—(ak_lﬁ)CY 0 1 0
()" 0 - 0 1
and
det(I — M, ) =
1 - alagll )a 0
0 1 —(az—g’ﬁ)a 0
_ D o
akO 0 (ak—lﬁlk_l )
_(ﬁ)a 0 ... 0 1

—1-p3

Let £ € Og and w € . Let RE (i € Z) be the sequence of tiles
in dom(w) from up to down intersecting with the line y = +0 and

(0,£0) € RE (& respectively). Then, we have

w(RY Jw(RE )w(R )w(RY) = -+ INEONEERRY
"W(R;)W(RE)W(R;)W(RQ_)"' = .12 k12 k..

Hence, the minimum multiplicative cycle of w on the right half plane
is 3, while on the left half plane is 5. Thus, ¢(¢) = 5". Moreover,
the upper half tiling and the lower half tiling are synchronized so
that the horizontal position of any tile R, with w(R; ) =1 coincides
with that of R;’ for some j. Therefore, ¢ is the unique element in Q.
Hence, (v, (o) =1 — g7

Combining these results using Theorem 4, we have

_ -5
1 — Ek bjﬁ—(i1+~~+ij_1+1)a _ ﬁ—na'

i=1

Cap (@)
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Example 7. Let 3 = (1 +/5)/2 be the golden number. Then, the
expansion of 1 is (10)*. Therefore, A = {1} and (o, 7) is

Lo (LA, 572,
By Theorem 8, we have

1 - 3«
e ==

Example 8. Let us consider the (-expansion system with 3 > 1
such that 3 — 3* — 3 — 1 = 0. Then the expansion of 1 is (110)*

and the corresponding weighted substitution is

L= (1, 8792, 874877

16 1
2 = (L0 )

By Theorem 8, we have

1 - 3«
CQ(Q)(OK) = 1 _ ﬁ_a _ ﬁﬁ_ga _ 6_3a‘

We will discuss this example in the next section.

6 homogeneous cocycles and fractals

Let Q := Q(o, 7, ¢) satisfy (4) and (5).
A continuous function F': Q x R — C is called a cocycle on € if
Flw,t+s)=F(w,t)+ F(w+1,s) (15)

holds for any w € Q and s, € R. A cocycle F' on () is called o-
homogeneous if

F(Aw, At) = N F(w,t)

for any w € 2, A € G and t € R, where a is a given complex number.
A cocycle F(w,t) on § is called adapted if there exists a function
=: A xR; — C such that

Flw,x9) — F(w,21) = Z(w(R), x5 — x1) (16)
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for any w € Q and tile R := (21, 22) X (y1,y2) € dom(w).
In [8], nonzero adapted a-homogeneous cocycles on © with 0 <
a < 1 is characterized. In fact, we have

Theorem 9. A nonzero adapted a-homogeneous cocycle on € is
characterized by (16) with o and = satisfying that R(a) > 0 and there
exists a nonzero vector £ = (€;)aen such that M, & = & (see (11)) and
E(w(R), x2—21) = (v2—21)"Eu(r) for any tile R := (x1,22) X (y1,y2) €
dom(w). Hence, a nonzero adapted a-homogeneous cocycle exists if

and only if R(a) > 0 and o is a pole of (o).

Proof. The last part of the theorem follows from Theorem 5. The
condition that R(«) > 0 is necessary for the convergence of F(w,1)
with (16) for a general ¢t € R. O

It is known [8] that

Theorem 10. Let p be the unique invariant probability measure on
Q under the additive action. Let 0 < o < 1. For a nonzero -
homogeneous cocycle F' on ), we have the following results.

(1) There exists a constant C such that

[F(w,t) = Flw,s)| < Clt — s

for any w € Q and s,t € R. That is, the functions F(w,t) ont for
w € Q are uniformly a-Holder continuous.
(12) For any w € Q and t € R,

lim sup S%|F(w,t +3s)— F(w,t)] >0
540

holds. That is, for any w € Q the function F(w,-) is nowhere lo-
cally o/ -Hélder continuous for any o > «. In particular, F(w,-) is
nowhere differentiable.

(1i1) The stochastic process F(w,t) with time parameter t € R
and random element w € Q with respect to p has a strictly ergodic
stationary increment having 0-entropy.

(1v) F(w, At) has the same law as A F(w,t) for any A € (. Hence,
the process F(w,t) is a-self similar if G = Ry.

(v) [ F(w,t)dp(w) =0 for any t € R.
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Example 9. Take € in Example 1 and 6. Since
_( 4/3 1/3
M1/2 - ( 1/3 4/3 ) )

£ = _11 ) is an eigenvector of M, with eigen-value 1. Let I be
the 1/2-homogeneous adapted cocycle on € defined by the equation:

Flw,x9) — F(w,x1) = +(22 — :1:1)1/2

if there exists a tile (21, 22) X (y1,y2) in w with color +, respectively
(see Theorem 9).

Then, F(w,t)is a 1/2-selfsimilar process with respect to the unique
invariant measure g under the additive action, called N-process,
which is discussed in the next section.

Consider the family of functions (F(w+n,1))u=0.1,2,... on the prob-
ability space (€2, x). Since

nB[F(w,1)] = Bl(n'*F(w, 1
= E[F(w,1)’]4 E[(F(w,n)— F

= E[F(w, 1]+ E[F(w+1,n—

= BlF(w, )Y+ (n— )E[F(w,1)*

we have

ElF(w,1)(F(w,n) — F(w,1))]=0
for any n = 1,2,---. Therefore,

ElF(w, )(F(w+n,1)]

= E[F(w,1)(F(w,n+1)—= F(w,n))]
= E[F(w,)(F(w,n+1)— F(w,1))]
—FE[F(w

=
=
B
=
|
=
B
Z
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for any n = 1,2,---. Hence, for any n < m,
ElF(w4+n,1)(F(w+m,1)] = E[F(w, 1)(F(w+4+m—mn,1)] = 0.

This implies that the family of functions (F(w +n,1)),=0.1,... is non-
correlated.

Let Z(Q) be the set of w € 2 such that there exists (xq,x2) X
(y1,y2) € dom(w) satisfying that ;1 = 0 and y; < 1 < y2. An
element w € Z(N) is called an integer in . Let

IZ(Q) = {(w, 1) € Z(Q) x R; w+t € I(Q) }.

A continuous function F': ZZ(Q)) — C is called a cocycle on Z(9)
if (15) is satisfied for any w € Z(92) and ¢,s € R such that (w,t) €
I7Z(Q) and (w,t 4 s) € TZ(Q).

A cocycle F' on Z(Q) is called adapted if there exists a function
=: A xR; — C such that (16) is satisfied for any w € Z(€) and tile
(x1,22) X (y1,y2) € dom(w) with y2 > 1. Let a € C. A cocycle I on
Z(R) is called a-homogeneous if

F(Aw, At) = N F(w,t)

for any (w,t) € ZZ(Q) and A € G with (Aw, At) € TZ(2). Note that
if (w,t) € TZ(Q), then for any A € G with A > 1, (Aw, At) € TZ(Q)
holds.

A cocycle Fon Z(9) is called a coboundary on Z() if there exists
a continuous function G : Z(£2) — R* such that

Flw,t)=Glw+1) — Gw)

for any (w,t) € IZZ(R).
The following theorem is proved in [10].

Theorem 11. A nonzero adapted a-homogeneous cocycle on I()
with R(«) < 0 is characterized by (16) with = satisfying that there
exists a nonzero vector £ = (€;)aen such that M, & = & (see (11)) and
E(w(R), za—x1) = (w3—x1)"Eu(r) for any tile R := (21, 22) X (y1,42) €
dom(w) with yo > 1. Hence, a nonzero adapted c-homogeneous cocy-
cle on I(Q) with R(«) < 0 exists if and only if o is a pole of (o).

Moreover, any cocycle as this is a coboundary.
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Example 10. Let us consider the -expansion system in Example
8. Denote Q := Q(). The associated matrix is

Ma:< ?‘: (B~ + 8~ )“)

(51" 0

Let v be one of the complex solutions of the equation 2% — 22—z —1 =

0. Then, |y] < 1. Let o € C be such that v = 3*. Then, R(«a) < 0.

Since we have
1 1
w(5)=(5)

“+1
b7+ —, there exists an a-homogeneous adapted cocycle

B+
F on Z(9) satisfying that

T9 — x1)° w(ft) =1
Flw,z) = Flw,a1) = { TN -

if there exists R := (21, 22) X (y1,y2) € dom(w) with y, > 1.

For w € Z(Q), let Ro(w) be the tile (xg, %) X (yo,%0) € dom(w)
such that 2o = 0 and yo < 1 < go. For 2 =0,1,2,---, let R; be the
i-th ancestor of Ro(w). Let R; =: (x;, &;) X (yi, 9:). Let

o0

G(w) = Z(fﬁz — i)

=0

Since if @; > x;41, then there exists a tile (41, %) X (Yiz1, BYiv1)
with color 1 in w, we have

F(wvxi) - F(wvxi-l-l) = (xl - xi-l-l)a

forany : =0,1,---.

Take any t € R such that (w,t) € ZZ(). Let (R.)=12.. and
(2!)iz0,1,.. be the sequences as above for w + ¢ instead of w. Then,
there exist ¢p > 1, jo > 1 such that R} , = Rj4, —t for any

k=0,1,---. Then, since ) ,, = x4} —t for any k = 0,1,---, we
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have

Glw+t)—G(w)
Jjo—1 19—1

= ) (@l —al)" =) (w— wi)”
=0 =0

Figure 9: SZ(N)', BZ(Q)?, FZ(Q)* + 3

Thus, the a-homogeneous cocycle F'is a coboundary with cobound-
ary function G. The set G(Z(f)) is known as Rauzy fractal. For
w € Z(N), let

T(Q)" = {w € T(Q); w(Ro(w)) = a} (a=1,2)

and
Gy = GZ(Q)) (a=1,2).

Considering the children of the tile Ry(w), we have a set equation
that

()" = BI(Q)' VBTN U(BZ(Q)" + 5)
Z(0)? = BI(N) + 1.

Hence, the following set equation holds:

Gl = ’)/Gl U’)/GQU(’}/QG2‘|"Y)
G2 = ’)/G1—|—1

G1 U Gy is shown in Figure 10.
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-1.5it

Figure 10: G(Z(9))

Remark 2. The above Rauzy fractal is usually introduced by the
substitution 1 — 12, 2 — 13, 3 — 1 (S. Ito and P. Arnoux [1]). We
modify it canonically to the weighted substitution in Example 8 (see
Remark 1). The set equation is usually denoted as

Gl = ’YGlU’)/GQU’}/Gg
G2 = ’)/G1—|—1
Gs = ~yGy+1,

which is equivalent to ours.

7 N-process

We consider the N-process defined in Example 9. It is defined as
a (1/2)-homogeneous cocycle F' on the space = Q(o,7) with the
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weighted substitution (o, 7) in Example 1. Hence, F' is defined by
Flw,2q) — Flw,21) = £(zg — 51/'1)1/2 (17)

if there is a tile (21, x2) X (y1,y2) € dom(w), where £+ corresponds to
the color of the tile.

Take wy € 2 which has a tile Ry := (0,1) x (1,9/4) with wo(Ro) =
+. Then, F(wo,1) = F(wo, 1) — F(wo,0) = 1 by (17). Since Ry has
3 children Ry g, Ry 1, R12 with colors +, —, + and the vertical sizes
4/9,1/9,4/9, we have F(wy,4/9) = 2/3 and F(wo,5/9)—F(wo,4/9) =
—1/3 by (17). Hence, F(wo,5/9) = 1/3.

Since there is a one-to-one correspondence between the descendants
of Ry and those of Ry o keeping the color given by

(x1,2) X (y1,92) = ((4/9)z1,(4/9)x2) % ((4/9)y1,(4/9)y2).
Hence by (17),
F(wo, (4/9)x2) — F(wo, (4/9)x1) = (2/3)(F(wo, 22) — F(wo, 1))

holds if (x1,22) X (y1,y2) € dom(wy) and (x1,22) C [0,1]. By the
continuity of F'(wo,t) in t, this implies that

F(wo, (4/9)1) = (2/3) F(wo, 1)

for any ¢ € [0,1]. By the similar correspondence keeping the color
between the descendants of Ry and those of Ry 3, we have

Flwo, (5 + 41)/9) — F(wo,5/9) = (2/3)F(wo, 1)

for any ¢ € [0,1]. By the similar correspondence changing the color
between the descendants of Ry and those of Ry, we have

Flwo, (44 1)/9) — F(we, 4/9) = —(1/3)F(wo, 1)

for any t € [0, 1].
Hence, the graph I' of the function F'(wg,t) on ¢t € [0, 1] satisfies
the set equation I' = ¢(I'), where for a compact set R,

W(R) = 1po(R) Ui (R) Uba(R)
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1 1
2/3
1/3
0 4/9 5/9 1 0 1
N, N,
1 1
0 1 0 i

Figure 11: Ny, Ny, N3 and N,
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with the functions g, ¢y, : H — R? given by

do(e,y) = ((4/9)z,(2/3)y)
di(e,y) = (e +4)/9,(-y +2)/3)
Ya(w,y) = ((de+5)/9,(2y +1)/3).

Then, I' is obtained as the limit in the sense of Hausdorff metric
of ¥*(I'n,) as n — oo, where 'y, denotes the graph of the function
No(t) :==1t (t € [0,1]). For n = 1,2,---, define a function N, on
[0,1] by I'n,, = ¥™(I'n,). Then, N; is a continuous piecewise linear
function whose graph consists of 3 line segments

vo(I'nvg) = {(z,y); y=(3/2)z, 0 < a <4/9}
i(Tny) = {(z,y); y=-3c+2, 4/9 <a <5/9}
Vo) = {(z,y); y=(3/2)x —(1/2), 5/9 < a < 1}.

as seen in Figure 11.

Since I'n, = ¢(I'n, ), N2 is a continuous piecewise linear function
on [0, 1] obtained by replacing 3 line segments in 'y, by self-affine
images of I'y, or I'_yn, keeping the 2 end points fixed. Then, the
graph of Ny consists of 9 line segments. In the same way, we obtain
N, from N,_; for n = 3,4,---. Then, N, is a continuous piecewise
linear function on [0, 1] whose graph consists of 3" line segments.

Let =, be the set of closed intervals which are the projection to the
horizontal axis of the 3" line segments consisting of the graph of V,,.
Note that =, is the set of closed intervals which are the projection to
the vertical axis of the descendents of the n-th generation of the tile
Ry in wg. Let A, be the set of the end points of =,,. Let = = U2 =,
and A = U2 A,. Denote Noo(t) := F(wo,t) (t € [0,1]). Then, the
function N (t) is the pointwise limit of N, (?) as n — oo.

Theorem 12. [

(i) For any s,t with 0 < s <1 <1, |[Nuo(t) — Noo(s)] < [t — s|'/?
holds. Moreover, the equality holds if and only if [s,t] € =

(12) For any Borel set R C [0,1],

/ dt :/ (2 — |4t — 2|)dt.
Neo(t)ER R
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(1i1) The Hausdorff dimension of the graph Un. of the function
Ny, satisfies that H-dimI'y_ = 3/2. In fact, the (3/2)-dimensional
Hausdorff measure of it is positive and finite.

(1v) Neo(t) is locally minimal or maximal at t = to if and only if
to € A. In this case, there exists 6 > 0 such that

(1/VB)|h]Y? < [Noo(to + B) — Neo(to)] < |B]'/?

holds for any h with to+ h € [0,1] and |h| < 4.
(v) For any ty € [0,1] with to ¢ A and € > 0, it holds that

H-dim{s € (to — €,%0); Nuo(s) = Nuo(to)}
= H-dim{s € (to,to+ €); Nuoo(s) = Noo(to)} = 1/2.

In fact, the (1/2)-dimensional Hausdor{f measures of the above sets
are positive and finite.

Proof. (¢) is proved in [9].

(1) Let £ be a bounded operator on the Banach space C([0,1])
defined by

(L) = (4/9)F((2/3)t) + (1/9)J((2 = 8)/3) + (4/9)F (1 +2t)/3)

for any ¢t € [0,1] and f € C([0,1]).
Let v and 7 be the probability measures on [0, 1] defined by

v(S) = / dt
N (t)ES

/Sdr = /5(2—|4t—2|)dt

for any Borel set S C [0,1]. We prove that v = 7.
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For any f € C([0,1]), we have
[esar = [envaa
= [y
+ [ - Moy
+ [+ 2N @)/
= [
+ [ FNallt + /90t
/ (419)F(Nac (4 +5)/9)
- [ v [ s [ oo

:/f ))dt = /fdz/

Thus, v is invariant under £. We prove that 7 is also invariant under

L.
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In fact,
/,Cfdr = / (2 — |4t = 2)(Lf)(t)dt
= [ -2
+ [ (2= e = 2)/9)f((2 - /3
+ [ (2= 2)a/ri(1 -+ 20 3)a
= [T e namoea

2/3
+/ (2 — |12t — 6])(1/9) f(¢)3dt
1/3

+/1 (2 — |6t —4[)(4/9) f(t)(3/2)dt
1/3
_ // 6¢(2/3) f(t)dt

+ //1/2 ((4—6)(2/3) + (=4 +12t)(1/3) + (=2 + 61)(2/3)) f (t)dt

-/ /2/3 ((4 = 68)(2/3) + (3 — 120)(1/3) + (=2 + 61)(2/3)) F(1)dt

— d
N /2/3<6 61)(2/3) (1)t
= /(2—|4t—2|)f(t)dt:/fdr.

By the definition of the operator £, we have
(LI (1) = (8/27)f((2/3)1)—(1/27) ['((2—1)/3)+(8/27) [ (1+21)/3)
for any f € C'*([0,1]). This implies that || (Lf) ||< (17/27) || /' |I-

Therefore, we have || (L*f) ||< (17/27)" || f' ||, and hence, (L"f)’

converges to 0. This implies that there exists a subsequence {n'} C
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{n} such that £ f converges to a constant, say ¢. Hence, we have

/fdz/ :hm/ﬁ”'fdz/: c:hm//;n’fdr = /fdr

for any f € C*([0,1]). This implies that v = 7.

(i27) Let I' := 'y ). Since Ny is uniformly 1/2-Hélder continu-
ous, the (3/2)-dimensional Hausdorff measure of I is finite. We prove
that it is positive.

Let v be the probability measure supported by I' such that for
any Borel set S C [0,1],

ve((S % [0,1]) N T) = /dt.

S

Then by (1), it holds that

vr([0,1] x S) = /S (2 — |4t — 2|)dt. (18)

Take any cover U = {Us;; @ = 1,2,---} of I'. Let I3,(U) :=
S d(U;)*?, where d(U) denotes the diameter of the set U. Since
for any set U, we can find a closed rectangle U’ such that U C
U' and d(U') < 2y/2d(U), we can replace each set U € U by a
closed rectangle as this, so that we have a cover U’ of I' consisting
of closed rectangles such that Is/o(U’) < 5I3/2(U). Since for any
interval [a,b] C [¢, d], we can find at most 2 intervals Iy, I in = such
that [1Uly D [a,b] and |[I1]|+|13] < 9(b—a). We replace each rectangle
[a,b] x [¢,d] €U as above by I} X [¢,d] and Iy X [e, d]. Furthermore,
we replace them again by [; X ([¢,d] N Noo(1L)) (1 = 1,2). Let V =
{Vi; i=1,2,---} be the cover of I obtained by this procedure from
U. Then, we have

Take any of V; =: [ x [¢,d] € V. By the assumption, I € = and
[e,d] C No(I) =: [C,D]. Let Noo(I) =: [C,D]. The graph of I
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restricted to [ x [C, D] is the image of I' by the mapping (z,y) —
(a + |I]x, b+ |1|'?y) with some a,b and £. Hence by (18), we have

vr(Vi) = wvr(I X [e,d))

c—C d-C
= |[|VF<[071] X [D—C”D—C])
o — Tq

D—-C
o — Tq

| | |[|1/2
= 2|V (xy — xy) < 24(V7)2 (19)

IA

2|11

Thus, adding the above inequality, we have

lsa(V) = (V2 = (1/2) YD wn(Vi) = (172 (D) = 172,

K3

so that I5,(U) > 1/270, which completes the proof.

(1v) Let to € A\ {0,1}. By (7),
[ Noc(to +h) = Nec(to)| < [A]*/*

holds for any h with o+ h € [0, 1]. Therefore, it is sufficient to prove
that there exists § > 0 such that

(L/VB)IAI"? < [Noo(to + h) = Noc(to)|

holds for any h with to + h € [0,1] and |h| < §. There are intervals
I and J in some ', such that {to} = I N J and [ is in the left side
of J. Then, either the piecewise linear function N, is increasing in
I and decreasing in J or N, is decreasing in [ and increasing in J.
Without loss of generality, we assume the latter. Then, we have

Noo(to = |1]s) = Noo(to) = [II'"*(1 = Noo(1 = 5))
Noo(to+ |[J]s) = Nao(to) = |J[V2NL(s).

for any s € [0,1] by the set equation ¢(I') = I'. Therefore, with
h=|J|s
1
[Neo(to + h) = Neo(to)| > 75|h|1/2

48



follows from the statement that

1/2

S
>
V5

for any s € (0,1] and with h = —|[|s

Noo(s)

1
|Neo(to + h) — Neo(to)| > 75|h|1/2

follows from the statement that
$1/2
1 —N(1—-35)>—
-9z
for any s € (0,1]. By the symmetry of the graph of N, with respect
to (1/2,1/2), the second statement follows from the first statement

that
$1/2
No(s) > —
()_\/5

for any s € (0, 1].
We prove this inequality. Note that the equality holds for s = 5/9.
Suppose that

Now(s)/s'2 < %

holds for some s € (0,1]. Since

co:= inf N.(s)/s? = min No(s)/s"*= min N,(s)/s"/?

5€(0,1] s€[4/9,1] s€[5/9,1]
there exists so € [5/9, 1] which attains the minimum. Then,

00501/2 = Noo(So)

(1/3) + Neo(s0 = (5/9))

> o5/ + eo(s0 — (5/9))1/7
> cos(l)/2
which is a contradiction. Thus, No.(s) > 5\1//; for any s € [0, 1], which

completes the proof of (iv).
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(v) We prove that for any € (0,1), the (1/2)-dimensional Haus-
dorff measure of (N, ), is positive and finite, where we denote (N, ), :=

{t €[0,1]; Noo(t) = x}. Let
di=02—|dx =2DA2—=]2(x+1)—-2]) > 0.
We prove that for any cover U of (Nu)e, I12(U) > (1/10)5. We

may assume that ¢/ consists of open intervals, so that there exits a
finite subcover of . Therefore, we may assume that U is a finite
cover consisting of closed intervals. Moreover, by the same argument
as in the proof of (ui1), it is sufficient to prove that for any

Vi={l;i=12,--- K} CZ,
1/2)6. Let € > 0 satisfy that @ + 2¢ < 1 and |/;| > € for

(
,2,--+, K. By the same argument as in (19), we have

€

vr(li x [z, @ + €]) < 2[1] | 1;]1/2

S 26|[¢|1/2.

Adding the above inequality, we have
ve(T N ([0,1] % [z, + €])) < 2elio(V),
Hence by (18) and the definition of d, we have
Liya(V) > (26) 7 wp([0,1] % [z, 2+ €]) > (1/2)9,

which completes the proof that Hausdorff measure of (N, ), is posi-
tive.

To prove that it is finite, for any sufficiently small ¢ > 0 and ¢ €
(Noo)z, we take V(1) € = such that ¢t € V(¢) and 2¢ < |[V(1)] < 18e.
Then, there exists a finite subcover V := {V; : i =1,2,--- | K} of
{V(t); t € (Nw)z} such that V; NV} is at most one point for any

For any ¢t = 1,2,--- | K, by the same argument as in (19), we have

vp(Vi x [ — 61/2,:1: + 61/2])
(e/|ViD2/?
|VZ|/ (2 — |4t — 2|)dt
0

> [Vil2¢/|Vi] = 2¢ > (2/5)e VA2,

AV
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Adding this inequality together with (18), we have
46 > pp([0,1] % [2 — €Y% 2 + €/7)

vp(I'N([0,1] X [z — 61/2,:1; + 61/2]))
> (2/5)e 21, (V).

Hence, we have I, ,()V) < 10, which completes the proof that (1/2)-
dimensional Hausdorff measure of (N ), is finite.
The statements in (:v) follows from this. O

Consider the stochastic process (N;):er defined by Ny (w) = F(w, 1),
where w comes from the probability space (€, i), ¢ being the unique
invariant probability measure invariant under the additive action.
This process was called the N-process and studied in [9]. A pre-
diction theory based on the N-process was developed. A process
Y; = H(Ny,t), where the function H(x,s) is an unknown function
which is twice continuously differentiable in # and once continuously
differentiable in s and H,(x,s) > 0 is considered. The aim is to
predict the value Y. from the observation Y; := {Y;; t € J}, where
J =la,b] and a < b < c.

Theorem 13. ([9]) There exists an estimator Y, which is a measur-
able function of the observation Yy such that

E[(Y. - Y2)!) = O((e — b)*)

as c | b.

Open problems:

(1) The systems of the geodesic and horocycle flows on the upper half
plane H/G devided by cocompact discrete groups G € PSLy(R) are
numeration systems which are not isomorphic to those coming from
weighted substitutions (private communications by Prof. Benjamin
Weiss). How to characterize the numeration systems coming from
weighted substitutions?

(2) Is the condition B(o,7) = R; necessary for the R-action of a
numeration system coming from weighted substitutions with respect
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to the unique invariant probability measure to be weakly mixing?
When doess it have a discrete spectrum?

(3) What is the multiplicity of the pure Lebesgue spectrum possessed
by the R-action of a numeration system coming from a weighted sub-
stitution with B(o,7) = R4 with respect to the unique invariant
probability measure?

(4) When does a numeration system admit an additive group struc-
ture consistent with the (R, G)-action?
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