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Abstract

Pattern Sturmian words introduced by Kamae and Zamboni [KZ1,
KZ2] are an analogy of Sturmian words for the maximal pattern com-
plexity instead of the block complexity. So far, two kinds of recur-
rent pattern Sturmian words are known, namely, rotation words and
Toeplitz words. But neither a structural characterization nor a reason-
able classification of the recurrent pattern Sturmian words is known.
In this paper, we introduce a new notion, pattern Sturmian sets, which
are used to study the language structure of pattern Sturmian words.
We prove that there are exactly two primitive structures for pattern
Sturmian words. Consequently, we suggest a classification of pattern
Sturmian words according to structures of pattern Sturmian sets and
prove that there are at most three classes in this classification. Ro-
tation words and Toeplitz words fall into two different classes, but no
examples of words from the third class are known.

2000 Mathematics Subject Classification: uniform complexity, pattern
Sturmian word, language structure

1 Introduction

1.1 Pattern Sturmian words

Let A denote a nonempty finite set which is called an alphabet. Let o € AV
be an infinite word over A, where N = {0,1,2,---} is the index set. Let k be
a positive integer. By a k-window 7, we mean a subset of N with cardinality

k. For a word a € AY and a k-window 7 = {1y < 71 < -+ < Tp_1}, we
denote
aln+7] = an+m)an+m)--ca(n+ 1) €A
F(r) = falnt]; neN)

palT) = #HEL(T),

where a[n + 7] is considered as a word on the index set 7, and #FE denotes
the cardinality of a finite set E. An element in F,(7) is called a 7-factor of



. The maximal pattern complexity p, for a word « is introduced by Kamae
and Zamboni [KZ1] as

pZ(k) = Suppa(T) (k = 172737 )7

where the supremum is taken over all k-windows 7. The block complexity p,
is defined as

poz(k) :pa({07 Iy 7k - 1})

Morse and Hedlund [MH] characterized the eventually periodicity in term
of block complexity by showing that a word « is eventually periodic if and
only if pa(k) < k+ 1 for some k € Zy :={1,2,---}. A word a with block
complexity p,(k) = k+ 1 (k € Z4), which is of the minimal complexity
among the non-periodic words, is known as a Sturmian word. Excellent
descriptions of Sturmian words can be found in Chapter 2 of [Lo] by J.
Berstel and P. Séébold, and in Chapter 6 of [Fo] by P. Arnoux.

In a similar way, Kamae and Zamboni [KZ1] characterized the eventually
periodicity in term of maximal pattern complexity. They proved that a
word « is eventually periodic if and only if p (k) < 2k for some k € Z.
Accordingly, a word « with p* (k) = 2k (k € Z) is called a pattern Sturmian
word.

It is shown that Sturmian words are pattern Sturmian. Indeed, the class
of pattern Sturmian words is larger than that of Sturmian words. Till now,
three classes of pattern Sturmian words are known: rotation words, Toeplitz
words and a class of {0, 1}-words with rare 1, where the first two of them
are recurrent, while the last ones are not (see [KZ1, KZ2]).

We do not know whether there are pattern Sturmian words other than of
these kinds or not. We are also interested in what are the common points
of the three known pattern Sturmian words, and what are the differences
between them. In this paper, we analyze the language structure of recurrent
pattern Sturmian words, and try to answer these questions.

1.2 Uniform set

Let A be an alphabet and ¥ be a countable infinite set. An element w € A
(which is a mapping from ¥ to A) is called a word on the index set ¥ over
A, or a ¥-word over A. For a nonempty finite set S C X, define mg(w)
to be the S-word which is the restriction of w to S. For Q C A¥, put
ms(Q) = {ms(w); w € Q}.

A subset Q C A¥ is called a uniform set if #75(Q2) depends only on the
size of S. Thus, we introduce the uniform complexity function pq : Zy — Z
by pa(k) = #7s(2) with #S = k. Special concern is paid to two classes
of uniform sets, namely, Sturmian sets Q with po(k) =k +1 (k € Z4) and
pattern Sturmian sets Q with po (k) =2k (k € Z).



Example 1.1. Take ¥ = N. A word o € {0, 1}V is called an increasing
word (a decreasing word) if a(i) < a(j) (a(t) > a(j), res.) whenever @ < j.
A word is monotone if it is increasing or decreasing. A word a € {0, 1}V is
called a Dirac word if there exists iy € N such that a(7) = 0 for any ¢ # ig.
Define

Qo: = {oe{0,1}%; ais increasing}

Qh: = {ae{0,1}% ais Dirac}

Q: = {ae€{0, 1}2; « is monotone}

Q) : = {ae{0,1}% ais either decreasing or Dirac}
Qy: = {a€{0,1}% ais either increasing or Dirac}.

Then, it is easily seen that ©y and €f, are Sturmian sets, while €y, Q} and
Q5 are pattern Sturmian sets. These sets will play an important role in our
study and these notations will be used throughout the paper.

We will show that a uniform set € is finite if and only if po(k) < k holds
for some k (Proposition 2.3). Hence, a Sturmian set is an infinite uniform
set with the minimum uniform complexity.

As we will see, the pattern Sturmian sets are closely related to the pattern
Sturmian words.

—

[000] = [000]

[00]/ [001] [00]/ [001]
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Figure 1: Qg and Q)

1.3 Classification of recurrent pattern Sturmian words

We study the language structure of the uniform sets on the index set N.

We introduce in Section 3 the notion of isomorphism between uniform sets
U and V on N, so that U and V are isomorphic to each other if and only if
the trees representing the extension schemes of the languages of them along
the indices 0,1, 2, - -+ are isomorphic. Then, the structure of a uniform set Q
on the index set N is defined to be the isomorphic class of this isomorphism
containing €, which is denoted by [€2].

It holds that in Example 1.1, Qg and €, are isomorphic to each other and
Q; and Q) are isomorphic to each other, while €4 and € are not isomorphic
(see Figures 1, 2, 3).
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Let N = {ng < my < nyg <---} C Nand ¢y : {0,1}}" — {0, 1}"' be such
that ¥ (w)(k) = w(ng) (k € N). The induced set Q(N') of a set Q@ on N is
defined to be the set /(). It is a uniform set on N if Q is so.

A uniform set €2 is called primitive if all induced sets of €2 are isomorphic to
Q itself. The structure [Q] for a primitive uniform set € is called primitive.
That is, [2] is primitive if there exists a primitive element in [©].

We prove that [€2] is the unique primitive structure among the Sturmian
sets, while there are exactly two different primitive structures among the
pattern Sturmian sets, namely, [Q;] and [Q3].

The uniform sets are interesting subject to be studied in general. For
example, how to characterize the uniform complexity functions is an inter-
esting problem. Here, we only discuss finite uniform sets, Sturmian sets and
pattern Sturmian sets in Section 2 and Section 3. The results there except
Theorem 3.5 are irrelevant to the arguments after Section 3.



1.4 Ultimate structure

Given a recurrent pattern Sturmian word a € {0,1}". We prove in Theorem
4.1 that there exists an infinite subset A" of N, which is called an optimal
window, such that for any nonempty finite set 7 C N, we have p,(7) = 2#7.
Then, we have a pattern Sturmian set Q(a)(N), where Q(a) denotes the
orbit closure of o with respect to the shift on {0,1}".

We denote by US(«) the set of structures [Q(«)(N)] for all optimal win-
dows NV of a such that Q(«)(N) is primitive. We prove that US(a) = {[4]}
for all rotation words «, while US () = {[€22]} for all Toeplitz words o (The-
orem 4.3 and Theorem 4.8). Thus, we can classify the recurrent pattern
Sturmian words in terms of the language structure.

Specially, for Toeplitz words, we give concrete constructions of optimal
windows, which give an alternative proof of the fact that the simple Toeplitz
words are pattern Sturmian, which is presented with a wrong proof in [KZ2].
Also remark that a proof of this fact in a more general setting can be found

in [GKTX].

1.5 More references on the complexity in general

For to survey the block complexity in general, see Ferenczi [Fe]. The block
complexity of general Toeplitz words are discussed by Cassaigne and Karhumaki
[CK] and Koskas [Ko]. Other kinds of complexity are defined and discussed
by Allouche, Baake, Cassaigne and Damanik [ABCD], Avgustinovich, Fon-
Der-Flaass and Frid [AFF], Frid [Fr], Nakashima, Tamura and Yasutomi
[NTY], Restivo and Salemi [RS]. The notion of pattern Sturmian words is
extended to the words over { letters in [KR], and to the 2-dimensional words

in [KRX].

1.6 Organization of the paper

This paper is organized as follows. Section 2 and Section 3 are devoted to the
study of uniform sets. In Section 2, the notion of uniform sets is introduced
and some basic properties are investigated. We are specially interested in
the pattern Sturmian sets which have the uniform complexity 2k. In Section
3, we study the isomorphism between uniform sets. The isomorphism classes
are called structures. We prove that there exist exactly 2 primitive structures
among the pattern Sturmian sets. Section 4 is devoted to the study of
language structure of pattern Sturmian words. In Subsection 4-1, we prove
that all recurrent pattern Sturmian words admit optimal windows, which
define the ultimate structure of them. In Subsection 4-2, we study the
ultimate structure of the rotation words, while in Subsection 4-3, we study
the ultimate structure of the Toeplitz words.



2 Uniform sets

Let A be an alphabet and X be an index set. Let Fj (k € Z4) be the
collection of subsets of Y consisting of k& elements, that is, F = {5 C
¥ #5 = k} Set F = Uk21]:k-

For S C X, a S-word « over A is called a constant word if there exists
a € A such that a(o) = a for any ¢ € S.

Let S and S’ be two disjoint subsets of ¥, w and w’ be an S-word and an
S’-word respectively, the concatenation of w and w’ is defined to be the SUS’-
word ww’ with the property ww’(o) = w(o) if ¢ € S and ww' (o) = w'(0) if
oe S

Given w € 7g(Q2). If w' € 75/(RQ) satisfies that ww’ € wgus (), then we
say that w’ is an S'-extension of w in Q. For 0 € ¥\ S, w € wg(Q) is called
o-special if there are at least two different {o}-extensions of w in Q. The
complezxity of Q is the function pg : F — Z4 defined by pa(9) = #7s€2.

Definition 2.1. A nonempty subset Q C A* is called a uniform set if the
complexity po(S) depends only on #5.

If © is a uniform set, we have a function pq : Z 4 — Z such that pq (k) =
pa(S) for any S € Fi. The function pq is called the uniform complezity
Sfunction.

From now on, we always take A = {0, 1}. We consider the finite uniform
sets first.

Proposition 2.2. Let Q € {0,1}* be a finite uniform set, then either
(i) pa(k) = 1 and Q = {w} for some w € {0,1}%, or

(ii) pa(k) =2 and Q = {w, @} for some w € {0,1}>,

where we put 0 = 1,1 =0 and w(c) = w(o) for any o € X.

Proof Assume that Q = {wy, wy, -, w,} is a uniform set.

For o € X, define a vector v(o) = (wy(0), wa(0), -, w,(o)) € {0,1}".
Since there are only finite number of vectors in {0, 1}, there exists a vector
v, such that v(o) = v for infinitely many of 0. Denote ¥/ = {o; v(o) =
v}. Then for any S C X/, 7g(€2) consists only of constant words, so that
#75() < 2. Since #S as above can be any positive number and € is
uniform, we have po(k) <2 (k= 1,2,---). This implies that either pq (k) =
1 or pa(k) = 2 since pq(k) is an increasing function of k& and pq(1l) = 1
implies po(k) =1 (k=1,2,---).

On the other hand, if po(k) = 1, then Q is a singleton; and if po(k) = 2,
then Q = {w,w}. O

Proposition 2.3. Let Q be a uniform set. If there exists k such that po (k) <
k, then Q is a finite set.

Proof If po(1) = 1, then Q is a singleton. If po(1) = 2 and pq(k) < k,
then there exists a &’ < k such that po (k' + 1) = pa (k).



Take S C ¥ with #5 = k’. Then for any o € X\S and w € , since
pa(k' + 1) = pa(k’), w(o) is determined by the S-word 7mg(w). Hence w is
determined by mg(w), and Q is a finite set. O

Definition 2.4. A uniform set Q C {0,1}* is called a Sturmian set if the
uniform complexity satisfies po(k) = k£ + 1 for any k € Z; Q is called a

pattern Sturmian set if the uniform complexity satisfies pq(k) = 2k for any
keZy.

Hence, Sturmian sets have the minimal uniform complexity among all
the infinite uniform set by Proposition 2.3. Examples of Sturmian sets and
pattern Sturmian sets are given in Example 1.1. We have the following
characterizations.

Theorem 2.5. If 2 is a uniform set. Then, ) is a Sturmian set if and only
if pa(2) = 3.

Proof Obviously the condition pg(2) = 3 is necessary. To show the suffi-
ciency, suppose that € is uniform and pg(2) = 3. Then by Propositions 2.2
and 2.3, Q is an infinite set and po(k) > k+ 1 for any k € Z4. So we only
need to show that po(k) < k+ 1.

Otherwise, suppose that po(k) > k + 2 for some k > 3. Then there exists
a k' < k such that po(kK + 1) > pa(K') + 2.

Take S C ¥ with #5 = k' and 0 € ¥\S. Since A = {0,1} and each
S-word has at most two {o}-extensions, there are two S-words wy and w,
which are o-special. Since w; and w, are distinct, there exists a 7 € S
such that w () # wa(7). So 7,1 (22) = {00,01,10,11} and po(2) = 4, a
contradiction. O

A uniform set € is said to fulfill (k)-Condition if its uniform complexity
satisfies

pa(m) =2m form =1,2,---  k; but pa(k+ 1) =2k + 1.

Thus, by Theorem 2.5, ©Q is a Sturmian set if and only if it fulfills (1)-
Condition.

The following lemma will be used for the characterization of pattern Stur-
mian sets.

Lemma 2.6. Let 2 be a uniform set.

(1) There exists an infinite subset X' C X such that 7s:(Q) contains at
least one constant word.

(2) If Q fulfills (k)-Condition for some k > 2, then for any S C X with
1S =k, there exist wy € m5(Q) and an infinite subset X' C X\ S such that
wy is {o}-special for any o € ¥ and {ry/(w); w € Q and ng(w) # wy}
consists of two constant words.



Proof (1) Take an arbitrary word w € €. Since ¥ is an infinite set, there
exists an infinite subset 3 such that 7y (w) is a constant word. Thus, 75/ (£2)
contains at least one constant word.

(2) Assume that Q fulfills (k)-Condition for some k > 2. Take S C ¥ with
#S5 = k and write 75(Q) = {wy, wa, - -, wak}. Since po(k+1) =2k + 1, for
any o € X\ S, just 1 element in {wy, wq, -, wot} is o-special. Therefore,
without loss of generality, we may assume that there exists an infinite set
Y C X\ 9 such that w; is the only element in 75(2) which is o-special for
any o € ¥ and

{r(w);w € Q and mg(w) # wy }

consists only of constant words.

We conclude the proof by claiming that both constant words with 0 and
1 are included in the above set. Otherwise taking 7 € S and ¢ € ¥/, one
can find only three different {7, c}-words, which contradicts the fact that
pg(?) =4.0

Theorem 2.7. If Q is a uniform set. Then € is a pattern Sturmian set if
and only if pa(2) = 4 and po(3) = 6.

Proof We only need to show that if Q is uniform and po(2) =4, pa(3) =
6, then po(k) = 2k for any k.

e po(k) < 2k for any k > 1: Otherwise, there exists a k& > 3 such that
pa(k+1) > pa(k) + 3.

Take S C ¥ with #5 = k and o € ¥\S. there are three S-words wy, we
and ws which are o-special. Since wq, w9 and ws are distinct, there exists a
71,72 € S such that m -y (w1), Tir rpy(w2) and 77 -y (w3) are different
from each other. Also all of them are o-special. Since pg(2) = 4, there is an-
other {7y, 72 }-word besides 7, - 1(w1), (7, -3 (w2) and 77, -1 (ws) which
has at least one {c}-extension. Then #r. - () > 7, which contradicts
the assumption pq(3) = 6.

e po(k) > 2k for any k > 1: Otherwise, there exists a k& > 3 such that
pa(k+1) < pa(k) + 1.

If pa(k+1) = pa(k), then as in the proof of Proposition 2.3, we can show
that €2 is finite which is a contradiction.

It remains only one possibility: € fulfills (k)-Condition for some k& > 3.
In this case, fix S C ¥ with #5 = k. Then #7s5(Q) = 2k, 75(Q) =
{wy, wq, -+, wer}. By Lemma 2.6(2), there exists an infinite subset ¥’ C ¥\
S and wy € 75(R) such that wy is o-special for any ¢ € ¥ and {ry/(w); w €
Q and 7mg(w) # wy } consists only of the two constant words.

Construct a set Q' as follows:

Q = {ro(w); weQand rg(w) = wy }.

We claim that Q' is a uniform set. To see this, for a fixed finite subset
S" C ¥, consider the S U S-words of Q. Since any S-word but w; has a



unique S’-extension, and w has just pos(S’) different S’-extensions, we have

pr(S) = pa(SUS) - (2k-1)
= palk+#S") - (2k-1)

which implies €' is a uniform set such that
par(m) = pa(k+m) — (2k — 1)

for any m > 1.

Obviously, pa/(1) = 2. We claim that po/(2) = 4. Otherwise po/(2) =
2 or 3. If pa/(2) = 2, then by Propositions 2.2 and 2.3, Q' = {w, @} for some
w € {0,1}*". Take §’ C ¥/ with #5’ = 3. Consider the set 7/ (Q) which is
the union of 7g/ (') and the two constant words. Then, we have

contradicting to the fact that po(3) = 6. If po/(2) = 3, then ' is a Sturmian
set. Then by Lemma 2.6(1), there exists a three-elements subset S" C 3/
such that wg/ () consists of four elements and among them at least one is
a constant word. Consider the set 7g/(€2) which is the union of 7¢/ (') and
the two constant words. Then,

pQ(S/)§4+2_1:57

contradicting to the fact that po(3) = 6.
Moreover, since €’ is defined on ¥’ C ¥ and Q' C 7x/(2), we have

pe(m) < pa(m) for any m > 1.

Therefore €' fulfills (k’)-Condition for some 2 < k' < k.

Due to Lemma 2.6(2) applied to €, there exists an infinite set 3" C ¥’
such that Q" := 7xs (£') contains the two constant words. Replacing ¥/ and
Q' by these X" and Q”, we may assume that the above Q' contains the two
constant words. Since for any 5" C ¥/, 7g/(2) is the union of 7¢/(€?) and
two constant words, we have 7g/(Q) = 75 (') and por = pa.

On the other hand, fix o € S and S’ C ¥/ with #5’ = m. Without loss
of generality, assume that wy(o) = 0. Since pq(2) = 4, for any 7 € 5,
Ti{s7} = 100,01,10,11}. Since 7s/(€2') contains both the constant words,

Tiopus (Q) = {0w; w € me ()} U {107,117},

where, for example, 10” denotes the {o} U S’-word w with w(o) = 1 and
w(s) =0 for s € S’. Since the union is disjoint,

pa(m+ 1) = po/(m) + 2 for any m > 1.

This is a contradiction against the facts po = pq, pa(k) = 2k and po(k +
1) = 2k + 1, which completes the proof of po(k) > 2k. O



3 Isomorphism between Uniform Sets

In this section, we consider only the uniform sets on the index set > := N
equipped with the natural total ordering. Recall that the alphabet A is
always {0, 1}.

The product topology defined on {0, 1} is consistent with the following
metric: for z = z(0)z(1)z(2) -+, y = y(0)y(1)y(2) - - - € {0, 1},

d(z,y) = o— inf{keN; z(k)#y(k)}

The two points are thus closer to each other if they share a longer prefix.
The cylinder [€], where £ = &&---&, € {0,1}7, is the set of words of the
form

[€]={z {0,137 2(0) =&, 2(1) =&, -, a(n—1) =&}

The order of a cylinder [£] is defined to be the length n of £, denoted by [£].
Note that for the empty word @, []:= [0] = {0, 1}".

Definition 3.1. Two uniform sets Q, Q' C {0, 1}V are said to be isomorphic
to each other, written Q ~ €', if there is an isometry between their closures
Q and €, that is, there is a bijection ¢ : Q@ — €' such that for any z,y € Q,

d(e(2), p(y)) = d(z,y).

An equivalence class of uniform sets with respect to this isomorphism is
called a structure. The structure containing € is denoted by [€2].

Note that Q and its closure  always have the same language, that is,
the set of finite words appearing in Q and Q coincide. Also, note that two
uniform sets which are isomorphic to each other have the same uniform
complexity.

For a uniform set  C {0, 1}, we define the prefiz tree G() as follows:
G(Q) = (V,F) is a directed graph. The set V' of vertices is the set of the
cylinders which meet €, and the set F of (directed) edges is the set of the
ordered pairs ([u], [v]) of cylinders in V such that v is an immediate extension
of u, that is, |v] = |u| + 1 and uy = vy, ug = va, -+, Uy = V}y-

Recall that two directed graphs G = (V, E) and G’ = (V' ') are iso-
morphic, written G = G, if there is a bijection ¢ : V' — V' between their
vertices, such that there is an edge in F from u to v if and only if there is

an edge in F’ from ¢(u) to ¢(v).

Theorem 3.2. Let Q and ) be two uniform sets. Then Q ~ Q' if and only
if G(Q) =2 G().

Proof If Q~ €, then there is an isometry ¢ : Q@ — Q'. Thus 2,y € Q are
in an identical cylinder of order n if and only if ¢(2) and ¢(y) are also in an

10



identical cylinder of order 7 in €. Hence, ¢ induces a bijection¢ between the
cylinders intersecting with € and the cylinders intersecting with €’ keeping
the orders. Thus, ¢ is a bijection between the vertices of G/(2) and G/(€Y)
which preserves the edges, and is an isomorphism between G(€2) and G(£').

Conversely, assume G(Q2) & G/(€). Noticing that there is a natural cor-
respondence between the words in Q and the infinite paths from the root in
G(Q), the isomorphism between the prefix trees induces a map ¢ : Q — Q/,
which is an isometry. O

Let N = {ng < n; < ny < ---} be an infinite subset of N. Let Q be a
uniform set on N. Recall the notion of induced set Q(N) of Q on N in §1.3.

Definition 3.3. A uniform set Q C {0,1}" or a structure [Q] is said to
be primitive if for any infinite subset A/ C N, the induced set Q(N) is
isomorphic to the original set €.

All the uniform sets in Example 1.1 are easily seen to be primitive. Their
prefix trees are depicted in Figures 1, 2, 3.

Theorem 3.4. For any Sturmian set €, there exists an infinite subset N' C
N such that QN) ~ Q. In particular, if Q is primitive, then Q ~ Qq.
Hence, [Qo] is the unique primitive structure among the Sturmian sets.

Proof Let Q C {0,1}" be a Sturmian set.

Put np = 0. Just as in the proof of Lemma 2.6, we can take an infinite
set N1 C N\{ng} such that one {ng}-word, say a (€ {0,1}), is o-special for
o € Ni, while the other {ng}-word @ has only one {o}-extension for any
o € M. Put @ = {mp, (w); w € Q with w(ng) = a}.

Then, €' is again a Sturmian set since for any set S C N7 with #5 =k,

pQ/(S):pQ(SU{no})—1:k+2—1:k+1.

Put ny = min Ny, and we continue the above process: find Ny C N1\{n1}
such that in €' one {n;}-word has a unique Nj-extension while the N5-
extensions of the other {n;}-word form a Sturmian set. Put ny = min Ny,
and so on.

At last, setting N = {ng, ny, ng, -+ -}, by the construction of ' we have
Q(N) ~ Qo (see Figure 1). Moreover, if Q is primitive, then Q & Q(N) &~ Q.
O

The next theorem characterizes the primitive pattern Sturmian sets.

Theorem 3.5. Let Q be a pattern Sturmian set. Then either Q(N) ~
for some N C N or QN) ~ Qq for some N C N. In particular, if Q is
primitive, then either Q ~ Qy or Q ~ Qq. Hence, Q1] and [Q3] are the only
primitive structures among the pattern Sturmian sets.

11



Proof Let Q C {0,1}" be a pattern Sturmian set.

For any 0,7 € N with o < 7, 7, ;1(€2) = {00,01, 10, 11} because pq(2) =
4. For any ¢ > 7, since pq(3) = 6, there are two {0, 7}-words which are
(-special. If one of the special words comes from the set {00,01} and the
other comes from {10, 11}, we call { a {0, 7}-balanced place. If all but finite
number of places are {o, 7 }-balanced places, we say that Q is {o, 7}-balanced.
If Qis {0, 7}-balanced for any o, 7 € N with ¢ < 7, we say that Q is balanced.

We consider two cases according to the balanc property.

Case 1. (2 is balanced.

Take ng = 0, ny = 1. Since Q is {ng, ny }-balanced, we can take an infinite
subset N7 C {ny + 1,n1 + 2,---} such that one {ng, ny}-word in {00,01} is
o-special for any o € N, and one {ng, nq }-word in {10, 11} is also o-special
for any o € Nj. Any of the other two words in {00, 01, 10,11} has a unique
Nj-extension.

Take ny = minNj. For any {ng,ni}-word w which is {ns}-special,
w0, wl € Tingn, n,} (). Since Q is {ng,ny}-balanced, for all but finite
number of ¢’s with ¢ > ny, one word in {w0,wl} is not o-special, we can
take an infinite subset Ny C Nj\{n2} such that, for all {ng, n,}-words w
which are {ns}-special, one word in {w0, w1} has a unique N3-extension.

Take n3 = min N. Since 4 words in 7, ) 0,1 (R2) have a unique {n3}-
extension and po(4) = 8, the other 2 words in 7, .\ ,,1(€2) are nz-special.
One of these 2 words starts by 0 and the other starts by 1.

We continue the above process. Finally, we get N' = {ng, ny,ng, n3,---}

such that Q(N) &~ @y (see Figure 2).

Case 2. () is not balanced.

There are places 79,790 € N with 79 < 19 such that € is not {79, 70}-
balanced, that is, there are infinite number of places & > 19 which are not
{70, mo}-balanced. Then, we find an infinite subset N C {no+1,7m0+2, -}
such that for any o € N both {7g, 7o }-words either in {00,01} orin {10,11}
are o-special. Without loss of generality, we assume that both {7, 1o }-words
in {00,01} are o-special for infinitely many o € N”. Collecting all these o,
we define an infinite set N/ C N such that both {7g, 7o}-words in {00,01}
are o-special for any o € N’, while {79, n0}-words in {10,11} are not o-
special for o € A, Denote by €' and Q* the N’-extensions of {00,01} and
{10, 11}, respectively. More precisely,

Q' = {mar(w); we Qsuch that 7, . y(w) € {00,01}}
Q= {an(w); we Qsuch that 7y oy (w) € {10, 11}}.

We claim that €' is again a pattern Sturmian set.

To see this, we study the set Q* first. Since any {7, 7y }-word in {10, 11}
has a unique A'-extension, #Q* < 2. Moreover, since 7¢. ,1(22) = {00,01,
10,11} for any o € N, the o-extensions of 10 and 11 are different, thus
O* = {z,7} for some N'-word z.
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Hence, for any finite subset S C A,
* o jus() = {0ws w € ms(2)} U {1u, 17}
for some S-word u. From this, we have
par(S) = pa({ro} US) —2=2(#5+1) — 2 =245,

Y being a pattern Sturmian set.

SubCase 2.1. If Q' is balanced, then by Case 1, there is an A" such that
Q(N) ~ Q.

But for any S C NV, 75(Q'(NV)) C 75((N)), and since both Q'(N) and
Q(N) are pattern Sturmian, by comparing the cardinality, mg(Q'(N)) =
7s(Q(N)). Therefore, the prefix trees of Q'(N) and Q(N) are just the
same, and QN) = Q' (N) = Q4.

SubCase 2.2. If Q' is not balanced, then there exist 7,7, € N’ with
71 < m1 such that €' is not {r,n;}-balanced, and we get a new pattern
Sturmian set Q”, and continue the above discussion.

In case of the new pattern Sturmian set constructed in some step is
balanced, then just as shown in Subcase 2.1., we find A/ C N such that

Otherwise, if all the pattern Sturmian sets constructed in the process are
balanced, we get a sequence 79 < 71 < 72 < ---. Putting

N = {7—07 T1y T2y " '}7
we have Q(N) = Q; (see Figure 3). O

e
(] < [01]—— [010]
1) [l (10

(11, (01—

N

Figure 4: Q in Examples 3.6

Example 3.6. Let Q C {0,1}% be the set of words & on the index set Z
such that either & is increasing or & is Dirac. Define a word ¢(&) € {0, 1}
by

a(i), if k=2iis even

W®%W—{@@o,ﬁk:m—1ﬁom.
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Let Q = ¢(Q). Then, Q is a pattern Sturmian set such that Q(N) = Qg if
N =4{0,2,4,---} and QWN) = Q) ~ Q if NV = {1,3,5,---}. Hence, Q is
not primitive. Moreover, as shown in Figure 4, € is isomorphic neither to
Q4 nor to s, so that [Q] is not primitive.

4 Structures of Pattern Sturmian Words

4.1 From pattern Sturmian words to pattern Sturmian sets

Recall that a word o on N is called recurrent if for any L > 1, there exists
M > 1 such that

a(t)=a(i+ M) fori=0,1,---,L— 1. (1)

Note that if « is recurrent, then there exist infinitely many M’s satisfying
(1).

In this subsection, we will show how to construct pattern Sturmian sets
from a recurrent pattern Sturmian word. Let o be a pattern Sturmian word.
For a finite or infinite subset A/ C N, consider the following property (we
will call it the optimal property): for any nonempty finite subset 7 C N, it
holds that

Pa(T) = 2#T. (2)
If an infinite subset AV of N has the optimal property, then A is called an

optimal window for o. We note that an infinite subset of an optimal window
is again an optimal window.

Theorem 4.1. Let o be a recurrent pattern Sturmian word. Then, there
exists an optimal window for «.

Proof Suppose that « is a recurrent patten Sturmian word. We construct
an increasing family of sets satisfying the optimal property.

Put ng = 0.

Assume that ng < ny < --- < np_1 have been picked out such that the
optimal property holds for the set 1 := {ng,ny, -+, ng_1}.

Take L € N such that

Fo(m)={an+n); n=0,1,---, L —1}.

Since « is recurrent, there exists M with M > ng_y such that (1) holds for
this L. Put np, = M.
Now we show that (2) holds for any nonempty 7 C {ng, n1,---,ng}.

o If n, & 7, (2) holds for 7 by the hypothesis of induction.

o If ngp € 7 but ng ¢ 7. Write 7" = {ng} U (7\{ng}). Then #7’' = #r.
Note that (2) holds for 7/ by the hypothesis of induction, actually

#an+7;n=0,1,--- L -1} = #F, (1) = 2#7.

14



On the other hand, by (1), a(ng) = a(ng) forn =0,1,---, L —1. Therefore,
there is an one-to-one correspondence between the sets

{oe[n—l—r], n:0717"' 7L_ 1}
and

{a[n+7]; n=0,1,---, L —1}.

Hence
Pa(T) Z#{a[n+r]; n:0717'--,L—1}:2#7—

holds, which implies p,(7) = 2#7 since « is pattern Sturmian. Thus, (2)
holds for 7.

o If both ny € 7 and ng € 7. Denoting
Fc(yl)(T) = {a[n+7]; n € Nand a(n+ng) = a(n+ ng)}
Fc(yz)(r) = {a[n+7]; n € Nand a(n+ ng) # a(n+ng)},
then F, (1) = Fc(yl)(r) U Fc(yz)(r) and the union is disjoint.

For Fc(yl)(r): Denoting 7" = 7\{n}, then #Fc(yl)(r) = #F,(1"). By the
hypothesis of induction, #F,(7") = 24#7' = 247 — 2. Thus

#FWD (1) = 2447 — 2.
For Fc(yz)(r): Considering the set
Fc(yz)({no7 ni}t) = {a[n +{no,ni}]; n € Nand a(n+ no) # a(n + ni)}.

Now if 3:#EFc(y2)({no7 ni}) < 1, then « is eventually periodic (For the proof of
this fact, see Section 3 in [KZ1] (Page 1194-5)). Since «v is pattern Sturmian,

#FP ({ng,n}) > 2, and
#EP (1) 2 #FP ({no, ni}) > 2.
Therefore
Lo () = # 0 (7) + 353 (1) 2 297,

and (2) holds for .

Put N = {ng, ny, ny,---}. Then, N is an optimal window for «. O

Let T : {0, 1} — {0, 1}" be the shift, that is, (T'a)(n) = a(n + 1) (Vn €
N). For a € {0, 1} let

O(a) :={T"a; n € N}

be the orbit closure of o with respect to T'.

Let a € {0, 1} be a recurrent pattern Sturmian word and A be an infinite
subset of N. Then, it is easy to see that A is an optimal window for « if
and only if the induced set O(a)(N) is a pattern Sturmian set.
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Definition 4.2. For a recurrent pattern Sturmian word «, the structure
[O(a)(N)] is called an ultimate structure of o if N is an optimal window
such that O(a)(N) is primitive. Let US () be the set of ultimate structures
of a.

In virtue of Theorem 3.5, we can classify recurrent pattern Sturmian words
« into 3 classes:

Class 1 US( ) = {[]},
Class 2 US(a) = {[Q2]}, and
Class 3 US(a) = {[], [2a]}-

In the next two subsections, we will show that the rotation words belong
to Class 1, while the Toeplitz words belong to Class 2. We don’t know
whether a recurrent pattern Sturmian word « belonging to Class 3 exists or
not.

4.2 Rotation words

Let @ be an irrational number with 0 < # < 1, S be a subset of the torus
T=R/Z,z € [0,1). The rotation word R(6, S, z) € {0,1}" is defined as

1, ifaz+4+nfeS (modZ),
0, otherwise.

R(0, S, ) (n) = {

In [KZ1], Kamae and Zamboni showed that when S C T is an interval with
length < 1, then R(#,S,z) is a pattern Sturmian word for any z € [0, 1).
While in [KZ2], they constructed a compact set S such that R(6, 5, z) has
full maximal pattern complexity for almost every . Remark that it is not so
difficult to improve their construction to obtain a set S such that R(0, S, z)
has full maximal pattern complexity for every z.

In the following, let S = I = [a,b) be an interval of length b — a < 1, so
that @« = R(#,1,z) is a pattern Sturmian word. Let I; = I and I be its
complement in the torus T. Thus Z = {ly, [} is a partition of T. Take an
arbitrary window 7 : 0 = 75 < 7y < --- < T4_1 of size k > 1. As shown in
Example 2 of [KZ1], p,(7) is just the number of non-empty elements in the
partition

(I— 7'00) vV (I— 7'10) VooV (I— Tk_10)7

which “V” means the least common refinement of the partitions. Moreover,
that  + nf is in an element of the partition, say

r+nb € Ly —100)N (L, —m0)N---N(L,_, —T4—10) (mod Z),

is equivalent to that a(n+7) =¢; (1 =0,1,--- , k—1).
Now we are ready to show that [{24] is the unique ultimate structure of a
rotation word.
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Theorem 4.3. Let o = R(8, 1, z) be a rotation word. Then for any infinite
subset & C N, there exists an optimal window N° C X such that O(a)(N) =
Q. Hence, US(a) = {[]}.

Proof Let I = [a,b) be an interval in T with 0 < b —a < 1. Let X be
any infinite subset of N. Then, there exists an accumulating point d € T of
{nf (mod Z); n € ¥} and a sequence ng < ny < ny < --- in X such that the
sequence (ng8)r=0,1,2,... (mod Z) converges to d either from the left or from
the right. We represent d as —1 < d < 0, and without loss of generality, we
assume that (n460)g=012,.. (mod Z) converges to d from the left, so that

d—e< =< - <=6 <--<d

with & = [ngb] — nkf (k = 0,1,2,---) and € > 0 satisfying that € <
min{b —a,a+ 1 — b}.
Let N = {ng, ny,ng,---}. We prove that O(a)(N) ~ Q.

Assume that a(n+np,) = 1 and a(n+ni) = 1 for some h < k and n € N.
Then from the above argument, there exist integers M and N such that

a4+ M4+E& <az4+nl <b+ M4+E,

and
a+ N+&<z+nl <b+ N+ &.

Since 0 < &, — &, < €, we have M = N and
a4+ M+E& <z+nf <b+ M+ &.
Take any ¢ with h < ¢ < k, then we have
a+M+E<a+M+E<z4+nd<b+M+E<b4+ M4+ &,

and hence, a(n + ny) = 1.

Assume that a(n+np,) = 0 and a(n+ni) = 0 for some h < k and n € N.
Then from the above argument, there exist integers M and N such that

b+ M+é& <z4+nd<a+M+1+E&,

and
b+ N+& <z4+nl<a+ N4+1+E&.

Since 0 < &, — &, < €, we have M = N and
b+ M4+&,<z4+nl<a+M4+1+E.
Take any ¢ with h < ¢ < k, then we have

b+ M4+E&E<b+ M+ <z4+nd<a+M+14+&E<a+M+1+4&,
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and hence, a(n + ny) = 0.

These two arguments imply that the word (a(n+nk))k=0,1,2,.. on k € Nis
monotone for any n € N. Hence, O(a)(N) C ;. On the other hand, since
O(a)(N) and €4 have the same uniform complexity function and they are
compact, they must coincide. Thus, O(a)(N) = Q.

Suppose that [Q3] € US(«). Then, there exists an infinite set of ¥ C N
such that O(a)(X) is a primitive set satisfying that O(a)(X) ~ Q. Take
an infinite set A’ C ¥ such that O(a)(N) = Q; as above. Since O(«)(X) is
primitive, we have O(a)(N) & 2, contradicting to the fact that O(a)(N) =
Q.. O

4.3 Toeplitz words
For a € {0,1} and integers [, with [ > 2 and 0 <r <[ —1, let

BEbn) = (72671 Y (@ 21T -

be a periodic word with period [ over two letters {a,?}. We define plabr) g
Bbms) ¢ {0,1,7}" as the word obtained by replacing each occurrence of
“ in B&4r) by the letters in 3% one by one in the order.

An infinite word « over {0, 1} is called a Toeplitz word if there exists an
infinite sequence

(a07 lO7 7‘0)7 (ah ll7 7‘1)7 (a27 127 7‘2)7 e

satisfying the conditions that
(1) a;41 # a; for any @ € N,
(2) I; > 2 for any ¢ € N, and
(3) 0<r; <l; —1 (i € N) with r; > 1 infinitely often, so that

o = ﬁ(aoJoﬁ’o) 4 ﬁ(ahllﬁ’l) 4 ﬁ(a27l277’2) G

We call the sequence (ag, lo, 7o), (@1, 1, 71), (az,lz,72), - - - the coding sequence
of the Toeplitz word «.

Remark 4.4. The above Toeplitz words are called simple Toeplitz words in
[KZ2]. Since in this paper, only the simple Toeplitz words are considered,
we simply call them Toeplitz words.

First, let us introduce a graph representation of a Toeplitz word. Let « be
the Toeplitz word with the coding sequence (ag, lo, 7o), (a1, l1,71), (az,lz,72),
---. We construct an infinite tree T, according to the coding sequence as

follows:
The root of the tree is [ ], which is the only vertex at level 0. The vertices
at level 1 are [0], [1], ---, [lo — 1] and there is an edge from [ | to each
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[7] (0 <i<lp). The edge from [] to [ro] is labeled by “?”, while the other
edges are not labeled.

In general, the vertices at level n are [igiy - i,-1] (0 < 4; < {;; j =
0,1,---,n —1). There are lply ---1,—1 number of them. There is an edge
from [igty...in—1] to each [igiy -+ -ip—17,] (0 < @ < ;). The edge from
[rory -« Tn1] to [rory...rp_17r,] is labeled by “?”, while the other edges
between level n to n+1 are not labeled. We call each of [igiy - - - i,—15] (0 <
in < l,) an offspring of [igiy - ip—1].

The infinite path in 7T, starting from the root and passing the vertices
[co], [coc1], [cocicz] - -+ will be denoted by the sequence (cg, ¢, c2,--+). We
consider them as elements in [ -{0,1,---,l, — 1}. The infinite paths in
T, will be simply called paths.

The path with code (rg, 71,72, +) is the unique infinite path passing only
the edges with label “?”7. We denote this path by &(a).

The elements in [], 10,1, -1, — 1} having only finitely many nonzero
coordinates correspond to the natural numbers by the mapping;:

k-1
O :(co,c1, €k, 0,0, ) > o+ 1 ><10+“‘+Ck><Hli-
=0

It is easy to see that © is a bijection. Put W = ©~1. The set of paths is a
compact set with the metric d(¢,n) = 27", where n is the level at which the
paths ¢ and 7 part (defined in the 3rd next paragraph).

Now we define the addition of two paths. For two paths ¢ = (¢g, ¢1, €2, -+ ),
d = (do,d1,da,---) € [[,en10,1,---,1, — 1}, the summation (with carry)
e =cdd = (e e1,€ez,---) is defined by induction as follows: ¢q + dp =
eo+0plo, where 0 < eg < lp—1 and dy € {0, 1} is the 0-th carry. Suppose that
en,—1 and the (n—1)-th carry é,,_1 are defined, then ¢, +d,+6,-1 = e, +0,1,,
where 0 < e, <[, —1and §, € {0,1}.

Under the addition @, the set of paths [] {0,1,---,1, — 1} becomes an
abelian group. If e = ¢ d, we also write ¢ = e d. Remark that the addition
between paths is compatible with the addition between natural numbers:

U(m+n)=¥(m)®¥n) forany m,néeN.

Given two paths ¢ = (cg, ¢1,¢2,--+) and d = (do, d1,dz,- - -), we say that
c and d part at level k if co = do, ¢y =dy, -+, cx—1 = dx_1, while ¢ # dj.
In this case, we also say that ¢ and d part at v, where v is the vertex at level
k in T, such that ¢ and d pass.

We have the following characterization of the Toeplitz word.

Proposition 4.5. For any n € N, if in T, the paths ¥(n) and &(o) part
at level k, then a(n) = ai, or equivalently, o(n) = ag + k (mod 2).
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level 4

level 3

/ <o level 2
o
\ <.+ level 1
?
-+« level 0
root

Figure 5: Graph representation of a Toeplitz word

Proof Since &(a) = (ro,r1,72,--+) and r; # 0 infinitely often and W(n)
ends with 0’s, U(n) and {(«) will part at some level.

If W(n) parts from &(a) at level 0, then 3(%0+%070) () = ag. Thus a(n) = ap.
If W(n) parts from &(a) at level 1, then 3(e0:l070) () =7, but this “?” will be
filled by a; from the word 3(¢1171), Thus a(n) = a;.

The proof proceeds in this way. O

We illustrate in Figure 5 the Toeplitz word with coding sequence
(0, 4, 1), (1, 5, 3), (0, 3,2), (1, 3, 2), (0, 5, 0), ---

sothat £(a) = (1,3,2,2,0,---). The thick branch is coded by (1,3,1,0,0,--)
and represents the natural number 33 = 1 +3 x4 4+ 1 x 4 x 5. Since the
thick branch and £(«) part at level 2, a(33) = a; = 0.

The following lemma is easy to check.

Lemma 4.6. Let ¢ and d be two paths in T,. If ¢ and d part at level k.
Then for any path e, the paths ¢ ® e and d ® e also part at level k.

For any n € N, put {(a), = £(a) & ¥(n). Let 7 = {70, -+, 7k—1} be a
k-window. We denote by T,(7) the subtree of T, generated by the paths
&), E(@)r, -+, &(a)s,_,. Then, the 7-factor a[n+7] of a is determined
by ¥(n) and T,(7) so that a(n+ 7;) is the sum modulo 2 of ag and the level
at which ¥(n) parts from ()., in T, (7).
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For a vertex v of T, (7) other than the root, denote
deg. (v) = #{w; there is a (directed) edge from v to w in T, (7)}.
For the root [ ], we denote
deg.([]) = #{w; there is a (directed) edge from [ ] to w in T,(7)} + 1.

A vertex v is called an m-multiple vertex of T, (7) if deg,(v) = m for m =
1,2,3,---. We denote the set of m-multiple vertices of T,,(7) by B, (1) and

B(r) := Up_yB,, (7).
Note that #B(7) < #7.

Theorem 4.7. For any window 7, we have
Pa(T) < #B(7) + #7 < 24T
Moreover, p,(7) = 2#1 holds if for all edges (u,w) in T,(7),
deg,(u) + deg, (w) <3 (3)

holds.

Proof Use the induction on the size of 7. In the case #7 = 1, our theorem
is trivial. Assume that the conclusion holds for windows of size & > 1. We
prove that our theorem holds for any window of size k + 1.

Given a window 7 of size k 4+ 1 and consider the tree T,(7). Choose a
vertex v € B(7) located at the maximal level among B(7).

Case 1. v is the root.

In this case, we have #B(7) = 1. Since for any n € N, U(n) parts from all
but one paths among &(a); (¢ € 7) at level 0, a[n+7] contains at most one @g.
Hence, p,(7) < #7174+ 1. Moreover, since deg_(v) +deg.(w) > #7+1+1 >4
holds for any w such (v, w) is an edge in T, (7), we get Theorem 4.7.

Consider the case where v is not the root.

Take ¢ and j in 7 such that in T,(7), £(a); and {(«); part at v. Set
7' = 7\{i}. There are two cases to be considered.
Case 2-1. v is not the root and deg (v) > 3.

In this case, deg_,(v) > 2 and v € B(7'). Let

Ji={3" e\ {j}; j and j' part at v} # 0.

There is a partition of N= Ny U Ny U Ny with

No = {n€N; ¥(n) parts from T,(7') at v}
N1 = {n € N; ¥(n) passes v parting from T, (7’) at a higher level than v}
Ny = {n € N; U(n) doesn’t pass v}.
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Case 2-1 Case 2-2

Figure 6: 7-trees

It holds that {a[n+ 7']; n € Ny} consists of one element, say ¢, which
has two {7}-extensions in F,(7), since there are two kinds of elements, say
no and ny in Np, such that the parity of the level at which ¥(np) and &(a);
part coincides with that of h for h = 0, 1.

It holds that

Fy={a[n+7"]; n e Ni}\{¢}
and
Fy = {a[n+7"]; n € N\ {¢}

are disjoint, since all & € Fy satisfy that §(j) # 6(j') for some j’ € J', while
all § € Fy satisfy that 6(j) = (') for any j' € J'. Moreover, all § € I
have the unique {i}-extension whose value is the sum of the level of v and
ap modulo 2, and all § € F, have the unique {i}-extension whose value
coincides with §(j).

Therefore, p,(7) = po(7') + 1. On the other hand,

#B(1) + #7 = #B(r') + #7' + 1,

so that we have p,(7) < #B(7) + #7 by the induction hypothesis.
In this case, (3) is not satisfied for any edge (v, w) in T, (7) since

deg,.(v) +deg (w) >3+ 1=4.

Case 2-2. v is not the root and deg_(v) = 2.
In this case, deg(v) = 1 and v & B(7').
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Assume that (3) is satisfied for all edges (u,w) in T, (7). Then, (3) is
satisfied for all edges (u,w) in T,(7') and by the induction hypothesis, we
have p,(7') = 247"

We denote by s the vertex just before v in T, (7), that is, v is an offspring
of s. (In the following, ”before” and ”after” are taken in this sense.) Denote
by ¢ the vertex on {(a); just after v, by y the vertex on {(«); just after v and
by z the vertex on {(«); just after y. Then, any of s, ¢, y, 2 is an l-multiple
vertex of T,,(7) by our assumptions. Let ny (or ng)€ N be such that ¥(ny)
(or W(ng)) parts from &(a); at s (or ¢, respectively). Let ns (or ny)€ N be
such that W(ns3) (or ¥(n4)) parts from {(a); at y (or z, respectively). Then
it holds that

alng + 7' = a[nz + 71 £ alny + 7] = ang + 7]

and
afny + 7] £ afns+ 7], alng + 7] # ang + 7.

On the other hand, if a[n+ 7] € {a[ny + 7], a[ng + 7']} for some n € N,
then W(n) should part from &(«); before s. Then, a[n + 7] is determined by
a[n + 7] since a[n + 7](i) = a[n 4+ 7'](5).

Thus, we have

Pa(T) = pa (7)) + 2 = 247" + 2 = 247

If (3) does not hold, the only equality which is not necessarily fulfilled is
a[ny + 7] = a[ng + 7’]. Still, we have

Pa(m) + 1< pa(r) < palr’) + 2.

Since
#B(r) + #7 = #B(r') + #7' + 2,
we have p, (1) < #B(1) + #7 by the induction hypothesis. O

Now we are ready to show that US(a) = {[Q2]} for any Toeplitz word «.

Theorem 4.8. Let o be a Toeplitz word. Then for any infinite subset 2 C N,
there exists an optimal window N° C X such that O(«)(N) is primitive and

O(a)(N) ~ Qq. Hence, US(a) = {[Q22]}.

Proof Take any infinite subset ¥ C N. Since the space ¥ with the met-
ric d(¥(n), ¥(m)) between n,m € X is relatively compact, there exists
an infinite path  in 7'(«) such that liminf, ey ,o00 d(n, ¥(n)) = 0. De-
note by D(n,n) the level at which 7 and W(n) part. Then, there exists
b € {0,1} and an infinite subset N' = {ng < ny < ng < ---} of ¥ such that
D(n,n0) > 2, D(n,ni1) > D(n,n;) + 2 and D(n,n;) = b (mod 2) for any
i=20,1,2,---. Let a € {0,1} be such that a = ap + b (mod 2).
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Let T,(N) be the subtree of T, generated by the paths &(a),,’s (i =
07 1,2,---). Then, condition (3) is always satisfied for any edge ( ,w) in

T,(N). Also, {(a) © 77 is a path in T, (N).

For n € N, we define a[n, V] € {0, 1} by a[n, N](i) = a(n + n;) (i € N).
Then, it is easy to check that

(i) if W(n) parts from &(o) © i at level m such that m < D(n, ng), then
either a[n, N] = aaa--- or a[n,N] = @aa--- depending on whether m =
b (mod 2) or not,

(ii) if ¥(n) parts from (o) 57 at level m such that p,(n;) < m < p;(ni41)

for some ¢ € N, then either a[n, N] = aaa--- or a[n,N] = aa---aaa---
depending on whether m = b (mod 2) or not,
(iii) if ¥(n) parts from &(a) & n at level p,(n;), then either a[n, N] =

aaq -+ or afn, N =a-- “ada - - depending on whether the level m at which
U(n) parts from &(a),, satisfies m = b (mod 2) or not.

Thus, if a = 0, then O(a)(N) = Qy, if else, then O(a)(N) = {@T; w € Qa}.
In any case, O(a)(N) is a primitive set satisfying that O(a)(N) = Q5. Thus,
[QQ] € US(O&)

Suppose that [€1] € US(«). Then, there exists an infinite set of ¥ C N
such that O(a)(X) is a primitive set satisfying that O(a)(X) ~ ;. Take
an infinite set A/ C X such that O(a)(N) = Q; as above. On the other
hand, since O(«)(X) is primitive, we have O(«a)(N) &~ 4, contradicting to
the fact that O(a)(N) = Q,. O
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