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Abstract

The notion of the maximal pattern complexity of words is introduced in [KZ1,
KZ2]. In this paper, we obtain an almost exact formula for the maximal
pattern complexity pj (k) of Toeplitz words a on an alphabet A defined by
a sequence of coding words (n(™)* ¢ (AU {?H (n = 1,2,---) including
just one ? in their cycles (™). Using this formula, we characterize pattern
Sturmian words (i.e. pi(k) = 2k (Vk)) in this class. Moreover, we give a
characterization of simple Toeplitz words in the sense of [KZ2] in term of
pattern complexity. In the case where (1) = 5(2) = ... we obtain the value
limj_yo0 5 (k) /k. We construct a Toeplitz word o € A" with $A = 2 such
that p2 (k) = 2% (k =1,2,--), while Toeplitz words in our sense always have
discrete spectra.

1 Basic notions.

Let A be a finite set of letters such that §A > 2. which is called an alphabet.
Let o € AY (N := {0,1,2,---}) be an (infinite) word on A. Let k be a positive
integer. By a k-window 7, we mean a subset of N with cardinality & denoting

T = A7, 71, ,Th—1 ) with 70 < 71 < -++ < 7p—1. We usually, but not always,
assume for a window 7 that 7o = 0. The k-window 7 = {0,1,--- [k — 1} is called
the k-block window.
For a k-window 7 = {79, 7, - ,7k—1} and a word a = a(0)a(l)a(2)---, we
denote
an+7] = an+m)aln+7) - aln+ Tr_1)
Fa(T) = {a[n—l_T] ) n:071727”'}
pa(T) = BEL(7).
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An element in F,(7) is called a 7-factor of a. The mazimal pattern complexity p, for
a word « has been introduced by the second author together with Zamboni [KZ1]
as

pz(k) = Suppa(T) (k = 172737' T )7

where the supremum is taken over all k-windows 7, while the block complexity p, is

defined as
pa(k) = pa({07 17 e 7k - 1})

It is known (Morse and Hedlund [MH]) that for a word «, the following statements
are equivalent:

(1) a is eventually periodic,

(17) pa(k) is bounded in k,

(131) pa(k) < k41 for somek =1,2,---,
while the following parallel statements with respect to the maximal pattern com-
plexity are equivalent [KZ1]:

(1) a is eventually periodic,

(12") pr(k) is bounded in k,

(12") pi(k) < 2k for some k=1,2,---.

A word o with block complexity p,(k) = k+ 1 (k = 1,2,3,---) is known as
a Sturmian word and is studied extensively (see for example Berthé [B] and the
references therein). A word a with maximal pattern complexity pi (k) = 2k (k =
1,2,3,---) is called a pattern Sturmian word and is studied in [KZ1, KZ2]. It
is known that Sturmian words are always pattern Sturmian words, while simple
Toeplitz words defined below are pattern Sturmian words which are not Sturmian
words.

The value limg_oo (1/k)log pZ (k) is known to be an invariant of the topological
dynamical system arising from « taking values in {logn; n = 1,2,--- A} (see
Huang and Ye [HY]). If the measure-theoretic dynamical system arising from o has
a partially continuous spectrum, then this value is nonzero, but the converse is not
true.

For a nonempty set A of letters and a letter 7 which is not included in A, let
P(A,?7) be the set of periodic words ¢ = n™ € (AU {?})" such that every letter in
A occurs at least once in n while 7 occurs in 7 just once. Hence, the length of n
is the minimum period of . For &' € P(A,7) and &2 € P(B,?), we define &' < &
by substituting every occurrence of 7 in &' by £2(0), £*(1), £*(2), --- in the order.
Then ' <& € P(AU B, 7).

Let " € UpzscaP(S,7) (n=1,2,---). We define

a=& g8 q- e (AU{Y

as the limit of €' <12+ <1 €™ as n tends to oco. If the first occurrence place of 7 in
" is not 0 for infinitely many n’s, then a € AN, In this case, we call a a Toeplitz



word with single hole provided that it is not eventually periodic, and ¢!, €2, --.
a sequence of its coding words. Here, we only consider Toeplitz words with single
hole (that is, one ? in the minimum cycles of all the coding words), so that we call
them simply Toeplitz words. Since any Toeplitz word « is not eventually periodic,
pi(k) > 2k (k=1,2,---) holds by the above equivalence.

We remark that any of a = &' <2 <13 <+ € AV with €* € UprscaP(S,7) (n =

1,2,--+) is recurrent. Moreover, it is periodic if and only if there exist a € A and
h > 1 such that £ € P({a},?) for any 1 > h.
To prove “if” part, let ¢ € P({a},?) for any 7 > h. Then, " <"1 <.+ = qaa -

holds, so that « is obtained from the periodic word &' <1 €2 <1 --- < &"~! by filling all
the 7 by the same letter a. Hence, « is periodic.

Conversely, assume that #5 > 2, where S is the set of ¢ € A which appears in ¢
for infinitely many i’s. Then, for any sufficiently large h, " <1 €' < --. consists
only of letters in S, any of which appears infinitely often. On the other hand, the
minimum period L of the periodic word ¢ := £ <12 - -- <" containing just one
7 in its minimum cycle tends to oo as h tends to co. In «, all the 7 in ( are filled by
the letters in S, while any letter in S is used infinitely often. This shows first that
« is recurrent. Also, this shows that we can find 2 blocks in o with an arbitrary
length K < L located at the same place modulo L having different numbers of a’s
(and b’s) if a,b € S with a # b, which implies that K is not a period of a. Since we
can take K =1,2,---, « is not periodic.

A Toeplitz word o € Al is called a simple Toeplitz word if A = 2, say A = {a, b},
and it has a sequence of coding words ¢&;1,&s,--- € P({a},?)UP({b}, 7). It is known
that if o is a simple Toeplitz word, then it is a pattern Sturmian word, that is
pi(k) =2k (k=1,2,---). We remark that the proof for it in [KZ2] is wrong. Here,
we give not only a correct proof for it but also a characterization of the pattern
Sturmian words among all Toeplitz words. We also give a characterization for a
word to be a simple Toeplitz word in term of pattern complexity.

2 Main results

Let 3 € A" be a recurrent word and ¢ € P(A,?) with the minimum period r. Let
T={0=7 <7 < -+ <71} be a k-window. We decompose 7 into a union of
subwindows

T = UTi, (2.1)

€L
where for 1 = 0,1,--- ,r — 1,

Ti ::{Tj ) ]:0717 7k_1SUChthat T]EZ(mOdT)} and
L:={ie{0,1,--- ,r—1}; 7 #0}.



Here, we also denote

o= (=) /r={(r; —i)/r; T, €7} (i€L). (2.2)
Fora e AU{?}, SCA m-n, € (AU{?})"and U C (AU {?})" with n € N,

we denote
at if a#?
ms(a) = { {5} ifai?
Ts(m-m) = {G G GETs(y) (1=1,-++,n)}
U = U ms(u).
welU
We define
D¢ L) = fmale(L) — (4A (2.3)
E(& L) = t(maFe(L)U{a"s a € A}) — (1A,

where we denote ¢ = §L and F¢(L) is the set of L-factors of .

Let a = £ <18 € A, Let ig be such that 0 < io <r —1 and &, =?. Then, & =7
if and only if i = i (mod r). By a constant word, we mean a word in {a"; a € A}
for some n € N. For U C A" with n € N, we denote by C'(U) the set of letters
appearing in the constant words in U. It is easy to prove the following Lemma.

Lemma 1. Let o = £ < 3, where ¢ € P(A,?) with the minimum period r and
B € AV is a recurrent word. Let T be a k-window with the decomposition (2.1) and
(2.2). Then for any i € L, we have

C(ENP)) € C(E () = &
2 (Fa(m)\ Fa(7')) = tA — 1C(Fp(T"))
We denote
F = {u€ F,(7); u|; is a constant word for any ¢ € L},
F* = {u € F,(r); ul, is not a constant word} (i € L),

where for u € F,(7) with u = a[n + 7], we denote u|,i = a[n +7']. If u € F' with
i € L, then v = a[n + 7] holds with n such that n + ¢ = iy (mod r) since otherwise
u|, is a constant word. Moreover, if u € F' and ¢’ € L with ¢ # ¢', then wu|_s is
a fixed constant word with letter £(j) such that j = ig + ¢ — ¢ (mod r) which is
independent of u € F'*. Hence, F' and F'’s are disjoint each other and any of u € F
is determined by u|.

Note that if uw € F* with u = aln+ 7] and n 4+ 1 —ip > 0, then

[

si=0(n+1—10)/r —I—Fi].
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Conversely, if v € F5(7') is not a constant word with v = S[n + 7], then v = ul.
holds for u € F* with u = alrn+1ig — 1+ Ti]. Thus, we have

4P = ps(T') — 4O (Fp(T') = pa(T') — HA,
where the second equality holds by Lemma 1.

Consider the set F'. To any word u € F', we associate a new word @ € F,(L) with
the property (i) € C(u|,:) for all ¢ € L. Denote

F={aeF,(L); ueF},

then, by the definition of F, it is easy to see that there is a bijection between the
sets I and F. Also it holds that

F— Uwc [to — 1 + L)),

1€L

with C; := C(Fs(7")). Moreover, it holds that C(F, (7)) C C(ma(F:(7)) and
{a's a € C(ma(Fe(r)} \{as a € C(Fu(r))} CmalFe(L))\ F.

Therefore, we have

F Cau(Fe(L)\ ({d; a € Clra(Fe(r)}\ {a's a € C(Fu(7))}),
while F' = ma(Fe(L)) holds if C; = A for any ¢« € L. Hence, we have

palr) = HF LY BF =gF 4y 4F

el el
< AmaFe(r) —4C(maFe(r) +4C(Falr) + > (pal)
=y
= fmaFe(L) — tC(maFe(L)) + 4C(Fa(r)) + > (palr)
=y
= D& L)+ Y palr’) —C(maFe(L)) + £C(Fa(T)),
=y

while p,(7) = D(&, L) + > ey Pa(7") holds if C; = A for any ¢ € L.
Thus, we get the following Theorem 1.

Theorem 1. For any & € P(A,?) with the minimal period r and a recurrent word
B e AV let a = £ <13 and 7 be a k-window with the decomposition in (2.1) and
(2.2). Then, we have

palr) = $C(Fu()) < DIEL) — EC(ma(F(L) + 3 pol7)

Particularly, we have

pa(T) < D(E, L) + Zpoz(T
€L
with the equality if C(Fs(7')) = A for any i € L.

5



Corollary 1. With the same setting as in Theorem 1, we have the following state-
ments.

(1) It holds that C(F,(t%)) = A and p,(7") = ps(7") +1A—4C (F3(7")) for anyi € L.
In particular, we have po(r7) = ps(7) + A — §C(Fs(7)).

(2) pi(k) > pjs(k) holds for any bk =1,2,---.

(3) If B = n<ay holds with n € P(A,?) having the minimum period s and a recurrent
word v € AV satisfying the following Condition(x) for 7, then we have the equality

pa(7) = DI LY+ ) palr) = DIE L) + ) pa(7).

ieL i€l
Condition(*) For anyi € L and 3,7’ € 7, rs divides j — j'.

Proof. The first part of (1) follows from Lemma 1. The second part follows from

the first part as (r7)° =r7 and (r7) = 7.

For an arbitrary k-window n, put 7 = rn. Then, since 7
have p,(7) > ps(n) by (1), which proves (2).

Let us prove (3). Since 7 for any 7 € L is contained in single modulo class of s
by the Condition (%), Fj3(7*) contains all constant words with letters appearing in 7,
that is A as n € P(A,?). Hence, C(Fs(7%)) = A for any i € L, and by Theorem 1
and (1), we have the equality

pa(r) = DL+ Y palr)

0 =0

=7 and T =17, we

€L
= D)+ Y pe(m).
€L
O
Lemma 2. Let a € AV be any simple Toeplitz word. Then,
Pa(T) = BO(Fu(T)) + #A < 2k (2.4)

holds for any k-window 7. In particular, a simple Toeplitz word is a pattern Sturmian
word.

Proof. To prove (2.4) for any simple Toeplitz word a € Al with A = {a,b} and any
k-window, we use the induction on k.

If k=1 or 2, (2.4) holds clearly.

For k > 3, assume that (2.4) holds for any ¢-window with ¢ < k and any simple
Toeplitz word. Take a simple Toeplitz word a € A" and a k-window 7. Since « is
a simple Toeplitz word, we may assume without loss of generality that o = £ <1 3
holds for a simple Toeplitz word 3 € A and ¢ € P(A,?) such that £ = n < ¢ with
n € P({a},?) and ¢ € P({b},?). Let the minimum periods of n and ( be s and ¢,
respectively. Thus the minimum period of ¢ is r = st.



Case 1 If 7 is not a multiple of r, then we have the decomposition of 7 as in (2.1)
and (2.2) with [ = 4L > 2. By Theorem 1, Lemma 1 and the assumption of the
induction, we have

pa(T) —-C4+2 < D(f,L) — C’_|_2_|_Zpa(7_i)

€L

= DEL) =424 (ps(T) +2 - 1C5)
€L

< D(EL) = C' 24 ) 247
€L

= D(,L)—C"+2+ 2k,

where we put C' := 4C(F,(7)) and C" :=§C(mpFe(L)). Therefore, to prove (2.4), it

is sufficient to prove

D, L)y—C'+2<0. (2.5)
Decompose L = {Lq, Ly, -+, L;} into the modulo classes of s as follows.
L=Jr,
e

where for 1 = 0,1,--- ;s — 1.

L':={L;; j=0,1,--- ,k — 1 such that L; = (mod s)} and
K:={i=0,1,---,s—1; L' #(}.

For i € K, define

G'={u € Fe(L) ; u=¢&n + L] with n such that n =iy — i (mod s)},
where 7q is such that 0 < 4o < s — 1 and 7(io) =?. We also define

G ={u€ F:(L); u=¢€n+ L] with n such that n ¢ iy — K (mod s)}.

Note that G = {a‘} if G # 0. If u € G" with 7 € K, then u|z ¢+ = a7 holds,
while u|;: consists only of b’s except possibly for at one place. Therefore, for any
i € K, we have §m,G; = §L° + 1. Moreover, m4(; contains the constant word a* if
and only if §L! = 1. Hence, we have

i <7TAGi \ {aé}> = ﬂLi + Lyrino.

Define 1, = 1 or = 0 according to whether 74 F¢(L) contains the constant word at
or not. In the same way, we define 1, = 1 or = 0 according to whether 74 F¢(L)



contains the constant word b¢ or not. Then, we have C’ = 1, 4+ 1,. On the other
hand, we have

brale(L) = ﬂ(GUUMGZ)

€K
< 14+ Z(lefz + 1uLi22)
€K
= 1, +0+ Z Lyriso
€K
< A+ 04 |0/2].

Thus, we have

D(EL) = C'+2<2— 1, — (4> Ly <2—1,— [(/2]. (2.6)
e

If ¢ > 3, then (2.5) follows from (2.6). If £ = 2 with {K = 2, then since

Y icx liriza = 0, we have (2.5) by (2.6). Finally, if / = 2 with {K = 1, then

we have 2 cases, either moF¢(L) = {aa,ab,ba} or {aa,ab,ba,bb}. In the first case,

we have €’ = 1, while in the second case, we have ' = 2. Any case, we have

graFe(L) — C" =2, Thus, D(§, L) — C"+ 2 =0, which completes the proof of Case
1.

Case 2 If 7 is a multiple of r, then by (1) of Corollary 1, we have

Pa(T) = $C(Fu(7)) + 2 = pp(7/r) = 4C(Fp(r /7)) + 2.

If 7 is a multiple of ¢ but not a multiple of r*™!, then we repeat this argument e
times until we get a simple Toeplitz word + such that

Po(7) = 1O (Fa(T)) + 2 = py(7/r7) = 4O(F(7/77)) + 2.
Since 7/r¢ is not a multiple of r, we get
Pa(T) = $C(Fu(T)) + 2 = py(7/r%) = C(F(7/r%)) + 2 < 2k

by Case 1, which completes the first part of Theorem 2.

Since —§C(F,(7)) + #A > 0, (2.4) for any simple Toeplitz word « and any k-
window 7 implies that p* (k) < 2k (k = 1,2,---) for any simple Toeplitz word o
Here, the equality follows since any Toeplitz word is not eventually periodic. Thus,
any simple Toeplitz word is a pattern Sturmian word. U

Theorem 2. Let a € AY be a Toeplitz word. Then, it is a pattern Sturmian word if
and only if either it is a simple Toeplitz word or there exists a simple Toeplitz word
v € AV and € € P(A,?7) with the minimum period v such that D(£,L) < 0 for any
Lc{0,1,---,r—1}, and a = £ <.



Proof. We prove the “if” part first. By Lemma 2, it is sufficient to prove that for
a simple Toeplitz word v € AY, and ¢ € P(A,?) with the minimum period r such
that D(,L) < 0 for any L C {0,1,--- ,r — 1}, o := £ < is a pattern Sturmian
word.

Take any k-window 7 and use the notations in (2.1) and (2.2). We have already
proved in Lemma 2 that

po(T) = C(F (7)) +2 < 247
Then, by Theorem 1 and (

1) of Corollary 1, we have
pa(m) < DIEL)+) palr

1€L

= D(&L)+ > (pe(7) — tC(F(7)) +2)
1€L

<) 2k =2k,

€L
where we put k; = #7¢. Thus, « is a pattern Sturmian word.
Let us prove the “only if” part. Assume that a Toeplitz word « is a pattern
Sturmian word. Then, just 2 letters appear in «, so that we may assume that A =
{a,b}. By the aperiodicity, we may assume that there exists a sequence &', €%, - -

of coding words of a consisting only of elements in P(A, 7). Let r; be the minimum
period of £ (i = 1,2,---). Denote

o= QT g (i=1,2,---).
Then o = a and o' = £ <o, and by (2) of Corollary 1, all a'’s are pattern
Sturmian words.

Suppose that D(£', L) > 0 holds for some 7 = 1,2,-++ and L C {0,1,--- ,r; — 1}.
Then, by (3) of Corollary 1 with 7 = L as Condition () is clearly satisfied, we have

Poi(L) = D& L)+ pai({3}) = D(E, L) + 20 > 2,
J€L
where ¢ := §L. This implies that
Palri--ricaL) > pai(L) > 20

by (1) of Corollary 1, which contradicts the assumption that « is a pattern Sturmian
word. Thus, we have the following Lemma 3.

Lemma 3. Let £ € P(A,7) be any word appearing in some sequence of coding words
consisting only of elements in P(A,?) of a Toeplitz word in A which is a pattern
Sturmian word as well. Then, we have

D&, L) <0 forany L C {0,1,--- ,r — 1}, (2.7)

where r is the minimum period of €.



Let us return to the proof of the “only if” part of Theorem 2. We call £ € P(A,7)
a simple coding word, if there exist n° € P({a},?) U P({b},?) (+ = 1,2,--- ,h)
such that £ = n! <4n? <--- < 5", Any element in P({a},?) U P({b},?) is also
called a simple coding word. We call £ € P(A,7) irreducible if there does not exist
a simple coding word ( such that either £ = ( or £ = 1 < ( holds with some
nePANYUPHar,?)UPHDLET).

Suppose that one of £2,£2, .-+, say £", is not simple. Then, either ¢” is irreducible
or there exists a simple coding word ¢ and an irreducible 5 such that ¢* = n < (.
Any case, we have the decomposition that

a=Edn<Ap

with & € P(A,7), an irreducible n € P(A,?) and a Toeplitz word 3. Hence, by
Lemma 3, we have D(¢ <in,rL) <0 forany L C {0,1,---,s—1}, where r, s are the
minimum periods of ¢ and n, respectively.

On the other hand, we will prove the following Lemma 4, which contradicts this
fact. This implies that any of £2,£%,--- € P(A,?7) in a = £' 92 <&+ is simple.
Therefore, v := €2 €% -+ is a simple Toeplitz word. Moreover, we have a = ¢! <1 v
with &' satisfying (2.7) by Lemma 3, which completes the proof of Theorem 2. [

Lemma 4. For any £,n € P(A,7) such that A = 2 and n is irreducible, we have
DE<an,rL)>1 for L =40,1,2,--- ,s— 1}, where r,s are the minimum periods of
€ and n, respectively.

Proof. Let A = {a,b}. It is easy to see that
Taleqn(rL) = A° UnmaF,(L).
The set w4 F};(L) contains

(n(n)n(n+1)---n(n+s—1)), and
(m(n)n(n+1)-nn+s=1)) (n=0,1,--,s—1),

where the word (---), or (---), denotes the word obtained from the original word
.-+ by replacing all occurrences of 7 in --- by a or b, respectively.

We prove that all 2s words in this list are different from each other. Since
(m(n)n(n+1)---nn+s—1)), and (n(m)n(m+1)---n(m-+s—1)), contain different

numbers of letters a for any n,m, they are different from each other. Suppose that

(mrn(n+1)--nn+s—=1)). = (mim)p(m+1)---n(m+s—1)),

holds for some n < m. Then with the minimum s; = m — n as this, we have the
factorization s = s1s, and

(m(0)n(1)---n(s = 1))a = (n(0)n(1) - n(s1 — 1)):2.
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There exists just one 7o with 0 < ig < s — 1 such that n(ig) =7. Let ig = i1 + 135
with 0 <71 < 81 and 0 < iy < 83. Then we can write n = ' <n” with

16 = {0 e
o - {2 it

which contradicts the assumption that n is irreducible.

Thus, all elements in the list (n(n)p(n+1)---nn+s—1)), (n=0,1,--- ,s—1)
are different from each other. In the same way, all elements in the list (n(n)n(n +
)---nin+s—1)) (n=0,1,---,s—1) are different from each other. Therefore,
we have 2s elements in w4 F},(L), which contains at most one constant word.

Thus, we have §my Feq,(rL) > 2s + 1, which implies that D(§ <n,rL) > 1. O

Theorem 3. Let o € AV be a Toeplitz word. It is a simple Toeplitz word if and
only if (2.4) holds for any k-window 7.

Proof. The “only if” part has been already proved in Lemma 2. Here, we prove the
“if” part. Assume that (2.4) holds for a Toeplitz word a € A, Then, a is a pattern
Sturmian word. Hence, we may assume that fA = 2

Suppose that « is not a simple Toeplitz word. Then by Theorem 2, there exists a
simple Toeplitz word v € Al and ¢ € P(A,?) with the minimum period r such that
D&, L) <0forany L C {0,1,--- ,r— 1}, and a = £ < ~. If £ is a simple coding
word, then « is a simple Toeplitz word contradicting our supposition. Hence, ¢ is
not a simple coding word. Then, there exists an irreducible word ( such that either
¢ = ( or there exists a simple coding word (' such that £ = ( <1¢’. Any case, we have
a = ( < with an irreducible coding word ( and a simple Toeplitz word 3. Let s be
the minimum period of (. Then, by the same argument as in the proof of Lemma 4,
g Fe(7) = 2s holds for the s-window 7 :={0,1,--- ;s — 1} and F,(7) has at most
one constant word. Since D(£,7) = 0 and the window 7 satisfies the condition ()
with some i and v, we have p,(7) = 2s and §C(F,(7)) < 1. This implies that

pa(T) —$C(Fo (7)) + 2 > 2s,

and (2.4) does not holds, which contradicts our assumption. Thus, « is a simple
Toeplitz word. O

Example 1. Let
foi= (ah)T Qb)) Q(a?) (b)) Q-

= abaaabababaaabaa - - - |

which is a simple Toeplitz word. Let & = (ab?)*. Then, ¢ satisfy (2.7). Therefore,
by Theorem 3,

a = &< = abaabbabaabaabaabbabaabbabaabbabaaba - - -

11



is a pattern Sturmian word. It is not a simple Toeplitz word since F,({0,1,2}) =

{aab, aba,baa, abb, bab,bba} and hence,

pa({07 172}) - #C(Fa({ov 172})) +2=8>2- 37
and (2.4) is not satisfied.

Theorem 4. Let a = (<16 <--- € A with £ € P(A?). Then, we have

limM:ﬂA—l- (5 L)

max
k—oo  k reio - =) #L—17

where r is the minimum period of €, and E(&, L) is defined in (2.3).
Proof. Note that F(¢, L) = D(§ <&, rL) for any L C {0,1,--- ,r —1}.

Let

max
LC{0,1, r—1} JjL_l
BL>2

Take Lo with §Lo = o > 2 attaining the maximum of E(&, L)/(§L — 1). Without
loss of generality, we may assume that 0 € Lo. Let L{ = Lo\ {0}. Define a sequence
of windows by 7(1) := rLg and

r(k+1):=r(rr(k) U Ly) (k=1,2,--+).

Let us apply (3) of Corollary 1 with & <€ for &, o for 3, € for n, o for n and rLg for
L. Then, 7(k) (k= 1,2,---) satisfy Condition(*). Moreover, 7(k+ 1) = 7(k) (k =
1,2,--+). Since D(&é <&, rLo) = (lo — 1)E*, we have by (3) of Corollary 1 that

palr(1) = D(E<ErLo)+ S pal{i})

= (lo— 1)E" +zu1§€r 0
pa(T(k—l'l)) = (§<]§er0)+}7& Z Pao { }

ZET’L/

= (lo=1)E" 4 pa(r(k)) + (fo — 1)8A,

and hence,
pal(T(k)) = (A + E)(K — 1) +tA (k=1,2,---),
where K := k({y — 1) + 1 is the size of the window 7(k). Thus, we have

liminfp(k)/k > lim po(7(k))/(K — 1) = §A 4+ E™.
k—o0 k—co

Now, let us prove that limsupk_mo pi(k)/kE < $A + E*. For any k > 2, let
pi(k) = pa(7') for some k window 7/. By Lemma 1, we may assume that 7’ is
divisible by r but not by r%. Hence, we put v’ = rr w1th 7 which is not divisible by
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r. We use the decomposition of r7 given in (2.1) and (2.2) for £ < ¢ instead of €.
Then by Theorem 1, we have

pok) = palrr)
< DEQETL)+ Y pa(rr)

B&, L)+ 3 pilk) (2.8)

€L

IA

where k; = §7° > 1 for any ¢ € L. Since k = Y e ki with §L > 2, any of k;’s for
1 € L is less than k. Hence, we can apply the induction on k to prove that

pr(k)+ E* < (A + E")k. (2.9)

For k =1, (2.9) holds since p%(k) = fA. Let & > 2. Assume that (2.9) holds for
1,2,--- k= 1. Then by (2.8) and the assumption of the induction, we have

plk)+ B < E(E L)+ phlk) + B

€L
< ((=DE 4 pilk) + B
€L
= > ik + E)
€L
< ) (BA+ BNk = (1A + EV)E.
€L

Thus, we have (2.9) for k = 1,2,---, and hence, limsup,_, .. pi(k)/k < tA + E*,
which completes the proof. O

Example 2. Let £ = (a"bba"t'7)*® and o = £ 9 <1< -+ for n > 1. Then,
E( L)=0if gL =2, B¢, L) <2if §L > 3 with the equality for L ={0,1,n + 2}.
Hence, we have maxy, yr>2 £(§, L)/(§L — 1) = 1. Thus, lim,_,. p(k)/k = 3.

3 Further examples and open problems

By (3) of Corollary 1, we can calculate almost exact values of the maximal pattern
complexity p* (k) of the Toeplitz words « just by calculating D(&, L).

It is well known that the measure-theoretic dynamical systems arising from our
Toeplitz words have discrete spectrum [JK]. On the other hand, it is known [KZ1]
that if the maximal pattern complexity of a word increases in less than exponential
order, then the measure-theoretic dynamical system arising from it has a discrete
spectrum but the converse is not true. Here, we give such examples of Toeplitz
words a € A with A = 2 and p*(k) = 2% (k=1,2,---). We also give a € A" with
p’ (k) increasing in the polynomial order of given degree > 1.

13



It is known [K] that for any word a € A" with A = 2, either

for somen =1,2,---, or
pZ(k) = Qk (k = 1727)
holds.

Example 3. Let A = {a,b}. Forn = 1,2,---, we can take n, € A" with length
n2" such that 7, contains every block in A”. For example,

m = ab, 0, = aaabbabb, 13 = aaaaabababaaabbbabbbabbb, - -
Let ¢ = (,7)® € P(A,?). Then, we have
D(E",{0,1,-++ ,n—1}) = 2" — 2n.
Let
ak — fk 4 gk-l—l 4

(k) ={ily; 1=0,1,--- Jk—=1} (k=1,2,---),

k-1
where /1 :=1 and /} := H(@T +1).

=1

Then, by Corollary 1, we have

PalT) = por(T(k)/0F) = D(E*,{0,1,- - [k —1}) + 2k = 2~
Thus, pr(k) = 2% (k=1,2,--+).

Example 4. (Xue [X]) Let

e‘a —  aabb
b = qaab

be a substitution on A = {a,b}. The fixed point aabbaabbaaabaaab- - is a Toeplitz
word such that

a = (aa?h)™ < (bb?a)™(aa?b)™ < (bbla)™ <
Let
£ = (aa?b)™ < (bb?a)™ = aabbaabba?labaaab.
Then, E({, L) = 0if 4L = 2 or 3, E(&, L) < 2 if §L > 4 with the equality for
¢ =40,1,2,3}. Thus, maxy, yr>2 £(&,L)/(BL—1) = 2/3 and lim,, e pi(k)/k = 8/3.
This gives an alternative proof of the well known fact (Goodman [G], for example)

that the measure-theoretic dynamical system arising from this o has a discrete
spectrum since p’ (k) increases less than exponentially as the function of k.
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Open Problems:

1. What is the maximal pattern complexity of the Toeplitz words @ = £ <& <
£ <--- with £ € P(A,7) having more than one hole in the minimum cycle. Is
there a Toeplitz word in this extended class having the maximal pattern complexity
increasing exponentially? Cassaigne and Karhumaki [CK] obtained the increasing
order £ of the block complexity in this class. For example, a := (ab?a?)* has
the block complexity increasing in the order kl°83/(log5-10g2) " The maximal pattern
complexity should increase at least as this. We don’t know even whether the order

is sub-exponential or not.

2. All the pattern Sturmian words known so far except for the simple Toeplitz
words fail to satisfy (2.4). Does the property (2.4) characterize the simple Toeplitz
words among all the words?

3. Is there a Toeplitz word with one hole such that the maximal pattern com-
plexity increases in a polynomial order with degree > 17
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