Super-stationary set, Subword problem and the
Complexity

(Discrete Mathematics 309(2009), pp.4417-4427)
(DOT 10.1016/j.disc.2009.02.001)

(Error corrected after the publication)

Teturo KAMAE, Hui RAO, Bo TAN and Yu-Mei XUE

Abstract

Let © C {0,1}" be a nonempty closed set with N = {0,1,2,---}.
For N = {Ng < N; < Ny < ---} C Nand w € {0,1}¥, define
W[N] € {0, 1} by w[N](n) := w(N,) (n € N) and

QIN] = {wN] e {0, 1} w e Q).

We call Q a super-stationary set if Q[A] = Q holds for any infinite
subset A of .

Denoting € the derived set (i.e. the set of accumulating points) of
Q and degQ = inf{d; QUtD = §} with Q) = Q' Q) = ('), ...,
it is known [K] that for any nonempty closed subset Q of {0, 1} such
that deg(€2 o p) < oo for some injection p : W — N, there exists an
infinite subset M such that Q[M] is a super-stationary set. Moreover,
if deg(Q o p) = oo for any injection p : N — N then p¥ (k) = 2% (k =
1,2,--+) holds.

We call ¢ € {0,1}* a super-subword of w € {0, 1}V if there exists
S = {s1 < 83 < -+ < s} with & = [€]| such that £ = w[5] :=
w(sy)w(sa) - -w(sg). Let P(€) be the set of w € {0,1} having no
super-subword £. Denote

Q(E) = Uge=P(§) and P(E) = Nee=P(§),

where = C {0, 1}*.

In this paper, we prove that the class of super-stationary sets other
than {0, 1} coincides with the class of Q(Z) for nonempty finite sets
= C {0,1}*. Moreover, it also coincides with the class of P(L(Z)) for
nonempty finite sets = C {0,1}T, where L(Z) is the set of minimal
covers of Z. Using these expressions, we can calculate the complexity
of super-stationary sets and prove that the complexity function of a
super-stationary set in k is either 2* or a polynomial function of k& for
large k.

We also discuss the word problems related to the super-subwords.



1 Introduction

An element w € {0,1}" is called an infinite 0-1-word which is a map-
ping from N to {0, 1}, while it is also considered as an infinite sequence
w(0)w(l)w(2) --- of 0 and 1. On the other hand, an element » in {0,1}* :=
Uz 410, 1}* is called a finite 0-1-word and represented as a finite sequence
Uity - - -uy, of 0 and 1, where k is such that u € {0, 1}*, which is called the
length of u and is denoted by |u|. We also denote {0, 1}* = U2 {0,1}F =
{0,1}*\ {€}, where ¢ is the empty word.

The concatenation uw of u € {0,1}* and w € {0,1}* U {0, 1}V is defined
as the finite or infinite word uou; - - - up—1w(0)w(1)w(2)---. In this case, u
is called a prefiz of uw. For u € {0,1}*, the cylinder set [u] determined by
u is defined by

[u] = {w € {0,1}"; w is the prefix of w}.

Let N = {Ng < Ny < Ny < ---} be an infinite subset of N. For w €
{0,1} " and Q C {0, 1}", define w[N] € {0, 1} and Q[N] C {0, 1} by

wN](n) :=w(N,) (n €N)
QINV] == {w[N] € {0, 1} w e Q).

Definition 1. A nonempty closed set Q C {0, 1}!Vis called a super-stationary
set if Q[N] = Q holds for any infinite subset A" of N. Note that if N' =
{1,2,---}, then QN] = TQ, where T : {0,1}" — {0,1}" is the shift.

Hence, if € is super-stationary, it is stationary in the sense that T = €.

For € € {0,1}* with & > 0, 5 = mne---m € {0,1}} with [ > k and
w € {0, 1}, ¢ is called a super-subword of 1 or w if there exists S = {s; <
Sg < -+- < sk} which is a subset of {1,2,---,{} or N, such that £ = 5[S] :=
Nsy My *** Nsy, OF W[S] 1= w(s1)w(sg) -+ -w(sg), respectively. We also denote
Q[S] := {w[S]; w € Q) for © C {0,1}. We denote ¢ € por & K wif s a
super-subword of 1 or w, respectively.

For £ € {0, 1}, let

P(§) :={w € {0, I}N; ¢ < w does not hold}

and

Q=) =P, PE =)PE

gex gex
for = C {0, 1}*. Note that P(¢) = 0 and P(0) = {0, 1},
Definition 2. Let = be a nonempty finite subset of {0, 1}*.

(1) We call = noncomparable if for any &, n € = with £ # 7, £ < n does not
hold.



(2) We call 5 € {0,1}*U{0, 1}V a cover of Z if £ < 5 for any £ € Z. A cover
n of Z is called a minimal cover of Z if any ¢ with ¢ $n is not a cover of
=. The least common multiple of = is, by definition, the set of all minimal
covers of =, which is denoted by L(Z). Note that L(Z) is a finite subset of
{0, 1}~

(3) We call n € {0,1}* a core of Z, if n < & holds for any £ € =. A core
n of Z is called a mazimal core of = if any ( with 77;<C is not a core of =.
The set of maximal cores of = is called the greatest common factor of = and
is denoted by G(=). Clearly, G(Z) is a nonempty finite subset of {0,1}*
(possibly, {€}).

Definition 3. For a nonempty closed set Q C {0, 1}, let Q' be the set of
accumulating points of Q, that is,

Q' ={weQ #(wlkg] NQ) = oo for any k € N},

where wlg = w(0)w(1)---w(k — 1) € {0,1}*. We call Q' the derived set
of Q. Clearly, €' is a closed set (possibly, the empty set). We denote
QO = Q and Q) = (Q(i_l))’ fori=1,2,---. For completeness, we define

"= 1. The degree of Q is defined to be the minimum d, if exists, such that
QU+1) — @ which is denoted by deg €2. If such d does not exist, then we
define deg €2 = co.

A super-stationary set € is a uniform set, that is, a nonempty closed set
such that for any nonempty finite set S C N, #Q[S] depends only on #S.
For a uniform set €, the function pq(k) := #Q[S] of k = 1,2,---, where
S C N satisfies that #£5 = k, is called the uniform complexity function of €2.
Define pq(0) = 1 if necessary.

Theorem 1. (T. Kamae [K]) Let Q be a nonempty closed subset of {0, 1}1.
(1) If there exists an infinite subset N of N such that degQ[N] < oo,
then there exists an an infinite subset M of N such that QM] is a super-
stationary set.

(2) If deg QN = oo for any infinite subset N of N, then pg (k) = 2% (k =
1,2,---).

Hence, all uniform complexity functions are realized by super-stationary sets.

Definition 4. For = C {0, 1}*, define

(k) = #{neAo0, 1Y%, € <« 1 does not hold for some £ € E}
(k) = #{neAo0, 1}, € <« 1 does not hold for any ¢ € Z}.

Let = be a nonempty finite subset of {0,1}* and a € {0,1}. Denote
= =1 €10,1}7; fa € =}

Denote Z00 (Zmin) the set of maximal (minimal, respectively) elements in
= with respect to the partial order <.



We prove the following Main Theorem.

Theorem 2. (Main Theorem)

(1) The class of super-stationary sets other than {0, 1} coincides with the
class of sets Q(Z) for nonempty finite subsets 2 of {0,1}F.

(2) For any nonempty finite set = C {0, 1}, Q(Z) = P(L(E)) holds.

(3) For any super-stationary set Q other than {0, 1}, take a nonempty finite
subset Z of {0,1}T such that Q@ = Q(Z). Then, we have

pa(k) =QE)(k) = P(LE)(k) (k=1,2,--).
(4) Let 2 C {0,1}" be a nonempty finite set. Then, we have
Q(E) = Q(Emaz) and P(Z) = P(Z,.n).
Denoting = = 290 U 211, we have

() = QEoUZi1)(k—1)+Q(E0UE)(k— 1)
(k) = P(ZoUS1)(k—1)+ P(E0UZ;)(k — 1)
(k=1,2,--).

In particular, if = = 240, then

QEK) =1+ X5 Q) (i) , PE)(K) =1+ 15 P(Z0)()
(k=0,1,2,--).
(The same result holds for if = ==11.)

(5) For a uniform set Q, there exists a super-stationary set having the same
uniform complexity function as Q. Hence, po (k) is either 28 (k= 1,2,---)
or a polynomial function of k with rational coefficient for large k.

(6) For any super-stationary set Q other than {0, 1}, deg Q coincides with
the degree of the polynomial po (k) of k.

2 Proof of the Main Theorem

For & = &&---&; € {0,1}1 and w € {0,1}, define the &-position in w to
be the sequence 0 < M; < My < --- < M; inductively, as follows:
(1) Mo = —1.

Assume that 0 <[ < dand My < My < --- < M are already defined.
(2) If either I =d or I < d and {n > M;; w(n) = &41} = 0, then let 7 =1
and the induction process is completed. Otherwise let M;;1 = min{n >
My; w(n) = &41} and repeat (2) with [+ 1 in place of .

This 7 is called the &-length in w and denoted by 7(&,w).

In the same way, we define the £-position in 1 and the £-length in 7 for
n=mmn2 - € {0,1}* to be the sequence 1 < My} < My < --- < M, <k
with My = 0 as above.



Lemma 1. Forany & = &&---& € {0,1}F and w € {0, 1}, if there exists
0 < my <mg < -+ < my with k < d such that w(mq)w(mg) -+ -w(my) =
&i&o- &y Let 0 < My < My < --- < M, be the &-position in w with
T =71(&w). Then, we have k <7 and M; <m; (i=1,2,--- k).

Proof It holds that My = min{n; w(n) = &} < my. Assume that M; <
m; for ¢ with 1 <7 <k — 1. Then, we have

My = min{n > M;; w(n) =&} <min{n > my; w(n) =&} < mig.
Hence, k <7 and M; <m; (:=1,2,---,k) holds. O
Lemma 2. It holds that P(£) = {w € {0, 1} 7(&,w) < €]}

The proof is obvious and omitted.

Lemma 3. For any & € {0,1}T, P(£) is a super-stationary set. Hence, for
any nonempty finite set = C {0,1}%, Q(Z) is a super-stationary set.

Proof It is clear that P(£) is a nonempty closed set such that P(&)[N] C
P (&) for any infinite subset A" of N. Therefore, it suffices to show that
P(E[N] D P(&) for any infinite subset A of N.

Take an arbitrary w € P(§) and N = {Nyp < Ny < Ny < ---} C N. Let
0 < My < My < --- < M, be the &position in w with 7 < [¢|. Define
7€ 10,1} by

(n) = & ifn= Ny, forsomei=1,2,---,7
= & if Naj,_, <n < Npy, forsomei=1,2,---,74+1

for any n € N, where we put Np;, = —1, Ny, =ocand 0 =1, T = 0.
Then, the &-position in 7 is Nag,, Nar,, - -+, Nag, with 7(&, 1) = 7(§,w) < [¢].
Hence, n € P(§) and n[N] = w, which implies that P(£) is a super-stationary
set. The last statement holds since a finite union of super-stationary sets is

super-stationary. a

Lemma 4. Let Q be a super-stationary set such that Q # {0, 1}V, Then,
sup{#{n € N; w(n) # w(n+1)}; w € 2} < oo.

Proof Suppose that sup{#{n € N; w(n) #wn+ 1)}; w € Q} = occ.
Then, for any £ € {0, 1}*, there exists w € Q such that £ < w. Since Q is a
super-stationary set, this implies that Q = {0, 1}, which is a contradiction.
O

Proof of (1): Let Q be a super-stationary set such that Q # {0, 1}, Let
K :=sup{#{n eN; w(n) Zwn+1)}; w € Q},
which is finite by Lemma 4. For a = 0, 1, let

Qu(K)={weQ #{neN; wn) #w(n+1)} = K and w(0) = a}.



Then, Q,(K) # 0 for some a € {0, 1}, which we assume.
For w € Q,(K), let

— L7700
w=a"a". ... p"Ep

be the block decomposition with ny = ny(w), -+, ng = nx(w) € {1,2,---}
and b=a+ K — 1 (mod 2).

We call the i-th block (of Q,(K)) isolated, where i = 1,2,--- K, if
ni(w) = 1 for any w € Q,(K). Note that the first block is not isolated.
To show this, take n € Q such that n[{1,2,---}] = w, which exists since
Q[N] = Q for any infinite subset A C N. If 7(0) # a, then

#{n € N; n(n) #n(n+1)} = K+1,

contradicting the maximality of K. Hence, 7(0) = a, which implies that
n € Qu(K) and ny(n) = n1(w) +1 > 2.

We also prove that there do not exist 2 neighboring isolated blocks. Take
the 2-th block of w with 1 < ¢ < K. Let it be ---j, the last j of which is
located as w({). Then, w(l) = j and w(l+ 1) = 5. Take € Q such that
N[N\ {{ + 1}] = w, which is obtained from w by inserting some ¢ € {0, 1} in
between the [-th and the (I+1)-st blocks of w, that is, - - - jcj - - -. Therefore,
n € Q4 (K) and at least one of the i-th or the (i+ 1)-st block is not isolated.

It holds that if ¢-th block is not isolated for some ¢ = 1,2,---, K, then
n; can take any value in {1,2,---}, independently of other n;’s. This is
because if i-th block is not isolated, then for some w € Q,(K), n;(w) > 2
and its i-th block is 7j--- with the first j located as w(l). Take n € Q2 such
that [N\ {{+ 1}] = w. Then, jj in w is replaced by jcj--- with ¢ € {0,1}
in 7. The maximality of K implies that ¢ = j. Hence, n € Q,(K) and
n;(n) = ni(w) + 1. Thus, n; can be arbitrarily large.

By taking subsequence along an V| the following Lemma holds:

Lemma 5. Any element of the form w = a™@" ---b"5b . with the condi-

tion that n; € N if the i-th block is not isolated and n; € {0, 1} if i-th block
is isolated belongs to €.

Definition 5. Corresponding to the above set of words a™@" ---b"Kp ",
we define the sequence T := 1ty -txtx4q of symbols I and & so that
t; = I if the i-th block of Q,(K) is not isolated and ¢; = § if the i-th block
of Q,(K) is isolated. Then, §-symbol is not at the first place, nor at the last
place. Moreover, there are no cosecutive d-symbols.

Since all §’s in T are followed by I, we can replace 6/ by one sym-
bol. Let S = sysy---84 be the sequence of symbols I and J obtained
from T by replacing all 61 by J. Using this 5, we define a sequence
S(a) = s1(a1)s2(az) - - -sq(aq) by
a; (si=1)
a; (si=1J)

We call S or S(a) the type of Q,(K).

a1 =a and aH_l:{ (t=1,2,---,d—1).



Let S(a) = s1(a1)sz(az)---sq4(aq) be the type of Q,(K). Consider the
set of w € {0,1}" with the property that there exist positive integers

my, Mo, -+, Mmg_1 such that
w = s1(a1, m1)sz(ag, ma) - - -sq(ag—1, ma—1)sq(aq, 00), (1)
PO (si=1) . _
where s;(a;, m;) == { @l (s = J) (1=1,2,---,d).

Define £ = &6 -6 € {0,137 by & = aip (i=1,2,---,d—1) and
_Jaa (sa=1)
a={a =D )

Lemma 6. Every w € Q,(K) is written as (1) with positive m;’s together
with m; > 2 if s; = .J. On the other hand, any w € {0, 1} which is written
as (1) just with positive m;’s belongs to Q. Moreover, for any w € {0,1}"
written as (1) with positive m;’s, let My, My, -- -, M, be the &-position in w.
Then, it holds that 7({,w) =d —1 and

Mi=mi+mo+-+m (i=1,2---,d-1).

Hence, w € P(§). In particular, Q,(K) C P(£).

Proof The first 2 statements are clear from the definition of S(a) and
Lemma 5. Let w € {0,1}" be written as (1) with positive m;’s. Since
& = az and my = min{n; w(n) = az}, my = M; holds. Since & = a3
and my + mg = min{n > my; w(n) = asz}, My = m; + ma. The poof
proceeds in this way arriving at My_1 = my 4+ mgo + -+ + mg_1. Since

{n > My_1; wn) =&} =0, we have 7(§,w) =d — 1 and w € P(&). a
Lemma 7. P(§) C Q holds.

Proof Take any w € P(§). Let My, My, -+, M, be the {-position in w
with 7 < d — 1. Then, we have

w(n) = & iftn= M, forsomet=1,2,---,7
T & ifFMi_y <n< M;forsomei=1,2,---,7+1

for any n € N, where we put My = —1 and M,;; = oc.
Let mqy = My and m; = M; — M;—4 (i = 2,3,---,7). Then it is easy to
see that

w= 81(017 m1)52(a2, mz) e 'ST(aT7 m7)87+1(f17+17 OO)-
Hence, we have

w= lim 81(017 m1)52(a2, mz) e 'ST(aT7 m7)87+1(f17+17 m)
m—r00

Sr42 (a7'—|—27 1) o 'Sd(ad—h 1)Sd(ad7 OO)



Since the term under the ”lim” belongs to 2 by Lemma 6 and € is a closed
set, we have w € Q, which completes the proof. a

We have proved Q,(K) C P(¢) C Q. In the same way, if Qz(K) # 0,
then there exists ( € {0, 1} such that Qz(K) C P(¢) C Q. Any case, there
exists a nonempty finite set =, C {0,1}* such that Q(K) C Q(=;) C 9,
where we put Q(K) = Qo(K) U Qq(K).

If Q(El)iﬁ, then put Q' = Q\ Q(Z;). Let

L= sup{#t{n € N; w(n) £ w(n+ )}; w € 1),
Then, L < K and there exists a € {0, 1} such that Q}(L) # 0, where
QL) ={we Qs #{neN; w(n) #wr+1)} =L and w(0) = a}.

For w € QL(L), let

— Fgee)
w=a"a"?. ...}

be the block decomposition with ny = ny(w), -+, np = np(w) € {1,2,--},
where b=a+ L — 1 (mod 2).

Likewise, the i-th block is isolated, where ¢ = 1,2,---, L, if n;(w) =1
for any w € QL(L). Note that the first block is not isolated. To show
this, take n € Q such that n[{1,2,---}] = w. If n € Q(=;), then we have
a contradiction that w € Q(Z;) since Q(=;) is a super-stationary set by
Lemma 3. Hence, n € QL. If 5(0) # a, then

#{n e N; n(n) #nn+1)} =L +1,

contradicting the maximality of L. Hence, n(0) = a, which implies that
n € Q,(L) and ny(n) = ny(w) +1 > 2.

In this way, we can prove the same things for the block decomposition
for QL(L) as for Q,(K). Hence, there exists A € {0, 1} T such that QL(L)
P(A) C Q.

Let QY(L) := QL(L) UQ{(L). Then, there exists a nonempty finite set
=2 C {0,1}F such that Q' (L) C Q(Z2) C Q. Hence,

Q(I() U QI(L) C Q(El U Ez) C Q.
If Q\ Q(Z1 UE3) # 0, then put Q* = Q\ Q(Z; U=3) and let
M = sup{#n € N; w(n) #w(n+ 1)} w € 92).

Then, M < L. In this way, we continue until Q = Q(Z) for some nonempty
finite set = C {0,1}T. Since K > L > M > --- > 0, it finish within K + 1
steps.

Thus, any super-stationary set other than {0, 1}¥ can be written as Q(Z)
for some nonempty finite set = C {0, 1}, which completes the proof of (1)
of the Main Theorem. a



Proof of (2): For any minimal cover i of =, it holds that 1 < |n| < > .= [€].
Therefore, L(Z) is a finite subset of {0, 1}+.

Assume that w ¢ Q(Z). Then, w ¢ P(£) for any £ € =. That is, £ < w for
any £ € =, and hence, w is a cover of Z. Therefore, there exists a minimal
cover of =, say 17 € {0,1}7, such that n < w. Thus, w ¢ P(L(Z)).

Conversely, let w ¢ P(L(Z)). Then, there exists a minimal cover 7 of =
such that w ¢ P(n). That is, n < w. Since 7 is a minimal cover of =, this
implies that £ < w for any £ € =. Hence, w # P(&) for any & € =. Thus
w# Q(2). ]
Proof of (3): Since Q = Q(=) = P(L(Z)) is a super-stationary set by (1)
and (2) of the Main Theorem,

holds for k =1,2,---.
It is clear from the definition that

c {ne{0,1}*; ¢ < n does not hold for some ¢ € L(Z)}
c {ne{0,1}*; ¢ < n does not hold for any ¢ € L(Z)}
forany k=1,2,---.

Conversely, if 7 € {0,1}* satisfies that ¢ < 7 does not hold for some
€ € 2. Let this € be &&---&. Then, w = n&; € P(€) since £ € w
does not hold. Hence, w € Q(Z) and w[{0,1,---,k — 1}] = 5. Therefore,
/RS Q(E)[{()? 17 e 7k - 1}] and

= {¢ €{0,1}* ¢ < n does not hold for some ¢ € L(Z)}.

On the other hand, if € {0,1}* satisfies that ( < 7 does not hold
for any ¢ € L(Z), then £ < n does not hold for some £ € Z. Let this
€ be &&---&4. Then, w = né;~ € P (&) since £ < w does not hold.
Hence, w € Q(E) = P(L(Z)) and w[{0,1, -,k — 1}] = 5. Therefore,
ne P(L(E))[{()? 17 T 7k - 1}] and

= {¢ €{0,1}*; ¢ <« 5 does not hold for any ¢ € L(Z)}.

Thus,

#Q(E)[{07 L k= 1}] = Q(E)(k)
#P(LENHO, L, -+ k-1}] = P(L(E))(k)



for any k = 1,2, ---, which completes the proof. a

Proof of (4): Let = C {0,1}T. Then, it is clear that

Let = = Zp0 U =;1. Then,
{n € {0,1}*; ¢ < 1 does not hold for some (any) & € Z} =
{n'0; o' € {0,171, ¢ < 5 does not hold for some (any) € € ZgUZ;1}
; € h < oes not ho
U ('L 7' e {0,137 ¢ < d hold

for some (any, respectively )& € Zo0 U =1 }.
Hence,

J(k) = QEOUEN(k-1)+Q(EoUEL)(k—1)
(k) = P(EOUS)(k— 1)+ P(EgUE 1)(k - 1)

forany k=1,2,---.
Assume that =; = (). Then by the above equality, we have

QEHN=QE)0-1)+QE)(i-1) (i=1,2,-).

Adding this equality for ¢ = 1,2,--- , k, we have

since Q(Z)(0) = 1. Note that this equality also holds for & = 0 since the
both sides are 1. The same equality holds for P insread of (). a

Proof of (5): Since Q({0})(k) = Q({1})(k) =1 for any k = 1,2,---, we
can prove that Q(=)(k) is a polynomial function of k£ with rational coefficient
for sufficiently large k by (4) using the induction on » .= [¢]. a

For £ = &6+ €a € {0,1}F, let & ==& -+ &y and == {¢; € =)

Lemma 8. Q(=2) = Q(Z') holds. Hence, the class of super-stationary sets
added the empty set is closed under the operations of taking derived set.

Proof Since
Q(E)/ = (UﬁeEP(f))/ = UfeEp(f)/7
it is sufficient to prove that P(£)" = P(¢') for any £ € {0,1}+. Let £ =

§1&---&a € {0, 13
Assume that w ¢ P(£'). Let My, My, -+, My—1 be the &-position in w.
Let S ={0,1,---,My—1}. Then, any € P(§) such that n[S] = w[S] must
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satisfy that w(n) = & for any n > My_; since otherwise, £ < 7. Hence,
w g PEY.

Conversely, assume that w € P(¢&’). Let My, My, - -+, M, be the -position
in w with 7 < d — 2. Then, for any N > M, and n € N,

n=w(0w(l) - w(N)&-1"8 €PE).
Thus, we have w € P(£)’, which completes the proof. a

Lemma 9. pp)(k) = Ef:_ol (’:) (k =1,2,--+) holds for any & € {0,1}*
with |€| = d. Hence, pp(s)(k) is a polynomial of k of degree |¢] — 1.

Proof We use the inducdion on [£]. If || = 1, then P (&) consists of one
element & . Hence, our Lemma holds. Assume that our Lemma holds for
€] =1,2,---,d. Let || =d+ 1> 2. By (4-2) of the Main Theorem and
the induction hypothesis, we have

=0 1=0 7 ‘]
d—1 k-1 . d—1 d
1+ 1 ? k k
-~ 2 (1) -Gh)) -5 65) -2 0)
7=0 1= ‘]+1 ‘]+1 7=0 ‘]+1 7=0 J
which completes the proof. a

Proof of (6): Let Q be a super-stationary set other than {0,1}". Then
by (1) of the Main Theorem, there exists a nonempty finite set = C {0, 1}
such that Q = Q(=). Then by Lemmas 8 and 9, we have

deg Q@ = max{|{]; £ € =} — 1 = the degree of the polynomial pq (k) of k,

which completes the proof. a

3 Word problems related to super-subwords

Let = be a nonempty finite subset of {0,1}* and a € {0 1}. If there exists
§ € = such that § = @" for some n € N, then let Z,) = = (). Otherwise, let

E(a) = {¢ €{0,1}"; &aa" € = for some n € N}.

Theorem 3. For a nonempty finite set = C {0,1}*, the following state-
ments hold.

(1) L) = L(Emar)

2) G(E) = G(Emin)

(3) L(E) C L(ZpUE11)0UL(Eg0 U =q)1

(1) G(E) C G(E()0UG(E))L

[1

[1] [1

[1]
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Proof (1)(2) are clear. To prove (3), take an arbitrary n € L(Z) and
& € Z. If the last letters of n and & coincide, then & < n implies & < 7.
Otherwise, £ < 7 implies £ < 1’. Hence, n € L(EgUZ11)0 U L(Zo0 U =y)1.

To prove (4), take an arbitrary n € G(Z). Let the last letter of n be
a € {0,1}. Since 7 is a core of =, a appears in every element in = and
7 < & for any € € Z(,). Hence, n € G(Z(,))a, which completes the proof. O

Theorem 4. (1) For any noncomparable nonempty finite set © C {0,1}7,
G(L(©)) =0 holds.

(2) For any noncomparable nonempty finite set © C {0,1}*, © = L(Z) holds
for some nonempty finite set = C {0, 1} if and only if L(G(©)) = © holds.

Proof To prove (1), let © be a noncomparable nonempty finite subset of
{0,1}F. Let & = &&-+-& € O. Since € is a core of L(0), there exists
n € G(L(0O)) such that £ < n. Suppose that £ # 5. Then, there exists &
with 0 < k < d and a € {0,1} such that £ € & - -&ralpyr - &g < 1.

Let ¢ = ¢1¢? with

= §M487E &, and

) r— - Tn
G o= Gl T b T 06

with sufficiently large ny,nq,---,n4. Then, £ < ¢ holds, but n < ¢ does
not hold since & - - - £pa&py1 - - - €4 € ¢ does not hold. We’ll prove that 8 < ¢
holds for any 6 € ©.

To prove this, let § = 0,6, ---0; € ©O\{¢} and consider the &; - - - {-position
My, -+, M, and the & - -&g-length 7 in 6.

If 7 <k, then 0 =& "6& & -+ &7 &, holds with some my, - -+, my >
0. Hence, § < (! < (.

If 7 =k, then & ---&, < 61---0p. < ¢! holds. Hence, &ppy -+ &g <
Oar, 41 - -6; does not hold since otherwise, we have a contradiction & < 6.
Consider the the &;---&xyi-length o in 6;---0p7.49. Since &pqq &1 <
Orr, 41 --6; does not hold, &5---&xpq € 0;---60p1, 41 does not hold. By the
same argument as above, this implies that ¢ < d — k and 6;---0y7, 11 <
Tdfd . ‘mk+1€k+1. Hence, Oy 41 -0 < ¢2. Together with 6y ---0y
< (', we have 8 < (.

Thus, we proved that  is a cover of = such that n < ¢ does not hold, which
contradicts with n € G(L(Z)). Hence, we should have £ = € G(L(Z)).
Therefore, we have = C G/(L(Z)). Now, we prove the oposite inclusion.

Take n = mnz---ng € {0,1}* such that n ¢ =. Since = C G(L(Z)) and
G(L(Z)) is noncomparable, if n < & for some £ € Z, then n ¢ G(L(Z)).
Therefore, consider the case where n < & does not hold for any € € =. Let

C=m" MR 0 Nd—17d "¢

with sufficiently large ny, ng, - -+, ng. Then, by the same argument as above,
& < (¢ holds for any £ € =, but n <« ( does not hold. Hence, ( is a cover of
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= such that 7 < ¢ does not hold. Therefore, n ¢ G(L(Z)). Thus, we proved
that = O G(L(Z)), which completes the proof of (1).

Let us prove (2). If L(G(O®) = © holds, then ® = L(Z) holds with
= = G(O©). Moreover, Z is a nonempty finite subset of {0,1}* since ©
is so and L(E) = O, Z = G(0). Assume that © = L(Z) holds with a
nonempty finite set = C {0,1}T. We may assume that = is noncomparable
since otherwise, we can take a noncomparable subset Zg of = such that

L(Zp) = L(E). Then, by (3), L(G(©)) = L(G(L(Z))) = L(Xi) = ©, which
completes the proof. a

Example 1. Let = = {110,101,100,010}. Then by Thorem 3,

L(11,101,10,01)0U L(110, 10, 100, 010)1
L(11,101)0U L(110, 100,010)1
L(1,10)10U L(11,10,01)01

L(10)10 U L(11,1,01)001 U L(1, 10,0)101
{1010} U L(11,01)001 U L(10)101

{1010} U L(1,0)1001 U {10101}

{1010} U L(1)01001 U L(0)11001 U {10101}
{1010} U {101001} U {011001} U {10101}
{1010, 101001,011001,10101}.

N N N N N N N N

Discarding non-minimal covers from the above, we have L(Z) = {1010,011001}.
Conversely,

G(1010,011001) G(101,0110)0 U G(10,01100)1
G(1,011)00U G(10,01)10U G(10)1
G(1)00U G(1,€)010U G(e,0)110U {101}

{100,010, 110, 101}.

N N N

Since {100,010,110,101} is noncomparable, we have G(1010,011001) =
{100,010, 110,101}. Hence, G(L(Z)) = =.

13



4 Complexity functions with degree < 2

Example 2. Let Q = Q(110,101,100,010) = P(1010,011001). Then, by
(4) of the Main Theorem, we have

pa(k) = pow=)(k)
= (110,101,100, 010) (k)
Q(11,101,10,01)(k — 1) + Q(110, 10, 100, 010) (k — 1)
Q(101)(k — 1) + Q(110, 100,010) (k — 1)

2 k—2

— Z(k;1>+1+ZQ(11,10,01)(i)
1:0 -
= K ——k+1+1+1+2 (11,10,0)(i — 1) + Q(1,10,0) (i — 1))

_ 1 ——k+3+z Q(11,10)(i — 1) + Q(10)(i — 1))

k—2
= —k2——k+3+2+z (11,1)(i — 2) + Q(1,10)(i — 2) + 1)
=2
= - ——k+5+z 2) + Q(10)(i — 2) +9)
1 1 k—2
_ 2 . . .
1 1 (3k — 4)(k — 3)
= k- Zk
5 Sh+5+ 5
= 2k* — Tk +11.
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On the other hand,

palk) = ppuE)(k)

P(1010,011001) (k)

P(101,011001) (k — 1) + P(1010, 01100) (k — 1)
= P(101)(k — 1)+ P(1010,01100)(k — 1)

2 E—1 k—2
= Z( . >+1+ZP(101,0110)(¢)
=0 t =0
k—2
= —k2——k+1+1+1+z (10,0110) (i — 1) + P(101,011) (i — 1))
=1
1 1 k—2 i—2
=k 2k+3+; P(10)(i 1)+1+;P(10,01)(3))
1 1 k—2 k—2
= Sk —§k+3+;z+k—2+; 1+2(i - 2))
1, 1 (k- 1)(k —2)
= B4 k41420 T (k—3)?
S+ gk + 1+ 5 + ( )
= 2k — Tk +11.

Consider the complexity functions of the super-stationary sets with degree
0, 1 or 2. They are finite unions of the following sets.

P(0), P(1)
P(00), P(01), P(10), P(11)
P(000) , P(001) , P(010), P(011)
P(100) , P(101), P(110), P(111)

All the complexity functions are listed below:

1 2
E+1 k+2 2k 2k+2
3k—2 3k—1 4k—4
P4+ lk+1 R+ ik+2 LR+ 2k-1 L2+ 2k+2
v 2k—4 k24 3k-2 K2+ 1k —6

E—-k+2 k-1 k2 E4+k-5
k-4 kK2+k+2 K24+2k—8 k2+4+2k-3
E* 4+ 3k -8

3 7 3 5 3 3
32 _Th45 2k2—3k42 3k -2k —2

3 1
31.2 1 31.2 1 31.2 1 _kz_ik_6
S lp—3 Szl k24 lk -3

2
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262 — Tk +11 2k —6k+8 2k* —5k+4 2k? — 4k

2% —Ak+2 2k2—-3k—-5 262 —-3k—3 2k2—-2k—9

2% — 2k — 8
20— Vk+14 2K2—Lk+10 2K2—Dk+6 3k Dhk+7
P -Brk+1 P -Bhk+2 P -LE-3
3k2 — 13k +20 3k%2—12k+ 16 3kZ—12k+17 3k%2—11k+11
32— 11k+12 3k —10k+7 3k*—9k+2
7 31 7 29
k- k422 kP - k41
2 g it 2 g it 7
4k% — 20k + 32,

7 33
—k? - Zk+26
2 5 it

where the value for pq(k) in the above is valid for k& > 6.

5 Open problem

Let €2 and A be super-stationary sets with finite degree. It is interesting to
ask when they are isomorphic to each other in the sense of [K]. If they are
isomorphic, then

d:=deg=degA
pQ(i)(k):pA(i)(k) (k:1727"';i:0717"'7d)

holds.

Problem: Is this condition sufficient for them to be isomorphic?
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