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Abstract

For a nonempty closed subset © of {0,1}*, where ¥ is a countably
infinite set, let p(S) := #msQ be the complexity function depending
on the nonempty finite sets S C X, where # denotes the number of
elements in a set and mg : {0,1}* — {0,1}° is the projection. Define
the maximal pattern complexity function pg (k) 1= supg pg_x Pa(S)
as a function of k = 1,2,---.

We call € a uniform set if po(S) depends only on #S5 = k and the
complexity function pa(k) := pa(S) as a function of k = 1,2,---
is called the uniform complexity function of 2. Of course, we have
palk) = p(k) in this case.

Such uniform sets appear, for example, as the partitions generated by
congruent sets in a space with optimal positionings, or they appear as
the restrictions of a symbolic system to optimal windows.

Let €' be the derived set (i.e. the set of accumulating points) of
and deg Q := inf{d; QD =} with QM) =’ Q) = ('), ---.

We prove that for any nonempty closed subset Q of {0, 1}, where
N = {0,1,2,---}, such that deg(2 o p) < oo for some injection p :
N — N, there exists an increasing injection ¢ : N — I such that
Qo ¢ory = o ¢ for any increasing injection ¢ : N — N. Such a set
2o ¢ is called a super-stationary set. Moreover, if deg(£2 o p) = oo for
any injection p: N — N, then pg(k) = 2% (k=1,2,--+) holds.

A uniform set Q C {0, 1}* is said to have a primitive factor [Q o ¢] if
there exists an injection ¢ : N — X such that Qo¢ is a super-stationary
set, where [ o ¢] is the isomorphic class containing Q o ¢. Then, any
uniform set has at least one primitive factor, and hence, any uniform
complexity function is realized by the uniform complexity function of
a super-stationary set. It follows that the uniform complexity function
pa(k) is either 2% for any k or a polynomial function of k for large k.



1 Introduction

An element w € {0,1}" is called an infinite 0-1-word which is a map-
ping from N to {0, 1}, while it is also considered as an infinite sequence
w(0)w(l)w(2) --- of 0 and 1. On the other hand, an element » in {0,1}* :=
Uz 410, 1}* is called a finite 0-1-word and represented as a finite sequence
Uity - - -uy, of 0 and 1, where k is such that u € {0, 1}*, which is called the
length of u and is denoted by |u|. We also denote {0, 1}F = w2 {0, 1}*.
The concatenation uw of u € {0,1}* and w € {0,1}* U {0, 1}V is defined
as the finite or infinite word wjug -« upw(0)w(1)w(2) ---. In this case, u is
called a prefiz of uw or equivalently, uw is called an extension of u.

For u € {0,1}*, the cylinder set [u] determined by w is defined by

[u] = {w € {0,1}; uis a prefix of w}.

The prefiz tree G(2) = (V, E) of a nonempty closed set Q C {0,1}" is
defined to be a directed graph such that the set V' of vertices is the set
of cylinder sets [u] which meet €, and the set F of edges is the set of the
ordered pairs ([u],[v]) € V x V such that v is an immediate extension of u,
that is, u is the prefix of v such that |v| = |u| + 1.

Two nonempty closed sets Q, A C {0,1}" are said to be isomorphic to
each other if their prefix trees are isomorphic to each other. The class of all
closed subsets of {0, 1} isomorphic to Q is denoted by [Q] and is called the
language structure of (or determined by) €.

Define
@0 = {OOO} s ®1 = {100}7
05 :={w e {0,1}"; Y w(n) <1},
neN
015 =={w {0, 1} D (1-w(n) <1},
neN
0, = {w e {0, 1}N; w is increasing},
O_ :={wc {0, 1}N; w is decreasing},
where a® = aaa--- for a € {0,1} and w € {0,1}" is called increasing

(decreasing) if w(n) < w(m) (w(n) > w(m), respectively) for any n < m.

All of O5, ©1_5, O4, O_ are isomorphic to each other since for example,
G(©5) and G(O4) are isomorphic (Figure 1). It also holds that ©5s U ©_
and ©4 U O_ are isomorphic, while ©5 U © is not isomorphic to ©5 U ©_
(Figure 2).

Definition 1.1. For a nonempty closed set Q C {0,1}¥, define the com-
plexity function po(9) = #wsQ, which is a function of finite sets S C 3,
where # denotes the number of elements in a set and 7g : {0,1}> — {0,1}°
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Figure 1: G(Oj) (left) and G(O4) (right)
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Figure 2: G(05 UO4) (left) and G(O5 UO_) (right)



is the projection. We call Q a uniform set if pq(S) depends only on #5S.
In this case, the function po(k) := pa(9) of k = 1,2,---, where #S5 =k,
is called the uniform complexity function of 2. We also define the mazimal
pattern complexity function of Q as p (k) = supg.us_p pa(S) (k= 1,2,---).
Note that po(k) = p§(k) (k=1,2,---) if Qis a uniform set.

Let N = {Ny < N; < Ny < ---} be an infinite subset of N. For w € {0, 1}
and Q C {0, 1}, define w[A] € {0, 1} and Q[N] C {0, 1} by

wN](n) = w(N,) (n€N)
QNT = {wN] € {0, 1} we Q).

We use the same notation for a finite set S C Nin place of A to denote a set
of finite words. Similarly, for Q C {0,1}*, where ¥ is a countably infinite
set, and an injection 1 : N — 3, denote

Qo= {wor e {0,1} wen}

Definition 1.2. A nonempty closed set Q C {0,1}" is called a super-
stationary set if QN] = Q holds for any infinite subset A of N.

Note that a super-stationary set is a uniform set and all of ©y, O, Os,
O1_s5, O4, O_ together with their unions are super-stationary sets.

Definition 1.3. Let Q C {0, 1} be a nonempty closed set. For w € Q and
k € N, we denote w|j, = w(0)w(1) - --w(k — 1) € {0, 1}*. Let Q' be the set of
accumulating points of Q, that is,

Q' ={weQ #(wlk]NQ) = co for any k € N}.

We call €' the derived set of Q. Clearly, €' is a closed set (possibly, the
empty set). We denote QO = Q and QO = (Q(i_l))’ fori=1,2,---. The
degree of Q is defined to be d = 0, 1,2, - - - such that Q4 # () and QU+ = ¢,
if such d exists, otherwise, co. The degree of 2 is denoted by deg). For
completeness, we define / = 0 and deg® = —1.

Definition 1.4. A nonempty closed set Q C {0,1}% is said to have a prim-
itive factor [Q o ¢] if Qo ¢ is a super-stationary set, where ¢ : N — X is an
injection and [Q o ¢] is the language structure determined by €2 o ¢.

We will prove the following theorem.

Theorem 1.5. (Main Theorem) Let Q be a nonempty closed subset of {0,1}%,
where X is a countably infinite set.

(1) If there exists an injection p : N — ¥ such that deg(2 o p) < oo, then
there exists an increasing injection ¢ : N = N such that Qopo ¢ is a super-
stationary set.



(2) If deg(Q o p) = co for any injection p : N — X, then pg(k) = 2% (k =
1,2,---).

Hence, any uniform set has a primitive factor and any uniform complexity
function is realized by a super-stationary set.

Remark 1.6. (1) of the Main Theorem can be generalized easily to the
case of general finite alphabet.

The super-stationary set is characterized as a finite union of sets with a
prohibited word by Kamae, Rao, Tan and Xue [1].

For & = &&---& € {0,1}F and n = nupa---m € {0, 1} with k < [
we say that £ is a super-subword of 7, if & = 0, n,, ---n,, holds for some
1< s <8y <--+<s, <l Forthis ¢ and w € {0,1}", we say that ¢ is a
super-subword of w, if £ = w(s1)w(sz) - - -w(sk) holds for some 0 < 51 < 53 <
<o < s < 00. In this case, we denote & < 5 or & € w. For & € {0,1}%,
denote

P(§) :={w € {0, I}N; ¢ € w does not hold},

that is, P(&) is the set of infinite 0-1-words with the prohibited word & as
its super-subword. Denote for = C {0, 1}*,

Q=) := | J P9 and P(T) := [ P(Y).

EEE EEE

We call n € {0,1}* a cover of Z if £ < 7 holds for any £ € Z. It is called a
minimal cover if in addition, any Cin is not a cover of =. Let L(Z) be the
set of minimal covers of =.

Theorem 1.7. [1] The class of super-stationary sets other than {0, 1} co-
incides with the class of sets Q(Z) with nonempty finite sets = C {0,1}.
It also coincides with the class of sets P(L(Z)) with nonempty finite sets
= c {0,1}.

Theorem 1.8. [1] The complexity function pq(k) of a super-stationary set
Q other than {0, 1} is a polynomial function of k for large k.

The following corollary follows from Theorems 1.5 and 1.8.

Corollary 1.9. The complezity function po(k) of a uniform set Q is either
2% (k=1,2,--+) or a polynomial function of k for large k.

Uniform sets are introduced by Kamae, Rao, Tan and Xue [2] to study
recurrent pattern Sturmian words. By a k-window 7, we mean a subset of
{0,1,2,---} with cardinality k. For a word a € {0,1} and a k-window
T={10 <1 < -+ < Tp_1}, we define

pa(r) = #{a(n +ro)a(n+ 1) - -aln+7-1) € {0,135 n=0,1,2,---}



and the mazimal pattern complexity function p}, of o by
pZ(k) = Suppa(T) (k = 17 27 37 o ')7

where the supremum is taken over all k-windows 7, while the block complexity
B, is defined by
Bo (k) = pa({0,1,--- k= 1}).

It is well known (Morse and Hedrund [3]) that a word a € {0,1}" is
eventually periodic if and only if B,(k) < k+ 1 for some k = 1,2,---. A
word o with B, (k) =k+1 (k=1,2,---) is known as a Sturmian word.

In a similar way, Kamae and Zamboni [4] characterized the eventual pe-
riodicity in terms of maximal pattern complexity. A word « is eventually
periodic if and only if p* (k) < 2k for some k= 1,2, ---. Accordingly, a word
a with pi(k) =2k (k=1,2,---) is called a pattern Sturmian word.

It is shown that Sturmian words are pattern Sturmian. Indeed, the class
of pattern Sturmian words is larger than that of Sturmian words. Till now,
three classes of pattern Sturmian words are known: rotation words, simple
Toeplitz words and a class of words with rare 1, where the first two of them
are recurrent, while the last ones are not ([4, 5]).

For a recurrent pattern Sturmian word «, there exists an optimal window
N = {Ny < N < Ny < ---} C N, that is, for any k¥ = 1,2,--- and
any subset 7 of N with size k, p,(7) = p%(k) holds. This implies that
Q = O(«)[NV] is a uniform set with po(k) = 2k (k= 1,2,---), where O(a)
is the closure of the orbit {T"a; n = 0,1,2,---} of o with respect to the
shift T, that is, (Te)(n) = a(n+ 1) (n € N, a € {0, 1}1).

Theorem 1.10. [1] For any rotation word o € {0,1}" and any optimal
window N' C N of «, the uniform set O(a)[N] has a unique primitive factor
[©5 UO_]. On the other hand, for any simple Toeplitz word o € {0, 1} and
any optimal window N° C N of a, the uniform set O(a)[N] has a unique
primitive factor [©s U ©4].

Example 1.11. Let

Q := {w € {0,1}% w is increasing or Zw(n) < 1}.
neZ
Then, 2 is a uniform set having 2 primitive factors [@s UO,] and [©5s UO_]
given by the injections n — n and n — —n from N to Z, respectively.

We give some references related to the subject. For general notions and
basic properties of dynamical system and complexity, refer [10] and [11].
Block complexity of Toeplitz words is discussed in [9] and [14]. Complexity
with respect to arithmetic windows are discussed in [8] and [12]. A com-
binatorial lemma which implies that the maximal pattern complexity less
than exponential order implies polynomial order is proved in [17]. Pattern
Sturmian words for general alphabet or X = Z? are discussed in [15] or [16].



2 Optimal positions and uniform sets

Let X be a metrizable space with a continuous group or semi-group action
(. For a family of subsets Ay, Ag,---, A of X, let P{A;0=1,2,---,k})
denote the partition of X generated by these subsets, that is, the family of
nonempty sets of the form

AN AZ NN A (i, dg, ik € {0,11),

where for a set A C X, we denote A = A and A% = X \ A.

Let D be a nonempty subset of X. Define the mazimal pattern complexity
function p% . , of the triple (X, G, D), where if X is obvious, we drop X in
the notation, by

papk) = sup #P({o7'DjoeT}) (k=1,2,-). (1)
TCG, #717=k
Definition 2.1. For a set U and k € N, F;(U) denotes the family of sets
S C U with #5 = k. A countably infinite subset X of G is called an optimal
position of the triple (X, G, D) (or the pair (G, D) if X is obvious) if

#P({o7'D; o € 1Y) = v p(k), (2)

holds for any k = 1,2,--- and 7 € Fi(X). We say that the pair (G, D)
admits finitely determined optimal positioning if there exists kg such that
any countably infinite subset 3 of G satisfying that #P({c7'D; ¢ € 7}) =
P p(k) for any 7 € Fi(X) with & < ko is an optimal position of the pair
(G77 D) and such ¥ does exist.

Let ¥ C G be a countably infinite set. We call w € {0,1}* a name of the
partition P({c71D; o € ©}) if there exists € X such that

1 z€07'D

wio) = { 0 2¢o'D. )

The closure of the set of names of the partition P({c='D; ¢ € X}) is called
the name set of ¥ with respect to the pair (G, D).
The following theorem is clear from the definitions.

Theorem 2.2. The name set of any optimal position ¥ of a pair (G, D) is
a uniform set with the complexity function pg, p,.

Example 2.3. Let X = G = R/Z. The action of ¢ € G maps 2 € X to
z+g € X. Let D be an interval [a, b) in X such that a < b < a+1. Then, we
have p}, (k) = 2k (k=1,2,---). In this case, a countably infinite subset
Y of G is an optimal position of (G, D) if and only if for any 0,0’ € ¥ with
o# o', D—oand D — o intersect as well as their complements.

Let €2 be the name set of an optimal position ¥. Then, € is known to have
the unique primitive factor [@s UO_]=[Q(11,01)] ([2]).



Example 2.4. Let X = R?and G = (R/27Z) xR?. The action of (6, (u, v))
in G maps (z,y) € X to the following (2',y') € X:

' =xcosf —ysinf +u
y = xsinf + ycosf + v.

Let D be a line in X. Then, ¢g~'D is also a line for any g € G and we have
e p(k) = (1/2)k* + (1/2)k+1 (k=1,2,---). In this case, ¥ is an optimal
poéition if and only if ¥ is a countably infinite subset of GG such that

(1) for any 0,0’ € & with 0 # ¢/, o' DN o’ "' D # 0, and

(2) for any o, 0, 0" € ¥ which are different each other,

o 'Dne'Dne’ ' D =0.

Let Q be the name set of an optimal position . Then,

Q={we{0,1}% > w(o) <2}

ogEY
Hence, € has the unique primitive factor [Q(111)].

Example 2.5. (Xue [6]) Let X = G = R% The action of g = (g1,92) € G
maps (z,y) € X to (z+g1,y+g2) € X. Let D := {(z,y) € R% 22 +y? < 1}
be the unit disk. Then, we have pf, (k) = k* —k+2 (k= 1,2,---). In
this case, a countably infinite subset ¥ of G is an optimal position if and
only if #P({o~'D; ¢ € 7}) = p§ p(3) = 8 for any 7 € F3(X). Moreover,
Y satisfies this condition if X C {g € G; g} + g5 = r?} with 0 < r < 1.
The name set 2 for any optimal position ¥ has a unique primitive factor

[Q(101,010)].

Example 2.6. Let X be the 2-adic group. That is, X = {0, 1} with the
addition so that v = a + 3 for a, 3, € {0, 1} implies that

DT oa@2+ Y B2 = > (D)2 (mod 27)

0<i<n 0<i<n 0<i<n

for any n € N. Let G := Z which is considered as a subgroup of X in
the sense that m € Z with m > 0 is identified with w € {0,1}" having
finitely many 1’s such that m =} yw(n)2" and m < 0 is identified with
w € {0, 1} having finitely many 0’s such that —1—m =Y _ (1 —w(n))2".
Let

neN
D :={w e X; inf{n € N; w(n) =1} is finite and even}.

Then, we have pg; (k) =2k (k=1,2,---) and X is an optimal position if
and only if ¥ is a countably infinite subset of G such that
(1) for any 0,0’ € X, e(o — ¢') > 1, and



(2) for any o,0’, 6" € ¥ which are different each other, we have

max{e(c —o'),e(c’ — "), e(c" —0)} >

min{e(c — '), e(c’ — "), e(c" — o)} + 2,

where for n € Z\ {0}, e(n) denotes the maximum & such that 2*|n ([2]).
Take an optimal position X and let €2 be the name set. Then it is known
that € has a unique primitive factor [@; U©O ] =[Q(11,10)] ([2]).

All the examples so far admit finitely determined optimal positioning when-
ever an optimal position exists. We do not know whether this is true in
general or not. The following example does not admit an optimal position.

Example 2.7. Let X = T;UTyand G = T1x Ty, where T, 2 R/Z (i = 1, 2)
and Ty, Ty are disjoints of each other. The action of g = (g1, g2) € G maps
z € Titox+g; € Tifori=1,2. Let D = [ay, by)U[ag, by), where [a;, b;) C T;
and a; < b; < a;+ 1fori=1,2.

Then, we have pf, (k) = 4k —4 (k = 2,3,--+). In this case, there is
no optimal positiOI{ since for any infinite subset ¥ of G, there exists a
sequence ¢, = (gn1,0n2) € X for n = 1,2,--- such that g,; converges
monotonously to, say ¢; € T, for ¢ = 1,2. Then, for any sufficiently large
no, #P({g;1D; n=ng + 1,n9+ 2,10 + 3}) = 6 but not 8.

Definition 2.8. A nonempty closed set Q C {0, 1}V is called a stationary
set if TQ = Q, where T : {0,1}"" — {0,1}"V is the shift. Note that a
super-stationary set is always stationary since TQ = Q[{1,2,---}]. We call
N ={Ny < Ny < Ny <---} C N an optimal window of Q if po(S) = p§, (k)
for any k =1,2,--- and S C N with #S = k.

Take a stationary set Q C {0,1}V as X and the additive semi-group N as
G. Let the action of n € Ntow € Q be T"w. Let D ={w € Q; w(0) =1}.
In this case, it is easy to see that

Theorem 2.9. For an infinite subset N' of N, N is an optimal position of
(Q,N, D) if and only if N is an optimal window of Q.

Hence, the following theorem follows from Theorem 4.1 of [2].

Theorem 2.10. Let o € {0,1}" be a recurrent pattern Sturmian word. Let
X =0(a), G =N, D= {w e Q; w(0) =1} and the action of n € N to
w € Q be T"w. Then, an optimal position exists.

Example 2.11. Let Q = O(«) with the non-simple Toeplitz word o €
{0, 1} defined in Example 3 in [13]. Then, p5(k) = 28 (k = 1,2,---)
holds. In this case, an optimal window does not exist. Take an arbitrary
N ={Ny < N < Ny < ---} C N. For any k € N, there exists K € N
with K > k and & € {0,1}¥ such that a = (£ag)(€a1)(€ay) - -+ holds with



ag,ay,ag- -+ € {0,1}. There exists such a K together with the property
that there exist 3 elements in AV, say N, < N, < N, with N, # N, = N,,
modulo K + 1. Then, either 001 or 101 is not in Q[{ Ny, N,, N, }]. Hence,
N is not an optimal window.

3 Derived sets

Let ©Q be a nonempty closed subset of {0,1}%. where ¥ is a countably
infinite set. To prove the Main Theorem, we may assume without loss of
generality that > = N, so that from now on, we take N as 3 unless mentioned
otherwise.

Lemma 3.1. For any injection v : N — N and k = 1,2,---, we have
(Q O¢)(k) c QW) oeh. Hence, deg(Q o) < degQ.

Proof Since w— wo1 is a continuous mapping from €2 onto Q o4y and Q
is compact, it is clear that Q' o1 D (o ¢)". Hence,

00> (@ o) D (R0 w).
In this way, we can prove that
QB o 5 (Qo)®) (k=1,2,--).
Thus, deg Q > deg(Q2 o ). a

Lemma 3.2. If degQ = 0, then there exists an infinite subset N of N such
that QN] C {0%,1°}.

Proof Since degQ = 0 and € is compact, Q is a finite set. Let Q =
{wi,wy, -+ ,wg} with K < oco. Then, there exists an infinite subset A of
N and 7 € {0,1}® such that wi(n)wa(n)---wg(n) = n for any n € N.
This implies that w;[N] € {0°,1°°} for any ¢ = 1,2,---, K. Thus, we have
QN] C {0%°,1°°}. 0

Lemma 3.3. Ifdeg Q[N] = oo for any infinite subset N of N, then we have
k) =2F (k=1,2,--+).
Proof Suppose that pq(ko) < 2% for some kg = 1,2,---. Then, for any
S € Fi, (N) (see Definition 2.1) there exists & € {0, 1}% such that & ¢ Q[S].
For each S € Fy,(N), choose one of ¢ as this and call it the color of S.
Thus, each element in Fy, (N) is colored by an element in {0,1}*. By the
infinitary Ramsey Theorem [7], there exists an infinite subset A of N such
that Fy,(N) is monochromatic. That is, there exists & € {0, 1}* such that
& ¢ Q[S] for any S € Fi, (V). Hence, QN] C P(§).

Since P(uy - - up—qug) = P(ug - -up—1) for any uy -+ -up_qug € {0,1}7F, it
holds that P (&)= = P(&) # @ and P(€)F) = §. Hence, degP(¢) =
ko — 1. Thus, deg QN] < kg — 1 < oo, which completes the proof. O

10



Corollary 3.4. Let Q C {0,1}* be a uniform set other than {0,1}*. Then,
there exists an injection p : N — X such that deg(2 o p) < oc.

It is well known that

Lemma 3.5. For a finite family of closed subsets Q; (i = 1,2,--- k), it
holds that
deg(QUQU---UQ,) = sup deg€.

i=1,2, k

4 Proof of the Main Theorem

(2) of the Main Theorem was already proved in Lemma 3.3. Also, the last
statement follows from the Corollary 3.4.

We prove (1). Let © C {0,1}" be a nonempty closed set satisfying that
deg(Q o p) < oo for some injection p : N — N. Then, there exists an
increasing injection ¢ : N — Nsuch that p(¢(0)) < p(1(1)) < p(¥(2)) < ---.
Let A := {p(¥(0)) < p((1)) < p(t(2)) < -+ }. Since Q] = Qo po, we
have deg Q[N] < deg(Q o p) < oo by Lemma 3.1. We denote this Q[N] by
Q and assume that d := degQ < co.

If d = 0, then by Lemma 3.2, there exists an infinite subset A of N such
that 0 # Q[N] C {0°°,1°°} holds. Hence, Q[N] is super-stationary.

Let d > 1 and assume that our theorem holds for degrees 0,1,---,d — 1.
Since Q¥ is a finite set, there exists an infinite subset A" of N such that

QN D c QDIN] ¢ {0%, 1}

by Lemmas 3.1 and 3.2. If QN](¥ = @, then by the induction hypothesis,
there exists an infinite subset M of N such that QN o M] := QN][M] is
super-stationary.

Thus, the Main Theorem holds with A o M.

Hence, we may assume that § # QINV]@ ¢ {0,1°°). We write this Q[A/]
as 2. Then, we have 3 cases:

Q@ = {0}, Q@ = {1} or Q) = {0>,1°).

The 2nd case is just parallel to the 1st case. So we consider only 2 cases,
namely, the lst case and the 3rd case. For A C {0,1}" and & € {0,1}*,
denote

A = {gwiwe A
10 = {w; &we Al

Case 1: Q@ = {0} In this case, we have
Q=010 u{o=}
n=0

11



and Q% (n = 0,1,2,---) are closed sets (possibly, empty) with degrees <
d — 1. Moreover, there are infinitely many n’s with Q2 = (), since deg Q = d.
Denoting the set of these n’s by N and taking Q[N] for Q, we may assume
that Q% # 0 for all n’s. We always assume this in the following similar
settings.

By the induction hypothesis, there exists an infinite subset K = {Ky <
K; < Ky < -+-} of N such that QJ[K] is a super-stationary set. Then, we
have

QOyU(K+1)]= G 0"1Q} U {0>},

where Q) = QJ[K] is a super-stationary set and

97114-1 = Q%’n-u[lc — (K, +1)]

sUoy Y otk -a)
m=0 Kopo1+1<i<Km
(n:071727"')7

where we put K_; = —1. Let M = {0} U (K + 1). Since

QM = [ 010l u {0~}
n=0
and QL’s are nonempty closed sets with degrees < d — 1, we can apply the
induction hypothesis. Then, there exists an infinite subset £ of N such that
Qi[L] is a super-stationary set. Let M? = M' o ({0,1} U (£ + 2)). Then,
we have -
QM = [ ] 0192 u {0,
n=0
where Q2 and Q? are super-stationary sets with Q2 = Q.

In this way, we can continue so that for any k£ = 1,2, ---, there exists an
infinite subset M* of N such that

QM = ] 0m195 u {0~}
n=0
where Qs for n = 0,1,--+,k — 1 are super-stationary sets with
QF =t (n=0,1,---,k—1).

Moreover, since M"*1 = M" o ({0,1,---,n} U (H + n+ 1)) holds for the
infinite subset H of N such that Q7+ = Q"[H] is super-stationary, it holds
that M D> M! D> M? > .-+ and

M= (Y MF={M5 < M} < M5 <---},
k=0

12



where MY = N and M* = {M§ < M < My < -} (k= 0,1,2,--).
Putting Q,, = Q"' we have

Q[M] = G 0719, U {0},

n=0

where €2,,’s are super-stationary sets with degrees <d — 1.

Now we prove that there exists an infinite subset A/ of N such that Q[M][N]
is a super-stationary set. We may assume that € in place of Q[ M)] satisfies
the above decomposition. That is,

Q= fj 0719, U {0}

n=0

holds with super-stationary sets €2,,’s with degrees < d — 1. Since there
are only finitely many super-stationary sets with degrees < d — 1, there are
finitely many different €2,,’s. Let ©g be their union. There are also finitely
many different Q,’s that appear in the sequence g, €2, €2, --- infinitely
many times. Let their union be ©;. Choose one of sets, say O, that
appears in the sequence g, €, €9, -+ infinitely many times. Take N =
{1 < Ny < Ny < Ny <---} C N satisfying the following conditions:

Uog¢<N0 2, =06
Unn<ichp, 2i=061 (n=0,1,2,--+)
QNn =0, (n:071727...)_

Then, we have

QN =6U | 0", u ] 0m1e, U {07},

n=1 n=0

Since Qg D ©1 D O, and they are super-stationary sets, it is easy to see
that Q[V] is a super-stationary set.

Case 2: Q@ = {0 1°}. In this case, we have

= OUA
= |Jome)u{o~}

n=1

A= (1Al u i}
n=1

13



and ©Y, A2 (n=0,1,2,---) are nonempty closed sets with degrees < d — 1.
Then, as in Case 1, there exists an infinite subset K of N such that 2y :=
(07'O@)[K] is a super-stationary set. Hence

(1A K= | 170A% u {1}
n=0
holds with nonempty closed sets Al’s having degrees < d — 1. Applying the
same argument as in Case 1, there exists an infinite subset M of N such

that (171A)[K][M] has a decomposition

(1 NKIM] = [ 170A, U {17,
n=0
where A, ’s are super-stationary sets with degrees < d—1. Therefore, Q[{0}U
(K oM + 1)] has a decomposition that

o0
QH{0}U (KoM +1)] =02 U (] 1704,) U {17},
n=1
where g is a super-stationary set with degree < d and A,’s are super-
stationary sets with degrees < d — 1.

To prove that there exists an infinite subset A" of N such that Q[{0} U (Ko
M+ 1)][NV] is a super-stationary set, we denote Q[{0} U (K o M+ 1)] by Q
and assume that

o0

Q=02 U (| 1704, U {17},

n=1
where g is a super-stationary set with degree < d and A,’s are super-
stationary sets with degrees < d—1. Since there are only finitely many super-
stationary sets with degrees < d — 1, there are finitely many different A,,’s.
Let €21 be their union. Moreover, there are finitely many different A,,’s that
appear in the sequence Ag, Ay, Ag, - - - infinitely many times. Let their union
be 5. Choose a set, say {23 that appears in the sequence Ag, Ay, Ag,---
infinitely many times. Take A" = {1 < Ny < N; < N3 < ---} C N satisfying
the following conditions:

Uo<icny Ai =
Unp<icnp, Ai=2 (n=0,1,2,--)
ANn 293 (n:071727)

Then, we have

QN = QU U U 175 U U 17005 U {1°°}.

n=1 n=0
Since 21 D Q5 D 5 and they are super-stationary sets together with €, it
is easy to see that Q[A] is a super-stationary set.

14



5 Uniform sets with low complexity

For a nonempty finite subset = of {0,1}* and £ =0,1,2,---, let
Q(E) (k) = #{n € {0,1}*; ¢ < 5 does not hold for some ¢ € =}.

Then, it holds that

Lemma 5.1. [1] If Q(E) is a super-stationary set, then po(=)(k) = Q(E) (k) (k =
1,2,--+) holds. Moreover, we have the following formula:
For a nonempty finite set = C {0, 1} with = = Zg0 U=, 1,

QE)K) =QEoUE)(k—1) +Q(ZO0UEN(k—1) (k=1,2,---)

holds, and if = = =50, then

holds (the same formula holds for = = Z11).

Let us list up all uniform complexity functions with degree < 1. 1If =

contains § with [§] > 3, then po(z)(k) is a polynomial of degree > 2 since

lg]-1

poE)(k) = pp)(k) = Z (f)

=0

Therefore, any uniform complexity function with degree < 1 is realized by
a union of P(0), P(1), P(00), P(01), P(10), P(11) by Theorem 1.7.

The following list contains all irreducible union of the above sets up to the
symmetry of exchanging 0 and 1. The first column is the super-stationary
set Q) represented by the notation introduced in Section 1. The second
column is its representation as Q(Z). The 3rd column is its representation
as P(L(Z)). The 4th column is the complexity function pg(k) and the 5th
column is the minimum kg such that the formula holds for & > kg.

In the list, ®5 and ©4 are isomorphic, also, O5 UO_ and O, U O_ are
isomorphic, but they are not isomorphic to ©s U ©4 (Figures 1, 2).
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Q = L(Z) | pa(k) | ko

Oo 1 1 1 1
O,U O 1,0 10,01 2 1
O 11 11 E+1 | 1
o, 10 10

05 UO; 11,0 110,101,011 k+2 | 2
O; U0, 11,10 110,101 2%k | 1

O; U6O_ 11,01 101,011

0,U06_ 10,01 101,010
Os UO_; 11,00 1100,1010,1001,0110,0101,0011 | 2k + 2 | 3
O; U0, UO_ 11,10,01 101,0101,0110 3k—2 | 2
O;U0; UO,_; 11,10,00 1100,1010,1001,0110,0101 | 3k—1 | 3
©; U0, UO,_;UO_ | 11,10,01,00 1010,1001,0110,0101 k—4] 2

Example 5.2. By Lemma 5.1, we have

Q(11,10,00) (k)
= Q(11,1,0)(k—1) + Q(1,10,00) (k — 1)
= Q(11,0)(k— 1) +Q(10,00)(k — 1)
k—2

= Q(ll)(k—2)+Q(1,0)(k—2)+1+ZQ(1,0)(i)
k-2
= 14> QD +2+1+1+) 2

B
w

k—
= 54+ > 142(k-2)=3k— 1.

w @

.
o

Hence? p®§U®+U®1_§ (k) — Sk - 1
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