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Abstract

Let & = [ia+ 3] —|(i—1)a+ 5] ({=1,2,---,m) be random variables as functions of 5 in
the probability space [0,1) with the Lebesgue measure, where o € [0, 1] is considered as an
unknown parameter which we want to estimate from the observation & := &1&5---&,,. Let
an observation & be given, which is a finite Sturmian sequence. We determine the likelihood
function P, (£), the probability of getting £ when the unknown parameter is « as a function
of a, and obtain the maximal likelihood estimator &(&) as the ratio of 1 in a minimal cycle
of &, where a factor n of & is called a minimal cycle if £ is a factor of #°° and 5 has the
minimum length among them. We also obtain a minimum sufficient statistics. The sample
mean (&1 + &2 + - - - + &) /m which is an unbiased estimator of « is not admissible if m = 6
or m > 8 since it is not based on the minimum sufficient statistics.

1 Introduction

Let £ = &&; -+ -&,, be a finite 0-1-sequence. We denote the length m of & by |£| and the number
of 1in & by |£];. We also denote p(§) := |£]1/|€]|, the ratio of 1 in &. Let £ = &&3---&,, and
N = mny---n, be finite 0-1-sequences. We say that n is a factor of £ if there exists an integer ¢
with 0 <7 < m — n such that n; = &4; (7 =1,2,---,n). In this case, we denote n < . We
say that 7 is a prefiz of £ if the above holds with ¢ = 0.

A finite 0-1-sequence is called nontrivial if it contains both 0 and 1.

For a finite 0-1-sequence § = &+ + &y, we denote by € the set of (o, 3) € [0,1] x [0, 1)
satisfying

L =lia+ 8- -Da+p5] (=1,2,---,m), (1.1)

where | | denotes the floor function, while | | denotes the ceiling function. We also denote by
Q¢ the set of (o, 8) € [0,1] x (0, 1] satisfying

S=lia+ 0] -[GE—-Da+p5] (=1,2,---,m). (1.2)

Then, it holds for any finite 0-1-sequence £ that . # ¢ if and only if ﬁg # 0 (Lemma 1). We
call £ a (finite) Sturmian sequence if Q. # (. We denote by St,, the set of Sturmian sequences
of length m.
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An infinite sequence &&2&3 - - - such that

§ = liot B = [(i = Da+ 5] (Vi) (or & = [ia+ F] = [(1 = D+ B] (V9))

for a fixed pair (a, 5) € [0,1] x [0, 1) with irrational « is called an (infinite) Sturmian sequence
which is a symbolic representation of the rotation R,60 = 0+ « (mod 1). It determines « as the
relative frequency of 1 in £&. Moreover, such sequences are characterized as the least complex
sequences other than the eventually periodic sequences. Since the finite sequence £ does not
determine «, it becomes a problem of statistical inference how to estimate o from £ under a
suitable statistical model. Sturmian sequences appear in biological neuron model. In [3], Hata
showed that aperiodic spike sequences generated by a single neuron model (Nagumo-Sato model
[2]) are Sturmian.

The partition of [0, 1] x [0,1) by Q¢’s for m = 3 is as follows, where the set € is denoted

simply by &:
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Figure 1: Partition by £2.’s for m = 3

We may consider £ = &£+ -+, as a random variable defined by (1.1) with random element
g in the Lebesgue measure space [0, 1) and unknown parameter « in [0, 1]. The sample space is
Sty,. As usual the probability (expectation, variance) under the parameter « is denoted by P,
(Ea, Vi, respectively). Thus, we have a statistical model (St,,, P., a € [0, 1]).

By (1.1),
ma]  (B<1-{ma})

(€l = [ma+ 5] = { [mal+1 (8 2>1-{ma}),



where { } denotes the fractional part. Hence, we have

Eo(p(§)) = (1/m) Ea([€]1)

= (I/m)([ma](1 = {maj) + ([ma] + 1){ma})

= (I/m)([ma] + {ma})

= (I/m)(ma) = (1.3)
Va(p(€)) = (1/m” ) Eo(([€]r — ma)?)

= (1/m*)(([ma] = ma)*(1 = {ma}) + (|ma] + 1 - ma)*{ma})

= (1/m*)({ma}*(1 = {ma}) + (1 - {ma})*{ma})

= (1/m*){ma}(1 — {ma}). (1.4)

Therefore, the sample mean p(§) is an unbiased estimator of a having the variance given by
(1.4). It is not admissible if m = 6 or m > 8 under the quadratic loss function since it is not
based on a minimum sufficient statistics (Theorem 1).

The following theorem is well known.

Theorem 1. (M. Morse, G.A. Hedlund [1]) For any finite 0-1-sequence &, £ is Sturmian if and
only if it is balanced.

Let m be a positive integer. Then, we have the partition (see Figure 1)

[0,1] x [0,1) U Q. (disjoint). (1.5)
£€Stm

This partition is discussed in Yasutomi [5] and Berstel & Pocchiola [4].

In [4], it is proved that for any finite Sturmian sequence ¢, the domain €2, is surrounded by
at most 4 pieces of line segments, at most 2 from above and at most 2 from below. Thus, there
are only 3 cases as in Figure 2 for the shape of ;.

B

Figure 2: Shape of €2,

In this paper, we prove that in the 3rd case in Figure 2, the horizontal positions of A and
B coincide (Lemma 7), which implies that the graph of P,(£) with respect to « given £ is of
triangular shape as in Figure 3. The value & = &(§) which maximize P,(§) is the mazimal
likelihood estimator. That is,

Pa(§) = j&%ﬁ]Pa(f)' (1.6)
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Figure 3: Likelihood function

In [6, 7], it is proved that |a; — ag| < % for any m = 2,3,--- and & € St,,,, where ay
and g are such that [aq, ag] is the support of the likelihood function P, (§) (Figure 3). This
implies that the maximal likelihood estimator & as a function of («, ) € [0,1] x [0,1) and m
through £ € St,,, defined by (1.1) converge to « as m — oo for any § € [0, 1), which is a stronger
property than the strong consistency, i.e. lim,, oo & = o (P, — a.e.).

Let £ = &1&---&, be a 0-1-sequence. A positive integer p is called a period of £ if
& = &itp (i:1,2,---7m—p). (17)

This is equivalent to say that for any factor 5 of £ with |n| = p, & < n°° holds, where n*° implies
the infinite time concatenation of 7.

The minimum positive integer p as (1.7) is denoted by per(£). Note that per(&) exists always
since || is clearly a period of . A factor 5 of € is called a minimal cycle of £ if |n| = per(£). We
define p(&) := p(n), where 5 is any minimal cycle of €.

Recall that a statistics 7' = T'(€) is called sufficient if for any & € St,,, and ¢, the conditional
distribution P, (£ | T =t) does not depend on « € [0,1] as long as P, (1T'=1t) > 0.

This condition of sufficiency is equivalent to that for any &, ¢ € St,,, T(§) = T(¢&’) holds if and
only if &(§) = &(&'), a1 (&) = a1 (¢') and ay(§) = ay(§’) holds (Figure 3). A sufficient statistics
T is called a minimum sufficient statistics if for any sufficient statistics 77, the partition on St,,
induced by 7" is finer than that induced by T. Note that a minimum sufficient statistics is
unique in the sense of the partition induced on St,,. Clearly, the triple (&, a1, @v2) is a minimum
sufficient statistics.

For € € St,,, we define

16 = {ie{o,l,---,m}; = ip€) = min (Ej—jﬁ(f))}
T(©) = {ie{o,l,---,m}; =€) = max @—jﬁ(&))},

where Z; == & + -+ & (i = 0,1,---,n). The maximum or minimum value in I(¢) or I(¢)
considered as a function of £ is denoted by max I(£), min 1(£), max I(£) or min I(£). We prove



that max I(€) — min 1(£) is the slope of the left line segment and max I(£) — min I(£) is minus
of the slope of the right line segment in Figure 3.
In this paper, we prove the following theorem.

Theorem 2. For the statistical model (St,,, P,, o € [0,1]) with the quadratic loss function, we
have

(1) The mazimal likelihood estimator & satisfies that &(&) = p(&) and the likelihood at & satisfies
that P;(€) = 1/per(§).

(2) As for aq and ag in Figure 3, it holds for any nontrivial £ € St,, that

A 1
e (max I(€) — min L(€))per(¢)
A 1

T (max 1(€) — min T(€))per(€)

(3) The statistics (p, maxI —min [, maxl — min ) is a minimum sufficient statistics.
(4) The sample mean p = p(§) is not based on the minimum sufficient statistics and is not
admissible if m =6 or m > 8.
(5) The Bayes estimate as with respect to the uniform prior distribution on o € [0,1] is deter-
mined by R
o+ o+ g
3
(6) There is no UMVUE (Uniformly Minimum Variance Unbiased Estimator) for o if m > 3.

a3 =

Remark 1. For m = 1,2,3,4,5 and 7, the sample mean p is based on the above minimum
sufficient statistics. But we do not know whether it is admissible or not except for rather trivial
cases m = 1,2 where p is admissible.

2 Prime segments

Let £ = &&---&,, be a 0-1-sequence. We denote

Zp:=0 and Z; ::ij (t=1,2,---,m). (2.1)
=1

Lemma 1. Let £ = &5 ---&,, be a 0-1-sequence.
(1) Q¢ # 0 if and only if Q¢ # 0.
(2) For (a, 3) € [0,1] x [0,1), the condition (1.1) is equivalent to the following condition:

Eigia+ﬁ<3i+1 (i:O,l,---,m). (2.2)
(3) For (a, 3) € [0,1] x (0, 1], the condition (1.2) is equivalent to the following condition:
Si<ia+ <z +1 (i:O,l,---,m). (2.3)

(4) If & is nontrivial, then Q; is the set of (c, ) satisfying (2.2).
(5) If & is nontrivial, then Q¢ is the set of (o, 3) satisfying (2.3).
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Figure 4: The graph of y = ax 4 3 with (a, 3) € £

Proof. (1) If Q. # (), then there exists (a, 3) € [0, 1] x [0, 1) satisfying (1.1). Then, there exists
p" with 8 < ' < 1 satisfying (1.1) such that ia 4+ ' is not an integer for any ¢ = 0,1,---,m.
Then, we have

&= lia+ B — (i = Da+f'] = [ia+ 5" = [(i = D+ 5]

Thus, (o, #') € Q¢ and Q¢ # 0. The converse is proved similarly.
(2) If (o, B) €]0,1] x [0, 1) satisfies (1.1), then for ¢ = 1,2,---,m, we have

P= 4
7=1

[1]
|

K3

= D (Jo+8] - [(G— Da+8])

i=1

= |ia+5].

Hence, we have (2.2).
Conversely, if (o, 3) € [0, 1] x [0, 1) satisfies (2.2), then for i = 1,2,---,m, we have

lia+ 8] = [t - Da+B] =5 =1 =&.

(3) The proof is similar to (2).



(4) Assume that (2.2) holds for («, 3). Then, we have 0 ==y < § < Z¢p + 1 = 1. Moreover,
since £ is nontrivial, we have 1 < =Z,, < m—1. Hence, ma > =, — 3 > 0and ma < Z,,+1-0 <
m, so that a € (0,1). Thus, («, ) € [0,1] x [0,1). Then by (1), (e, 3) € ;. The converse
follows from (1).

(5) The proof is similar to (4). O

Let £ = &3+ -&n be a Sturmian sequence, which is fixed throughout this section. Let I,

and T'¢ be the minimal concave function and the maximal convex function, respectively, defined
on the interval [0, m] satisfying that

L) > S (i=0,1,---,m) (2.4)

and

respectively. Clearly, they are piecewise linear functions such that I';(0) = 0, L¢(m) = Z,,, ['¢(0) =
1, T¢(m) = =, + 1 (Figure 5).
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Figure 5: The graph of I'; and Te

A point (7, 7) in [0, m] x [0, 00) is called an integer point if both ¢ and j are integers. A closed
line segment AB with A = (A,, A,), B = (B, B,) and A, < B, contained in the graph of T
such that the set of integer points on AB is {A, B} is called a prime segment of Fg. A maximal
closed line segment AB with A, < B, contained in the graph of T is called a mazimal segment
of T¢. In the same way, we define a prime segment of I, and a mazimal segment of L;.



Lemma 2. (1) For any («, 3) € [0,1] x [0, 1), (a, 8) € Q¢ holds if and only if L¢(z) < za+ 8 <
T¢(x) for any x € [0,m]. In particular, D¢ (2) < T¢(x) holds for any x € [0, m]

(2) For any (o, §) € [0,1] x (0,1], (o, B) € Q¢ holds if and only if ¢ (x) < za+ 3 < T¢(x) for
any z € [0, m].

(3) Any integer point A on the graph of L'y (or T¢) satisfies that A = (i,Z;) (or A= (1,5, + 1),
respectively) for some i =0,1,---,m.

(4) There is no integer point in the domain

{(2,9); 0 <@ <m, Le(e) <y < Te(2)}

(5) For a mazimal segment C'D of ¢ (or [¢), both C and D are integer points. Moreover, there
exists a positive integer k such that for any prime segment AB of Iy (or T¢) contained in CD,
we have C'D = kA_B, where AB implies the vector from A to B.

Proof. (1) Let (a,3) € ;. Then by Lemma 1, we have (2.2). Therefore, there exists 5’ > 3
such that

Z <ia+pf<ia+F <ZE+1 (i=0,1,---,m). (2.6)
Since the functions za 4+ 8 and za + 3’ of @ € [0, m] are concave and convex at the same time

satisfying (2.6), we have _
[i(2) Sza+f <za+f <Te(z) (2.7)

for any = € [0, m] by the minimality and the maximality of L'y or Fg, respectively.
Conversely, if [¢(z) < za 43 < [¢() holds for any € [0, m]. Then, we have (2.2) since

Z < Le(i) <ia+ B <Te(i) <Zi+1 (i=0,1,---,m).

Then by (2) of Lemma 1, we have (a, 8) € Q.
Finally, since there exists (a, 3) € €, we have ¢ (z) < I'¢(z) for any = € [0,m] by (2.7).
(2) The proof is same as (1).
(3) Let (7,7) be an integer point on I's. Then, by (1), we have

B <Le(i)=j <Te() <Ei+1,

which implies 7 = =;.

The proof is similar for Fg.

(4) Suppose that there exists an integer point (i, j) satisfying that 0 <i < m and [¢(7) < j <
T¢(i). Then, we have

2 S Le(i) < <Teli) <Eit 1,
which is a contradiction since both =; and j are integers.

(5) If either C' or D is not an integer point, then we can decrease the function I'; near the
point C' or D, respectively, keeping the concavity and the inequality (2.4), which contradicts
with the minimality. Thus, C' and D are integer points.

Let C' = (C},Cy), D = (Dy, Dy) be their coordinates and let k be the greatest common
divisor of D, — C;, and D, — C),. Then, any prime segment AB contained in C'D satisfies that
C'D = kAB since B is the nearest integer point on C'D to the right of A.



The proof is similsr for T. O

Let C'D be a maximal segment of I'y. We call C'D central if there exists (a, 3) € Q such that
C'D is on the graph y = za + 3. Let C'D be a maximal segment of I'c. We call C'D central if
there exists (o, 3) € Q¢ such that C'D is on the graph y = za 4 . A prime segment C'D of [';
(or I'¢) is called centralif it is contained in a central maximal segment of I'y (or I', respectively).

Lemma 3. (1) Let AB be a central mazimal segment of L'y (or T¢), then we have B, > 24,
and 2B, — A, > m.
(2) A central mazimal segment of Uy (or T'¢) is unique if it exists.

Proof. (1) Suppose to the contrary that either B, < 24, or 2B, — A, < m holds. Without
loss of generality, we assume 2B, — A, < m. Define B’ by AB' = 2AB. Then, we have B’ < m.

Since by (5) of Lemma 2, both A and B are integer points, B’ is also an integer points. Since
AB is central, there exist (a, 3) € Q such that AB is on the graph y = za+ 3. Since B’ is also
on this graph, we have Zg/, < B, < Ep/, + 1. Since B’ is above the graph y = L¢(x), we have
B'y > I'¢(B';) > Epr,. Thus, Zp/, < B’y < Zp/, + 1. This is a contradiction since both =g,
and B', are integers.

(2) Suppose that there exist 2 distinct central maximal segments AB and C'D of ;. Assume
that B, < (. Since 0 < A, < B, < C, < D, < m, either B, < m/2 or C; > m/2. This
implies that either 2B, — A, < m or D, < 2C,, which contradicts with (1). O

Lemma 4. At least one of the central mazimal segment of T¢ or the central mazimal segment
of L'y exists.

Proof. Assume that the central maximal segment of T'¢ does not exist. By (1) of Lemma 2,
there exists (a, 3) € € such that L¢(2) < za + 3 < T¢(x) for any 2 € [0,m]. Fixing a, we
increase 3 € [0,1) until [¢(2) = xa + B holds for some = € [0, m] for the first time. If the
equality holds for more than 1 point, then the equality holds for a maximal segment of Fg,
which is central since it is on the graph y = za + § with (o, 3) € ﬁg, which contradicts with
our assumption.

Hence,

[i(2) < va+ < Te(a) (2.8)

holds for any = € [0, m] with the equality zav + 8 = T¢(x) for just one point = xg. Then,
A = (20,T¢(20)) = (20,0 + B) is an integer point since it must be a broken point of the
piecewise linear graph y = ['¢(x) by the uniqueness.

Let o increase and 3 decrease keeping the value zgar + 3 invariant until the graph y = za+ 3
touch the graph y = ['¢(x) for the first time. By the above argument with our assumption, the
graph y = za+ 8 does not touch the graph y = Fg(x) at a different point from A before it touch
the graph y = L'¢(x) for the first time. Let the value (o, 3) when it touch the graph y = ()
for the first time be (aq,31). Then we have

Te(2) < zar + b < Te(e) (2.9)
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Figure 6:

for any = € [0, m], and [¢(z) = za;+; holds for some z € [0, m], say 1, while za; +3; = [e(w)
holds if and only if @ = ¢ (Figure 6).

Starting again from (3.5), let a decrease and [ increase keeping the value zga + § invariant
until the graph y = za 4 3 touch the graph y = [¢(x) for the first time and the value (e, )
when it touch the graph y = ['¢(x) for the first time be (v, 32). Then we have

Le(2) <zag+ B2 < [e() (2.10)

for any = € [0, m], and [¢(z) = zay+[3; holds for some z € [0, m], say @o, while zay+3; = [e(2)
holds if and only if z = zo.
Then, we have z1 < zg < z2 and

Eg(ﬂﬁo) < Le(zo) = 2oy + 1 = xo0g + Fa.

Since

Eg(afo) — Eg($1) P Tg(fo) - E{(%)

= O,
To — 21 To — 21

there exists 3 € (x1,2) such that Egl($3) < aj. In the same way, there exists x4 € (2o, 22)
such that ££/($4) > ay. Therefore, we have 1 < 23 < 4 < x5 and

Le'(2y = 0) > ay > L (a3) > L' (24) > g > L' (224 0).

Hence, there exists a maximal segment BC' of I, with the slope a3 := Egl($3) satisfying that
a; > a3 > ay and 71 < B, < O < 4.
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We prove that BC' is central. Let y = zas + 335 be the graph which contains BC'. Then, by
(1) of Lemma 2, it is sufficient to prove that

Li(z) < was+ fs <Te(z) (Yo €[0,m]).

Since L'¢(7) < zaz + 33 holds for any @ € [0, m] by the concavity of L, it is sufficient to prove
that
ras + B3 < Ue(z) (Vo €0, m]). (2.11)

Since BC'is below the graph y = zaq + 1 except possibly for B and as < aq, we have
raz+ B3 < zop+ 1 < F&(w)

for any z € (By, m]. In the same way, we have
raz + B3 < zog+ P < F&(w)

for any z € [0,C}). Thus, we have (2.11). O

Lemma 5. Assume that a central prime segment of L'y and a central prime segment of T¢ ewist
at the same time. Then, their lengths and slopes coincide.

Proof. Let AB and C'D be the central prime segments of I'; and of Fg, respectively. Suppose
that either their slops or lengths do not coincide.

Let y = v+ and y = za’/ + 3 be the graphs containing AB or C'D, respectively. Let
x1 = A, ANC,, and 29 = B, V D,. Denote

A={(z,y); 21 <o <2y, o+ B <y <wa + 51

Since both AB and C'D are central, A\ (ABUCD) is contained in the domain {(z,y); 0 <z <
m, L'¢(x) <y < T¢(z)} and has no integer point by (4) of Lemma 2.

Assume that the slopes of AB and C'D do not coincide. Without loss of generality, assume
that the slope of AB is less than the slope of C'D. Let I’ be the point such that DF = CA if
A, <4, and BF = AC if A, > C,. Then, F is an integer point since A, B, ', D are integer
points. Moreover, we have F' € A\ (ABUCD), which contradicts with that A\ (ABUCD) has
no integer point.

Assume that AB and C'D have the same slope but different lengths, say |AB| < |CD|. Let
F be the point such that BF = AC. Then, F' is an integer point since A, B, C, D are integer
points. Moreover, I is in the interior of the line segment C'D, which contradicts with that C'D
is a prime segment of T'¢.

Thus, we have AB = C’_D, which implies that a central prime segment of I'; and a central
prime segments of I'¢ have the same length and slope. O

11



3 Shape of £

Let &€ = && -+ -&,, be a Sturmian sequence, which we fix throughout this section. In [4], the
duality between the domains

5 = {(z,v); (x) <y< f&(ﬂﬁ)}

Ye = {(z,y); y De(w) <y < Te(a)} (3.1)
and the domains £, and Q¢ is discussed, although the notations there are slightly different from

ours. We restate the results there in our framework.
For (z,y) € [0, m] x [0, 00), denote

0<a
0<a

(z,y)" = {(o,5) €1]0,1] x[0,1]; za+ =y}
(z,9)" = {(a,8) €[0,1]x[0,1]; za + 5 < y}
(z,y)” = {(a,B) €0,1]x[0,1]; zar+ 3 > y}
(z,y)" = (e,9)TU(z,y)"
()" = (2,9)" U(z,y)"

Thus, (z,y)* is a straight line in the domain [0, 1] x [0, 1]. Conversely, for (o, ) € [0, 1] x [0, 1],
denote

(@, )" = {(2,y) € [0,m] x [0,00); 2+ =y},

so that («, 5)* is a straight line in [0, m] x [0, 00). For a subset S of [0, m] x [0, 00) or a subset
T of [0,1] x [0, 1], we denote

S* = ﬂ (x,y)”
(z,y)€S
and
"= (1 (&,p)
(a,B)ET

Then we have the duality that ((z,y)*)* = (z,y) and ((a, 5)*)* = (e, 3) for any (x,y) €
[0, m] x [0,00) and (a, ) € [0, 1] x [0, 1].

Lemma 6. We have

Q=(GE)T (62 + 1)
=0 =0

and . .
gf = ﬂ(lv Ez)+ n ﬂ(lv =i+ 1)*_
3 =0

Hence, Q¢ (or Q¢) is a convexr domain surrounded by a finite number of line segments with
nonpositive slopes.

12



Proof. Clear from Lemma 1. O

Let di be the closure of £, which is a compact convex set surrounded by line segments
with nonpositive slopes. Let ex(Qéd) be the set of extremal points of Qéd. Take a point on a
boundary of di and move it around the boundary counterclockwise. Then, the direction of the
movement changed when it arrives at extremal points. There is a unique extremal point such
that the horizonal component of the direction changes from negative to positive at this point,
which is called the left vertex. Also, there is a unique extremal point such that the horizonal
component of the direction changes from positive to negative at this point, which is called the
right vertex. The other extremal points are either upper or lower as defined below.

An upper edge of  is defined as ﬁg N (4,2, + 1)* for some ¢ = 0,1,---,m if it contains at
least 2 points. A lower edge of §); is defined as QN (4, =Z;)* for some i = 0,1, -+, m if it contains
at least 2 points. An upper vertex is an intersection of 2 distinct upper edges belonging to ﬁg.
A lower vertex is an intersection of 2 distinct upper edges belonging to €.

Lemma 7. (1) For Q € [0,1] x (0,1], Q is an upper vertex of Q¢ if and only if Q* contains the
central mazimal segment of T¢. In this case, the slope of the central mazimal segment of T'¢ is
Qo where Q = (Qa, Q). Moreover, an upper vertex is unique if it exists.

(2) ForQ € [0,1]x[0,1), Q is a lower vertex of Q if and only if Q* contains the central mazimal
segment of L'c. In this case, the slope of the central mazimal segment of L'y is Q.. Moreover, a
lower vertex is unique if it exists.

(3) Either the upper vertex or the lower vertex of ¢ exists. Moreover, if both of the upper vertex
P and the lower vertex () exist, then we have P, = @,.

(4) If the central mazimal segment of L'y or the central mazrimal segment of [¢ ewists, then their
slopes coincide with the mazimal likelihood estimator &(&) (Figure 3).

Proof. (1) Let Q € Q¢ be an upper vertex of Q. It is the intersection of 2 distinct upper edges,
say PQ) and QR, where P, < @, < R,. Since P() is an upper edge, there exists ¢t = 0,1,---,m
such that the graph y = zav+=;+ 1 — v in [0, m] x [0, 00) passing (¢, =; 4+ 1) is contained in the
domain X for any a with P, < o < Q,. Also, there there exists j = 0,1,---,m such that the
graph y = 2+ =, + 1 — ja in [0, m] x [0, 00) passing (j, Z; + 1) is contained in the domain X
for any a with Q, < a < R,.

For o = (), the graphs y = za+ 5,4+ 1 —ta and y = za+ =; + 1 — ja should coincide, since
otherwise, one of them is above the point (¢,=; + 1) or (j,Z; + 1) and is not in the domain X,
which is a contradiction. Therefore, those graphs coincide and pass both points (¢, =; + 1) and
(j,E;+1). Since this graph is contained in X, these points are on the central maximal segment
of T¢(x) with the slope Q,.

Conversely, if @* contains the central maximal segment of I'¢(z), say AB. Then, the graph
y = Q)4 + Qg contains AB and is contained in the domain ig. Starting from o = ), and
B = g, we can decrease v and increase [3 keeping the graph in the domain ig and keeping the
equation A, o+ 8 = A,. Hence, Q¢ N A* contains at least 2 points including @. The same thing
holds for ﬁg N B*. Hence, they are distinct upper edges whose intersection is ). Thus, ¢ is an
upper edge.

(2) The proof is similar to (1).
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(3) It follows from (1), (2) and Lemma 5.
(4) Clear from (1), (2) and the shape of the domain Q2 (Figure 2). O

4 Main results

Let £ = &1&---&,, be a Sturmian sequence, which we fix throughout this section.
For a pair of positive integers (u,v) with v < u, we denote by A(u,v) the 0-1-sequence of
length « such that

A, v); = Liv/u) = (i = Do/u] (i=1,2,- ),

and by A(u,v) the 0-1-sequence of length u such that

Au,v); = [ww/u]l = [(i = Dv/u] ((=1,2,---,u).
For integers ¢, 7 with 0 <1 < 7 < m, we denote

&y g] = Eiqa&iga - -§;

Lemma 8. (1) Let AB be a prime segment of L'c. Then, we have Ay = Z,4,, By = Zp, and
&[Ag, By) = AM(By — Ay, By — Ay). Moreover, B, — A, and B, — A, are coprime.

(2)Let AB be a prime segment of U¢. Then, we have A, = Z4, + 1, B, = Zp, + 1 and
E[A,, By] = A(B, — Ay, B, — Ay). Moreover, B, — A, and B, — A, are coprime.

(3) Let AB be a prime segment of L' ( T¢ ). It is central if and only if B, — A, is a period of
&. Moreover, B, — A, = per(§) holds in this case.

Proof. (1) Let AB be a prime segment of [';. Since A and B are integer points on the graph
y = L¢(7), we have Ay = =4, and B, = ZEp, by (3) of Lemma 2. Since AB is in the domain ¥,
(¢,=2;) is on or below AB and (7,Z;+ 1) is above AB for any ¢ with A, < i < B,. Therefore, we
have

=i < (i A (By — A)/(Bo — As) + A, < i+ 1, (1.1)

or equivalently,

Bi= (1= Az)(By — Ay)/(Br — As) | + Ay (4.2)
for any 7 with A, < < B,. Hence, we have

EAuti = ZApqi — A, tio1
= [i(By — Ay)/(Bs — Az)| — [ (i = 1)(By — Ay)/(Bs — As)
= A(Bx — Az, By - Ay)i

fori=1,2,---,B, — A;, and hence {[A,, B;] = A(B, — A;, B, — A,).

That B, — A, and B, — A, are coprime follows from the fact that AB contains no integer
point other than the end points A and B.

(2) The proof is similar with the proof in (1).

(3) Let AB be a central prime segment of ['c. Then, the graph y = za + 3 (z € [0,m])
which contains AB is in X, so that for any ¢ with 0 <7 < m, (4, E;) is on or below the graph
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and (7,Z; + 1) is above the graph. Therefore, we have (4.1), and hence, (4.2) for any 7 with
0 < ¢ <'m. This implies that

Ei—I—Bm—Am = Ez + By - Ay (0 S { S m— (Bx - Al’))?
and hence,
CirBat, =& (1< <m— (B, — Ap)).

Thus, B, — A, is a period of &.
Conversely, let AB be a prime segment of L'y such that B, — A, is a period of {. Then, we
have

Ei4Bo—a, =& (1 <i<m— (B, — Ay)).

Since =4, = A, and Ep, = By, it follows that

By—Ag
Z Sori = By - A
=1

for any ¢ with 1 < < m — (B, — A;). Moreover since £[A4,, B, ]
have

= A(B; — A, B, — A,), we

== Ay + ZA(BGL’ - Al’vBy - Ay)h + k(BZ/ - Ay)

.(By_Ay)/(Bx x)J +k(B - A )
By = Ay)/(By = Az) + Ay |
)/ (Be = Az) + Ay |

= A,

for any ¢ with 0 < ¢ < m, where j and k are integers with 1 < j < B, — A, and ¢ =
Ay +j+ k(B; — A;). Therefore, the graph y = (z — A,)(By — 4,)/ (B, — A;) + Ay (2 € [0, m])
which contains AB is in the domain X,. Thus, AB is central.

Let AB be a prime segment of I's. Suppose that p := per(§) < B, — A;. Let B, — Ay = p+r
with a positive integer r. Since (¢, =;) is below the line segment AB for any ¢ with 4, < i < By,
(Ay +p,Ea,+p) and (A, +r,=4,4,) are below AB. Hence, we have

Bty — Ay B, — A

y Y 4.3

Zdutr — Ay B, - 4,
—_— —_—. 4.4
r < B, — A, (44)

Moreover, since p is a period of £, we have

By - :A.r‘l'p = :B.r - ':‘A.r‘l'p

:Am-l-p-l-f’ - ':‘A.r‘l'p
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Then by (4.3) and (4.4), we have a contradiction that

By - Ay = (By - EAM—p) + (EAm+p - Ay)
= (EA.T-I—T - EA.T) + (EAm+p - Ay)
By—Ay . By— A,
B,—A, "B,—a,”
(By - Ay)(r —i—p)
B, — A,

= B, — A,.

Thus, B, — A, < per(£) holds for any prime segment of L'y, and B, — A, = per({) holds for any
central prime segment of ['; since in this case, B, — A, is a period of { as is proved in the above.
The proof is similar for a prime segment in Fg. O

Let AB be a central prime segment of [';. Then, the factor {[A,, B;] of { is called a convex
kernel of £. Also, for a central prime segment AB of ['¢, the factor {[A,, B,] of £ is called a
concave kernel of €.

Lemma 9. (1) For a convex kernel np of &, we have n = Au,v) with v := |n| = per(§) and
v = |n|1 = per(§)p(§). Hence, a convex kernel of £ is unique if it exists.

(2) For a concave kernel ¢ of &, we have n = A(u,v) with u = |¢| = per(&) and v := |(|; =
per(£)p(€). Hence, a concave kernel of € is unique if it exists.

(3) Fither the convex kernel of & or the concave kernel of & exists.

(4) For the maximal likelihood estimator, we have &(§) = p(&).

(5) For the convex kernel n of £, we have

. 1
min {|0]; — [0]p(n)} = —1+m7 (4.5)
and for the concave kernel  of &, we have
1
max {|0]1 — |8]p(C)} =1 - Ik

where “min” and “max” are for all prefizes 6 of n or (, respectively.
Proof. (1) follows from Lemma 8 and the fact that

[l = per(§)p(n) = per(§)p(E).

(2) Similar to (1).

(3) follows from Lemma 4.

(4) follows from (4) of Lemma 7.

(5) Let u :=|n| and v := |n]1. Then, u and v coprime by Lemma 8.
Since n = A(u, v), we have

lmmz iy — lmmz - nilp(n) = [iv/u] —iv/u=—j/u
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for any 1 = 0,1,--- ,u, where j = iv (mod u) with 0 < j < u — 1. Since u and v are coprime,
there exists ¢ = 0,1,---,u such that j = u — 1 holds in the above. Thus, we have (4.5).
The other part is proved in the same way. O

Proof of Theorem 2
(1) We have already proved that &(¢) = p(¢) in Lemma 9.

To prove that P;(£) = 1/per(§), without loss of generality, we may assume that there exists the
convex kernel 7 of € such that n = £[i, i+u] with u = per(§). Then, AB is a central prime segment
of L'y, where A = (i,Z;), B = (i +u,Z;4,). Let AB be on the graph y = za+ 1 (= € [0, m]).
Then, by Lemma 7, « = & = &(£). Let 82 be the maximum value of g such that the graph
y=aza+ 8 (z € [0,m])is in the domain S¢. Then, y = 24+ B (z € [0, m]) is in the domain P3P
if and only if 31 < < 3. Hence by (1) of Lemma 2, P;(§) = 82 — /1.

Since the graph y = z& + B (z € [0,m]) is in the domain X, any point (h,Zj, + 1) for
h =0,1,---,m is on or above the graph. Moreover, by the maximality of 5, there exists an
integer h with h € [0, m] such that (h,Z;, + 1) is on the graph y = z& + §3. Since u = per(§)
and & = p(7n), such an h can be found in the interval [¢,7 + u]. Therefore, we have

ﬁQZEh—Fl—hdz min {E]‘—Fl—j@}.

i<j<itu
Since 1 = Z; — 1&, we have
=B = min {(E+1-jd) - (E - id))
= 1+ min {|&Gr&ire &l — [Ga&ira - Eilp(n) )
1<j<i4u

Hence, by (5.6),

1 1
Py(§) = P2 — B = o per (@)’

which completes the proof of (1).

(2) Let £ € St,,, be nontrivial. Let @ = & — ¢ for a sufficiently small ¢ > 0. Let the graph
y=aza+p (0 <2 <m)bein X, but not in 3¢ and let the graph y = za+ B2 (0 < @ < m) be
in ¢ but not in 3¢ Then, we have P, (§) = 2 — (1.

Let ¢ := max I(£) and j := min I(£). Then, the point (i,=;) is on y = za + B; and the point
(4,E;+ 1) is on y = zav + Py. Therefore,

Pa(§) = B2—
= (E;+1—-ja)— (5 —ia)
= Ej+l-jla-¢) - (E—ila-e)
= (5 41— &) — (5 —id) — (i — j)e
= Pa(§) - (max I(§) — min L(§))e,

which implies that the slope of the graph between «; and & in Figure 3 is max I(£) — min I(£).
Since Pj;(€) = 1/per(§), this proved the formula for ay. Similarly, we can prove the formula for
9.
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(3) The statistics (&, maxI—min/, max/—min /) is the minimum sufficient statistics since
it induces the same partition as (&, aq, a2) by the above formulas. Note that per(§) is a function
of & since it is the denominator of the irreducible rational fraction equal to a.

(4) Let T := (&, max — min{, max [ — min[).

Let m be an even number with m > 6. Let

&€ = Am—1,2)1
n o= Am-—1, 2)0.

Then, we have || = || = m, per(§) = per(n) = m — 1 and p(&) = p(n) = 2/(m — 1) while
p(§) = 3/m and p(n) = 2/m. Moreover, it is easily seen that

1) = {m/2}

Itn) = {0, m-1}

(&) = {0, m—1}

I(n) = {(m—=2)/2}.

Thus, we have
max (&) —min I(¢) = (m/2)—0=m/2
maxT(n)—min%(n) = (m—-1)—=(m=-2)/2=m/2
max () - min7(€) = (m 1) - (m/2) = (m - 2)/2
maxI(n) —minl(y) = (m—2)/2—-0=(m—2)/2.
);

Hence, we have T'(¢) = T'(n) while p(£) # p(n), which implies that p is not based on 7.

Let m be an odd number with m > 9. Let
&€ = AMm—-2,2)10
n = A(m—2, 2)00.

Then, we have || = || = m, per(§) = per(n) = m — 2 and p(&) = p(n) = 2/(m — 2) while
p(§) = 3/m and p(n) = 2/m. Moreover, it is easily seen that

1) = {lm=1)/2}
) = {0, m—2}
(&) = {0, m—2}
I(n) = {(m—=3)/2}.
Thus, we have
max [(§) —minI(§) = (m—-1)/2-0=(m—1)/2
max I (n) —minl(n) = (m—2)—(m—3)/2=(m~-1)/2
max [(§) —minI(§) = (m—2)—(m—1)/2=(m—3)/2
max [(n) —minI(n) = (m—3)/2-0=(m-3)/2.



Hence, we have T'(¢) = T'(n) while p(£) # p(n), which implies that p is not based on 7.

(5) Since the Bayes estimate as for the observation & with respect to the uniform prior
distribution on « € [0, 1] is the mean of o measured by the normailized likelihood function for
& and the graph of the likelihood function is as in Figure 3, we have

&+ aq + oy
3

a3 =

(6) Suppose that there exists a UMVUE T for a. Consider 2 unbiased estimators

Si+&%+ 4+ En

p(§) =
m
’ H+E&E+ 4+ En
P& = p—

of a.
At first, assume that m is odd. Then for o = (m + 1)/(2m), we have V,(p) = 0, since P, is
supported by the following m sample points:

1(01)(01) ---(01) , (01)1(01)---(01) , ---, (01)(01)---1(01) , (01)(01)---(01)1
1(10)(10) - --(10) , (10)1(10)---(10), ---, (10)(10)---1(10)

each point of which has the same weight 1/m. On the other hand, if & = 1/2, then we have
Va(p') = 0, since P, is supported by the following 2 sampe points:

0101---010 , 1010---101

each point of which has the same weight 1/2. Note that the sample point 1010---101 belongs
to the both sets. Since T is UMVUE, we have

Vim=1)/@m)(p) =0 (4.6)

It follows from (4.6) that T(1010 - --101) = (m—1)/(2m), while by (4.7), we have 7°(1010 - - - 101) =
1/2, which is a contradiction. Thus, UMVUE does not exist.

For the case that m is even, we can do the same argument for & = 1/2 and m/(2m — 2) to
lead a contradiction. O

Example 1. Stg consists of the following 36 elements:

000000 100000 010000 001000 000100 100100
010100 000010 100010 010010 001010 101010
011010 010110 110110 101110 O11110 111110
000001 100001 010001 001001 101001 100101
010101 110101 101101 011101 111101 101011
011011 111011 110111 101111 O11111 111111
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where 010100, 001010, 101001 and 100101 have the same (&, aq,a2) = (2/5,1/3,1/2) and
101011, 110101, 010110 and 011010 have the same (&, a1, a2) = (3/5,1/2,2/3). In the other
cases, the sample mean coincides if the minimum sufficient statistics coincides. Since p(010100) =
p(001010) = 1/3, p(101001) = p(100101) = 1/2, p(101011) = p(110101) = 2/3 and p(010110) =
p(011010) = 1/2, we have

5/12 €& €{010100,001010,101001, 100101}
U(€) = E(pla, a1, a0)(€) = { 7/12 € € {101011,110101,010110,011010}
p(€) otherwise.

Clearly, U is an unbiased estimator of a. For any a with 1/3 < o < 2/5, since we have
P,(010100) = P,(001010) = P,(101001) = P,(100101) = 3 — 1,
it holds that
1,1
Val) = Va(p) — 4GB0~ )G — =)+ 55— =)
Va(p) — 4(1/2){6a} /144

= {6a}(1— {6a})/36 — {6a}/T2
— {6a}(1/2 - {6a})/36

In the same way, we have

{6a}(1/2-{6a})/36  1/3<a<2/5
({6a} — 1/3)(1 — {6a})/36 2/5< a < 1/2

Vo (U) = {6a}(2/3 — {6a})/36 1/2<a<3/5
({60}~ 1/2)(1 - {6a})/36 3/5 < a < 2/3
{6a}(1 —{6a})/36 otherwise.

Example 2. St; consists of the following 36 elements:

000000 100000 010000 001000 000100 100100
010100 000010 100010 010010 001010 101010
011010 010110 110110 101110 O11110 111110
000001 100001 010001 001001 101001 100101
010101 110101 101101 011101 111101 101011
011011 111011 110111 101111 O11111 111111

where 010100, 001010, 101001 and 100101 have the same (&, aq,a2) = (2/5,1/3,1/2) and
101011, 110101, 010110 and 011010 have the same (&, a1, a2) = (3/5,1/2,2/3). In the other
cases, the sample mean coincides if the minimum sufficient statistics coincides.
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