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Abstract

For a nonempty closed set Q C AN with 2 < #A < oo, we consider 3
complexity functions of £ =0,1,2,---:

(1) (block complexity) pS= (k) := #Qj0.1,.. -1},

(2) (maximal pattern complexity) pg (k) 1= supgcy, gs=r #|s,

(3) (minimal pattern complexity) p.q(k) := infscr, zs=r #Q|s,
where # denotes the number of elements in a set, and £|g is the re-
striction of Q to S C N. If p&(k) = pea(k) (k=0,1,2,---) holds, then
the above 3 complexities coincide and are called uniform complexity,
denoted by pa(k).

Behaviors of these 4 complexity functions are discussed.

Key Words: block complexity; maximal pattern complexity; min-
imal pattern complexity; uniform complexity; maximal pattern en-
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1 Introduction

For a nonempty closed set © C A, where A can be any alphabet (i.e.

nonempty finite set of letters) and N={0,1,2,---}, we consider 3 functions

of k=0,1,2,---:

(1) ng(k) = #Q|{0,1,m,k—1}7

(2) po (k) :=supscn, gs=k #8s,

(3) puq(k) :==infscn, ps=r #Q|s,

where # denotes the number of elements in a set, and |g is the restriction

of 2to S C N. They are called block complexity, mazimal pattern complexity

and minimal pattern complexity of Q, respectively. If p§ (k) = pua(k) (k =

0,1,2,---) holds, then we call Q a uniform set. In this case, the above 3

complexities coincide and are called uniform complexity, denoted by pq(k).
Behaviors of these 4 complexity functions are discussed. We always as-

sume that Q C AV is a nonempty closed set and #A > 2 throughout this

paper.



The notion of complexity was introduced for the first time as the block
complexity of an infinite words w = w(0)w(1)w(2) --- € A, That is,

pr(k) =#{wh)wn+1)--wn+k-1)¢€ A ne N} (k=0,1,2,---).

Let T': AN — AN be the shift, that is, (Tw)(n) = w(n + 1) for any w € Al
and n € N. Let Q C AV be the closure of the orbit {T7w; n € N} of w € AlY
with respect to the shift T'. Then we have

pEL(k) = ng(k) (k =0,1,2,- )

The maximal pattern complexity was also introduced for an infinite word
for the first time:

px)(k) = sup #{w[n—i—r], nGN} (k:071727"')7
TCN, #7=Fk

where w[n + 7] = w(n + To)w(n + 71) - -w(n + 7_1) € A* with 7 = {r <
T < -+ < Tp—1} C N. Let Q be the closure of {T"w; n € N}. Then we have

po(k) = po(k) (k=0,1,2,---).

The set Q which is the orbit closure of a recurrent word in A is stationary,
that is, satisfies T2 = €, and is transitive, that is, there exists w € Q such
that the orbit of w is dense in . Therefore, statements on recurrent words
are automatically translated into statements on stationary and transitive
Q). They are also closely related to topological dynamics. In this paper,
we consider not only stationary and transitive €2, but also general nonempty
closed sets Q C AV, where closedness is also irrelevant for most of the paper.
The complexities for a non-closed £ are same as those of its closure.

The uniform complexity functions behave regularly, so that the entropy
i o8 ra(k)

k—oo
uniform set €. This property is shared by the maximal pattern complex-

exists and takes value logr with a positive integer r for any

ity (Theorem 1) but not by the minimal pattern complexity (Example 1).
This property for the maximal pattern complexity was proved by W. Huang
and X. Ye [4] in the topological dynamics setting. Here, we generalize and
simplify the proof for general € using the same idea. We discuss them in
Section 2.

Let us give an example why the maximal pattern complexity is important.
Consider a set of pictures of typical human faces as computer graphics.
They are represented as configurations of digital data (colors, etc) at points
in {tg,t1,t2,---} which is a dense subset of a 2-dimensional domain. The
set of digital data at a point is a finite set, say A, so that a picture of a
human face is an element in Alfo-f1:t2:3 which we identify with AY. Thus,
the set of human faces can be identified with a set Q ¢ AY. We choose a



subset S (sampling set) of N of a fixed size k to identify a human face w € 2
by scanning and checking whether w|g coincides with the registered one or
not. The best choice for the sampling set S is those which distinguish the
faces in  as many as possible. In other words, the best S is that satisfying
#Qs = pi (k).

In the above, if there exists an infinite set ¥ C N such that for any
k=1,2,---and S C X with #5 =k, #Q|s = p§ (k) holds, then we call ¥
an optimal position. In this case, we get the maximal information about the
faces in 2 by taking sampling sets from >, so that X is considered as the best
distinguishable combination of points for the faces in €2. This also means
that Q|y C A¥ is a uniform set with po, (k) = pg (k) (F=10,1,2,---).

For a uniform set 2, not only the entropy exists and takes value logr
log pa (k) — klogr
log k
integer value (Theorem 12). Furthermore, if po (k) increases in a linear order,
then limg_ oo pa(k)/k exists and is a nonnegative integer. We don’t know
whether the former property is shared by the maximal pattern complexity
or not, but as for the latter property, there exists €2 which is the orbit
closure of a Toeplitz word, and hence, is stationary and transitive such that

limpeo po(k)/k = 10/3 (Example 5).

One of the aims of this paper is to compare the regularity of the complexity
functions. The uniform complexity behaves most regularly, and the maximal
pattern complexity is the next. The third is the minimal pattern complexity,
and the last is the block complexity. Actually, we prove a necessary and
sufficient condition for a function N — N to be a block complexity (Theorem
2), which is always satisfied by the other complexities.

In Section 3, we discuss the smallest unbounded increasing order of the
complexity functions. If #Q = oo, then pj(k) > k+1 (k=10,1,2,--+)
holds (Theorem 3). Moreover, there exists € such that p, (k) =k +1 (k =
0,1,2,---). On the other hand, p.q(k) can be bounded in k even if #Q = oo
(Example 2). If p.o(k) is unbounded, then p.q(k) > C'logk (k=1,2,--)
for some constant C' > 0. Moreover, for any integer d > 2, there exists 2
such that p.q(k) = [logk/logd] + 1 (Theorem 4).

If we restrict to stationary and transitive €2, we know some more. That
is, if #Q = oo, then pBL(k) > k+1 (k=0,1,2,---) and pg(k) > 2k (k =
1,2,---) (see [2], [5]). On the other hand, a stationary and transitive set
satisfies that pBL(k) = k + 1 (k = 0,1,2,---) if and only if it is the orbit
closure of a Sturmian word. In this case, we call Q a Sturmian set. In
the same way, a stationary and transitive § satisfies that p§(k) = 2k (k =
1,2,---) if and only if it is the orbit closure of a recurrent pattern Sturmian
word. In this case, we call Q a pattern Sturmian set. It is known [5] that
a Sturmian set is a pattern Sturmian set, but the converse is not true. We
discuss them in Section 4.

The minimal pattern complexity for stationary and transitive sets € is

with positive integer r, klim exists and takes nonnegative
—+00



studied by S. Ferenczi and P. Hubert [1]. They proved that if #Q = oo, then
pe(k) > k+1(k=0,1,2,---) (Theorem 5), giving an example of stationary
and transitive sets Q with p.q(k) =k+1 (k=0,1,2,--+) but not Sturmian
(Example 4). They also proved that p.q(k) increases exponentially if 2 is a
strongly mixing subshift of finite type.

In Section 5, we study the uniform complexity. The uniform complexity
has been studied by Rao Hui, Tan Bo, Xue Yumei and the author over the
binary alphabet ([7], [10], [11]). Recently, it was generalized by the author
over the general alphabet ([13]). The main fact is that it is realized by
a super-stationary set which has 2 different characterizations (intersection
form and union form) (Theorems 9 and 13). Using these facts, a uniform
complexity function is proved to be equivalent (i.e. coincides except for
finite places) to a function f : N — Z such that f is of the form f(k) =
Zle Ri(k)i* whered = 1,2,--- and R;(k) (i = 1,2, - -, d) are polynomials
of k with rational coefficient (Theorem 11). Moreover, the set of functions
of this form equivalent to some uniform complexity functions is a semi-ring.
We discuss the basis of this semi-ring in Section 6.

The notion of uniform sets can be defined for any Q C A* with an ar-
bitrary infinite index set X. It is a class of sets with full symmetry in the
sizes of the restrictions to finite index sets. One of the motivations to study
it is this symmetry and the naturalness. In fact, we have many beautiful
properties of the uniform complexity. Another motivation is that uniform
sets come out as optimal positions of the problem to maximize informations
of sampling sets. In [14], the problem to maximize the partition generated
by k number of unit balls in n-dimensional Euclidean space is discussed. An
optimal position exists in this problem, and a uniform set corresponds to it.
Moreover, we can specify the super-stationary set contained in it. Actually,
the problem of maximizing partitions and the problem of maximizing infor-
mations of sampling sets are dual. This duality is studied in [15] with an
application to the problem of pattern recognition.

2 Exponentially increasing case and entropy

Let ©Q be a nonempty closed subset of AV, where A is an alphabet.

Definition 1. If the following limits exist, we call them the block entropy,
the maximal pattern entropy and the minimal pattern entropy of €2, respec-
tively:

(1) APL(Q) := limy—eo (1/k) log pBE(K),

(2) R*(Q) = limp_oo (1/k) log pl, (K),

(3) hu(R2) == limgoo (1/K) log puq (k).

If €2 is a uniform set, the following limit is called the uniform entropy of £2:

(4) h(Q) :=limg—eo (1/k) log pa (k).



Definition 2. For any positive integers r, h and = ¢ AY with U ¢ N
(possibly, U = N), a pair ((t1,t2,---,t),0) is called a r-tree of size h
contained in =, if (f1,t3, -+ ,,) is a sequence of distinct elements in U
and © is a subset of Z|y, 4 .. ;1 such that for any € O|y, .. .y with
1=0,1,---,h — 1, we have

#{77/ € ®|{t17"'7ti7ti+1}; 77/|{t17"'775i} = 77} =7r.
In other words, the following (V, I) is a r-tree:

Vo= {n(tl)"'n(ti); 77667 izovlv"'vh}v
E = A1) ---nt), nlt)---ntn(tit)); n€ O, 1=0,1,--- b —1}.

In this case, we have #0|, .. 41 = rt (i=0,1,---,h).

Theorem 1. (Huang-Kamae-Ye) The mazimal pattern entropy h*(Q) exists
Jor any Q, and takes value logr with a positive integer r. In this case, €2
contains a r-tree of an arbitrary large size.

We need the following lemma to prove Theorem 1. We fix integers d and
r such that 1 <r < d = #A.

Lemma 1. For any h = 1,2,--- and ¢ with 0 < 6 < 1, there exists kg such
that for any S C N with ko < #S < 0o and Z C A® with #=Z > (r + §)#7,
= contains a (r + 1)-tree of size h.
Proof We use the induction on h. Let h = 1. For any § > 0, let kg = 1. If
= C AS with 1 < #S < oo satisfies that #Z > (r +§)#7, then there exists
i € S such that =|;, contains more than r elements, since otherwise, we
have a contradiction that #Z < r#°. Thus, our statement holds for h = 1.
Let h > 1 and assume that our statement holds for h. Let 0 < § < 1. Take
any S C Nwith K < #S < oo and Z C A® with #Z > (r + 6)#, where K

is a sufficiently large integer determined later. Let S = {sy, 89, -+, s} with
k=#5 > K. Take the maximum ¢ < k such that
= F S 1]
#l{1771—171}>r+_‘
#:|{517"'75i—1} 2
Since 5
(r+0)f <HE<d'(r+5)"

we have ¢ > C'k with

B log(r 4+ 6) — log(r + %)

~2 <.
logd — log(r + 3)

0<C:

Let

A= {g € E|{51,~~~,si_1}; #{77 € E|{51,~~~,s,‘_1,5,‘}; 77|{51,~~~,si_1} — g} S T‘}
B = {g € E|{51,~~~,si_1}; #{77 € E|{51,~~~,s,‘_1,5,‘}; 77|{51,~~~,si_1} — g} Z r+ 1}



Then, since Z|,, ... ;.3 = AU B (disjoint), we have
T‘#A + d#B 2 #E|{51,~~~,s,‘_1,s,‘}
5. 5
> (T‘ + 5)#:|{51,~~,5i—1} = (T‘ + 5)(#14 + #B)

Since #A < M#B follows from this, we have
20d—-r) =9
#E|{517"',Si—175i} < T‘#A + d#B < (%T‘ + d) #B,

Therefore, #B > D#Z|, .. sy > D(r+ §)" holds with

T98i—1,

-1
D= (Mr—i—d) > 0.

Let ky be such that D(r 4+ 6)" > (r + 5)2 for any ¢+ > k. Then, B C

Alstosicil and #£B > (r+ g)i_l holds if 7 > k;. Moreover, if i — 1 > kg,
where kg is the value in the statement of Lemma 1 for h and §/2, then by
the induction hypothesis, B contains a (r + 1)-tree of size h. Let this be
((t1,-++,tn),0). Since © C B, ... ¢} and each element in B has at least
r + 1 extensions to the coordinate s; in the set =, we can find an extension
of ©® to (t1, - ,tn, ), say ©', such that ((t1,---,tn,5;),0") is a (r + 1)-
tree of size h + 1 contained in =Z. To complete the proof, we remark that if
K > ((ko+1)Vky)/C, then the requirements that ¢ > ko+1 and ¢ > k; are
satisfied since ¢ > Ck > CK. a

Proof of Theorem 1:

Let log H = limsup,_, ., logpg(k)/k. If H = 1, then “liminf” has the
same value 0, and hence, “lim” exists and takes value 0 = log 1. Assume
that H > 1. Let € > 0 be smaller than the fractional part of H if H is not
an integer, otherwise, let 0 < ¢ < 1. Then for any K, there exists S C N
such that K < #S < oo and #Q|s > (H —¢)#°. By Lemma 1, Q|s contains
an (r + 1)-tree of size h with » = | H — €|, where h can be arbitrary large
corresponding to K. Hence,  contains a (r 4 1)-tree of an arbitrary large
size. This implies that log(r + 1) < liminfy_,o log p§(k)/k. Since

log(r+1) < lign inf log p (k) /k < lim sup log pg (k) /k = log H,
—+00

k—oc0

we must have r + 1 < H. This is possible only if H is an integer and
H = r + 1. Hence, the equality holds in the above formula. Thus, h*(£2)
exists and takes value log(r + 1) with a positive integer r. a

Corollary 1. For a uniform set Q, h(Q2) exists and coincides with h*().



Example 1. For w € A" with #A =2, let & € A" be such that
o(n) =w(|n/2]) (n€N).

Let @ = {&; w € AV}. Then, it is easy to see that p.q(k) = 2[*/21 for
k=0,1,2,---. Therefore, h,(R) = log /2. If we replace Q by QU TQ, the
minimal pattern entropy remains unchanged, so that we get a stationary
and transitive set with log /2 as the minimal pattern entropy.

3 Smallest increasing case

Let Q be a nonempty closed subset of AV, where A is an alphabet.

Theorem 2. A necessary and sufficient condition for an increasing function
f N = N with f(0) = 1 to be a block complexity of some Q C A over
some alphabet A is that sup,cyy f(n +1)/f(n) < oo.

Proof Let f(k) = pEL(k) (k = 0,1,2,---) for @ C AV with #A = d.
Then, f: N — Nis an increasing function with f(0) = 1. Since

Q|{0,17...7k} C Q|{0717...7k_1} X A{k}7

where At} is the set of words over A defined on the one-point set {k}, we
have pEL(k + 1) < dp5L(k) (k=0,1,2,---). Thus,

sup f(n+ 1)/ f(n) < d < co.
neN

Conversely, let f : N — N be an increasing function with f(0) = 1
such that sup,cy f(n 4+ 1)/f(n) < oo. Let d be an integer such that
d > sup,en f(n+1)/f(n). Let A = {0,1,---,d—1}. We can construct
Qr ¢ A0 R} with #Q, = f(k) inductively for £ = 0,1,2,--- so that
Qi1 C Q x AR} and Qr1lgo,1, k—1y = Qi Let Q be the projective limit
of Qf with k = 0,1,2,---. Then, we have p5=(k) = f(k) (k=10,1,2,---).
O

Theorem 3. If Q C AV is an infinite set, then py(k) > k + 1 for any
k=0,1,2,---. Moreover, there exists Q@ C AV such that p(k) =k + 1 for
any k=0,1,2,---.

Proof Assume that there exists k such that pg(k) < k. Let ko be the
smallest & as this. Since p§(0) =1, kg > 1. Since pg, (ko — 1) > ko > pg(ko),
we have pg (ko — 1) = p§ (ko) = ko. Take S C N with #S = ko — 1 such that
#Q|s = ko. Since p§, (ko) = ko, w(n) for any n € Nand w € Qis determined
by w|s. This implies that #Q = #Q|s = ko. Thus, #Q < oo, which proves
the first claim.

Let @ = {w € AY; ¥ _yw(n) < 1} with A = {0,1}. Then, it is clear
that p5(k) =k +1for any £ =0,1,2,---. O



Example 2. Let N = N; U Ny be such that Ny N Ny = () and #N; =
#Ny = 0o, Let Q = {0, 1} x {0™2} ¢ AV with A = {0,1}, where 02
is the 0-valued word defined on Nj. Then, it is clear that #Q = oo and
pe(k)=1(k=0,1,2,--) since #Q|s = 1if S C Na.

Theorem 4. If p.q(k) is unbounded, then there exists C' > 0 such that
p(k) > Clogk (k= 1,2,---). Moreover, for any integer d > 2, there
exists Q such that p.o(k) = [logk/logd]| +1 (k=1,2,--+).

Proof Assume that liminfy_. p.a(k)/logk = 0 for some Q C AY with
#A = d. Then, p.q(kd*) < k holds for infinitely many k. Hence, there exist
an arbitrarily large k£ and S C N satisfying that #5 = kd* and #Q|s < k.
Let V= {(w(i); w € Q|s) € A%ls: i € S}. Since #Q|s < k, there are at
most d* different elements in V', while #5 = kd*. Hence, there is Sy C S
with #So > k such that all of (w(i); w € Q|s) with 7 € Sy coincide. This
implies that §|g, consists of constant elements a® with a € A. Therefore,
#Q|s, < d. Since k can be arbitrarily large, p.q(k) < d for any k, which
proves the first claim.

The second claim follows from the following Example 3. O

Example 3. Let d > 2 be an integer. For i € N, define 1* € AV, where
A ={0,1,---,d -1}, by n = Y2 n(n)d" (Vn € N). We also define
7> = 0. Let Q = {5%; i € NU{oc}}. Then, Qis a closed subset of Al
Let us prove that pg (k) = d* and p5L(k) = p.q(k) = [logk/logd] + 1.
For any £ = 1,2,--- and 7 = 0,1,---,k — 1, let s5; = Zikz_olnj(n)d”.
Then, we have sg < sy < +-- < sg_1. Let S = {sg, 81, -,8,-1} C N. Since
n'(s;) = (i) for any i = 0,1,-++,d* — 1T and j =0,1,--- ,k— 1, we have

k—1 ' 4 k—1 4 4
S i) =3 i =
7=0 7=0

forany i = 0,1,---,d*—1. This implies that all of 5'|s for i = 0,1,---,d"—1
are distinct, and hence, #Q|s = d*. Thus, p} (k) = d* for any k =1,2,---.

Note that pBY(k) = h4+ 1 (k = 1,2,--) if d"! < k < d", since all of
ni|{0717,,,7k_1} fort=20,1,---,h are distinct and 77i|{0717...7k_1} = 101 h—1}
for any ¢ = h,h+ 1,---. Thus, pBX(k) = h + 1 = [log k/logd] + 1.

Moreover, take any S C Nwith #5 = k. Let r := #Q|s. Since for any pair
i,j € S with i # j, there exists w € Q with w|s # 07 such that w(i) # w(j),
all the functions w + w(i) from Q'|s to A, where Q' :={w € Q; w|s # 0°},
for i € S are distinct. Since #’|s = r — 1, this implies & < d"71, and
hence, h < r — 1. Therefore, #Q|s > [logk/logd]| + 1 for any S C N with
#S=kand k=1,2,---. Hence, p.a(k) > [logk/logd] + 1. Together with
pBL(k) = [log k/logd] + 1, we have

ng(k) = p*Q(k) = ﬂog k/logd-‘ +1 (k =12, )



4 Stationary and transitive sets

In this section, we always assume that Q C AV is stationary and transitive.
The following theorem except for the statement on p.q is just a copy of well
known results (see [2], [5]). The statement on p.q is proved in [1]. Here, we
reproduce the proof for the sake of self-containedness.

Theorem 5. If Q C AV is stationary and transitive with #9Q = oo, then
pEL(k) > peq(k) > k41 and py(k) > 2k (k= 1,2,---). On the other hand,
pEL(k) =k +1 (k=1,2,--+) holds if and only if Q is a Sturmian set and
po(k) =2k (k=1,2,---) holds if and only if Q is a pattern Sturmian set.
Moreover, a Sturmian set is always a pattern Sturmian set.

Proof Assume that #Q = co. Then, clearly p.q(1) > 2 since Q is sta-
tionary. Assume that there exists k = 1,2, --- such that p.q(k) < k. Let kg
be the minimum £ as this. Since p.q(1) > 2, ko > 2. Since p.a(ko—1) > ko
and p.q(k) is increasing in k, we have p.a(ko — 1) = puq(ko) = ko. Let
S C N satisfy #5 = ko and #Q|s = ko. Let S = {s1 < s2 < -++ < sp, }
Then, #Q|{517,,,75k0_1} = ko since

kO — #Q|S 2 #Q|{51,~~~,Sk0_1} 2 p*Q(kO - 1) = ko'

This implies that w(sy, ) is determined by w|¢s, ... 5,y in €. Hence, w(sk,)
is determined by w|{0717...75k0_1} in €. Since € is stationary, there exists a
function f: A% — A such that

wln+ si0) = flwn),w(n+ 1), w(n+ s, — 1))

for any n € N and w € Q. This implies that w is ultimately periodic with
period at most (#A)°% and the period start before n = (#4A)0 for any
w € Q. Hence, we have a contradiction that #£ < oo, which proves that
pea(k) > k+1(k=1,2,--+). O

Example 4. (S. Ferenczi and P. Hubert [1])
Let Q C AY be a Sturmian set with A = {0,1}. For w € A, define & € A"
by @(n) = w(|n/2]) (Vn € N). Let

Q:={0; weQU{TO; we )
Then, @ C AV is stationary and transitive. It is clear that pgk)=k+1
by Theorem 5 since #Q|02.... 2k-1)} = #L (0,1, k=13 =k + L.
On the other hand, for any large k& € N, we have ng(k) =k + 3. This

is because there exists K such that w|g; ... g1} contains both 0 and 1 for
any w € €, since {2 is a Sturmian set and uniformly recurrent with respect

to the shift T'. Then,
o1, 206-1)3 7 (TC) o1, 2(k 1)}

9



holds for any 7, ¢ € Q since 7(i) # (¢ + 1) implies 7 is odd while(T'¢) (i) #
(T'¢)(i + 1) implies ¢ is even. It follows that if & > K, then

#Q (0,1, 20-1)1 = #U 0,1, o1} + #QU 0,1, ko1 = (B +1) + (b + 1)

and

#Q|{0,1,m,2k—1} = H#Q 0,1, b1y + #Lg0,1, hy = (K1) + (b +2),
which proves the requirement.

Theorem 6. IfQ C Al is stationary and transitive, then all of the entropies
RBE(Q), h*(Q), h(Q) exist and h.(Q) < RBE(Q) < h*(Q) holds.

Proof The existence of hP%(Q) is just a classical result. The existence of
h*(2) is proved in Theorem 1 in more general setting. To prove the existence
of h.(£2), it is sufficient to prove that

(k1 + k2) < puq(ki)pea(ks)

for any k1, ks € N. Let S; C N satisfy that #S5; = k; and #Qls, = p.a(ki)
for i = 1,2. Since § is stationary, #Q|s,+, = #Q|g, holds for any n € N,
where S; +n = {s+ n; s € S;}. Therefore taking S, + n instead of Sy if
necessary, we may assume that S; NSy = 0. Then, we have

(k1 + k2) < #Q[s,us, < #Q|s,#Q|s, = pea(ki)pea(ks).

The existence of h,(Q2) follows from this by the subadditivity of log p.q (k).
It is clear that h.(Q) < RBE(Q) < h*(Q). O

Example 5. Let ¢ : {0,1} — {0,1}" with r > 2 be a primitive substitution
such that ¢(0) begins by 0. Let o € {0, 1} with «(0) = 0 be the fixed point
of ¢, that is ¢(a) = a. Let Q¥ be the closure of {1"«; n € N}. Then, it is
known [12] that either pf, (k) = 2% (k= 0,1,2,---) or p}, (k) increases in a
linear order of k.
Let
©(0) = 010100 , (1) = 011100,

Then, the fix point a of ¢ is a Toeplitz word (see [3]):
a = (017100)™ < (017100) < -- - .
By Theorem 4 in [3], we have

il k e

k—oo kK k—oo  k rcfon, sy #L —17
#L>2

where & = (017100)>° and E (&, L) = #(maFe (L)U{0#F 1#5}) — 24 . Here,
Fe(L) ={¢[n+L]; n € N} and mp F¢ (L) is the set of finite words over {0, 1}
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obtained by substituting the letter 7 by 0 or 1 arbitrary for each element in
F¢(L). For example, if L ={0,1,2,3}, then

Fe(L) = {0171, 1710, 7100, 1000, 0001, 0017},
7uFe(L) = {0101,0111, 1010, 1110, 0100, 1100, 1000, 0001, 0010, 0011}
4 (wp Fe (L) U {0000, 1111}) = 12

Hence, we have F/(§,L) =12—-8 =4 and E({,L)/(#L—1) =4/3. It is not
difficult to check that the maximum of F/(§, L)/(#L — 1) is attained by this
L. Thus, limy_ phe (k) /k = 10/3, which is not an integer.

5 Uniform complexity

Theorem 7. Let p(k) and q(k) be uniform complexity functions of k € N.
Then, p(k)+q(k)—1k=0 and p(k)q(k) are also uniform complezity functions.

Proof Let U C A and V C B be uniform sets such that p(k) = pu (k)
and ¢(k) = pv(k) for any k = 0,1,2,---. We may assume that ANB = 0.
Then, UUV C (AUB)YN and U x V C (A x B)" are uniform sets with
pouv (k) = p(k) + q(k) — 1y=o and puxv (k) = p(k)q(k). O

Uniform complexity has been studied well in [13]. We summarize some
known results.

For an infinite set A= {Ng < Ny < Ny < ---} C N,w € AV and Q C AV,
define w[A] € AN and Q[N] C AN by

wN](n) == w(N,) (n € N)

and

QN == {w[N] € AY; w € Q).

We call Q a super-stationary set if QN] = Q holds for any infinite subset
N of N.

Theorem 8. [13] Let Q@ C AY be a uniform set. Then, there exists an
infinite subset N' C N such that Q[N is a super-stationary set. Hence, all
the uniform complexity functions are realized by super-stationary sets.

The set of finite words over A is denoted by A*, that is A" = UiozoAk. We
also denote At = U2 Ak = A*\ {e}, where ¢ is the empty word. For £ € A*,
k such that & € A is called the length of ¢ and is denoted by |€]. In this case,
we denote & = &&---&, with & € A (1= 1,2,--- k). For £ = &€y
n =g in A* with 0 < k= |¢] <1 =|n| and w € AV, ¢ is called a
super-subword of 1 or w if there exists S = {s; < s3 < -+ < s} which is a
subset of {1,2,---,[} or N, respectively, such that & = n[S]:= 05,715, - - - s,
or £ =w[S] :=w(s1)w(sz) - - -w(sg). We denote

<y or EKw

11



if ¢ is a super-subword of 5 or w, respectively.

We denote by Z,,;, the set of all minimal words in = C A* with respect
to &, that is, the set of £ € = such that nif does not hold for any n € =.
It is known [13] that =,,;, is a finite set for any = C A*.

For € € A*, denote

PE)={we Al: € <« w does not hold},

and for = C A*, denote

= P©

EEeE

Note that P(Z) =0 if ¢ € Z and P(0) = AN, Also, P(Z) = P(Emin)-
For ¢ = (iC2---¢—1¢; € A" and a € A, denote

a~l¢ = { GG (if G =a) Ca~l { G Qo1 (G =a)
GG+ ¢ (if G #a) GGG (if G #a)

Fore A", £ =& & € A" and = C A", denote

=", et =gt
'E={¢71G ey, B ={c¢Y (e B

We define the condition (#) for = C A" as follows.

(#) There are no words &, € A* such that (€71Zn71),.:, = A, where each
letter in A here is considered as a word with length 1.

Theorem 9. [13] The class of super-stationary sets over A coincides with
the class of sets P(Z) with 2 C AT satisfying (#). Moreover, since P(Z) =
P(Zmin), we may assume that = is a finite set.

For = C A* satisfying the condition (#), we denote p(Z) the function
N — N such that

p(E) (k) =#{n ¢ AF: ¢ < 5 does not hold for any ¢ € Z}.

Theorem 10. [13] Let Q@ C A be such that Q@ = P(Z) with £ C At
satisfying (#). Then, we have

(1) pa(k) = BE)E) (k=0,1,2,--),

(2) P(E) = P(Zmin)

(3) P(E)(0) =1 if ¢ ¢ = and p(Z) (k)
(1) p(B)(k) = (4~ £B)F (k= 0,1

For r=1,2,---, we denote 7(r) the function N — N such that

=0 (k=0,1,2,---) ife € 5,
 2,000) szCA.

m(r) (k) = r.

12



For a function « : N = N, we define a function Su : N — N by

suw={ 20

The convolution u @ v between functions u, v : N = N is defined as

k
(w@v)(k) = ullv ) (k=0,1,2,---).
=0

Theorem 11. [13] (1) For Z C AT satisfying the condition (#), we have

P(E) =T(#A - #5,) © 5 ( >, p(alE)) :

aeEpre

where 2, :={a € A; a is a prefiz of some £ € =} and 7(0)(k) = 1j=0.

(2) The class of uniform complexity functions over A is included in the
minimal class of functions containing all 7(r) with r = 1,2, -+, #A, closed
under the operations of S, convolution and summation.

(3) Any uniform complexity function po(k) over A with #A = d satisfies
either po (k) = d* (Vk € N) or there exist polynomials R, (r = 1,2,+++,d—1)
with rational coefficients such that po(k) = Y.°Z1 R.(k)r* holds for any
sufficiently large k.

Example 6. Let A = {0, 1,2} and = = {001,021, 10}. Then, = satisfies the
condition (#). Applying Theorems 10 and Theorem 11, we have

p(Z) = p(001,021, 10)
=7(1) ® S(p(01,21,10) + p(0))
=7(1) @ S(S(p(1) +p(1) +p(21,0)) + p(0))
=7(1)@S(S(p()+p(1) +7(1) @.5p(1,0)) + p(0)
=7(1)@S(S(r2)+72)+7(1) @ S7(1)) + 7(2)).

For k € N, we have

(r)@ ST (k)= ol-1=k+1
(r2)+72)+ ()@ St(1)(k)=2-2" +k+ 1
S(r(2)+7(2) +7(1) @ ST(1)) (k) =2F + k
(Sr@)+72)+ (1)@ ST(1)+7(2) (k) =2-2" +k

S5+ e s +renm={ T 20
PIENK) = (1) © S(S(r(2) + 72+ 7(1) 0 57(D) £ )

k) =
=S 2= +1=2-2F 4 (1/2)k2 — (1/2)k
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Definition 3. (1) Two functions f, g : N — R are said to be equivalent if
f(k) = g(k) holds except for finitely many k.

(2) For functions f, g : N = R, we denote f <., ¢ if f(k) < ¢g(k) holds
except for finitely many k.

(3) A function of k of the form S>°_, R, (k)r* with a positive integer d and
polynomials R, (r = 1,2,---,d) with rational coefficients is called an ez-
polynomial. The set of expolynomials is a totally ordered ring with respect
to the addition, the multiplication and the ordering <.

(4) An expolynomial f: N — R which is equivalent to some uniform com-
plexity function is called a uniform complexity expolynomial.

The following corollary follows from Theorems 7, 10 and 11.

Corollary 2. (1) For any uniform complexity function, there exists a unique
uniform complezity expolynomial equivalent to it.

(2) The set of uniform complexity expolynomials is closed under summation
and multiplication. Hence, it is a totally ordered semi-ring with respect to
<o, which is denoted byU. The basisUy of U as semi-ring consists of [ € U
such that f is not written as a summation or a multiplication of elements

in U\ {f}.
Example 7. The mapping from a uniform complexity function to the uni-
form complexity expolynomial equivalent to it is not one-to-one. In fact,
let

0011,0101,0110, 1001, 1010, 1100) C {0, IS
11,12,21,022,202,220) C {0, 1,2},

=2k+2for k=3,4,---, but

# P, (1) =3, 4=po,(2) # pa,(2) = 6.
Theorem 12. Let a uniform complezity function po(k) of a uniform set
Q C AY be equivalent to an expolynomial Zi»:l R;(k)ri® such that {r, <
rg < o<1t CZy and R; (i = 1,2,--- 1) are nonzero polynomials with
rational coefficients. Then, we have h(Q2) = logr; and
1 k) — kh(Q2

D(Q) := lim o pa (k) ()

k—oo logk

Moreover, if h(2) = 0 and D(Q?) < 1, then limy_ o pa(k)/k exists and is a
nonnegative integer.

Q=P
Q=P
K
1

Then, pq, (k) = pa,

A,_\

2 = pq,

— deg(R)) € N,

Proof The first two claims are clear. Let us prove the last claim. Assume
that 2(Q2) = 0 and D(Q) < 1. Then, [ =1, ry =1 and deg(R;) < 1. Thus,
pa(k) is equivalent to R;(k) with deg(R;) < 1, and hence, there exist rational
numbers @ and b such that pq(k) = ak + b holds for any sufficiently large
k. Since pq (k) is N-valued and increasing in k, a = po(k+ 1) — pa(k) € N
holds for any sufficiently large k. Thus, ¢ € N, which proves that ¢ =
limg_eo pa(k)/k exists and is a nonnegative integer. a
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6 Basis of uniform complexity expolynomials

Asin the Corollary 1, U denotes the set of uniform complexity expolynomials
and Uy denotes its basis as semi-ring. Our final end is to characterize the
set Uy which is still a long way off. However we step towards it. For f € U,
we denote by h(f) and D(f), the h(Q2) and D(2), respectively, such that f
is equivalent to pq.

We have another characterization of the class of super-stationary sets than
Theorem 9 ([13]). We summarize it here.

Definition 4. The concatenation UV of subsets U and V of A* U AY is
defined as
UV =(WUnAYU{uv; ue UNA*, ve V),

which is a subset of A* U AN,

Definition 5. For ) # B C A, we denote Iy = B* U BY. For a € A, we
denote 6, = {a, €}. Denote

I(A) = {Ip; B # B C A} and §(A) = {0a; a € A},

which are considered as alphabets (i.e. sets of just letters) as well as the
families of sets of words. Denote by A(A) the set of nonempty finite words
A over the alphabet I(A) U §(A) satisfying that

(1) the first and the last letters of A belong to I(A),

(2) there are no neighboring letters in A both of which belong to §(A),

(3) if Ig and Ips are neighboring in A, then neither B C B’ nor B’ C B
hold, and

(4) if Ip and §, are neighboring in A, then « ¢ B.

The above A = AjAy---Ap € A(A) can be considered as a subset of A
defined by the concatenations among the sets Ay, Ag, - -+, Ax of words in the
sense of Definition 4 and collecting all the infinite words.

Theorem 13. [13] The class of super-stationary sets over A coincides with
the class of sets which are nonempty finite unions of sets belonging to A(A).

Definition 6. Let A = AAg--- A € A(A) and n = mne---m € A(A).
We call A a super-subword in the wide sense of 1 if there exists a sequence
{s1 <sp <+ <spp CA{1,2,---,1} such that

(1) if \; = Ig, then 55, = I with B C C for any ¢ = 1,2,---, k, and

(2) if A\; = 04, then either n,, = 6, or s, = Ic with a € C for any i =
1,2, k.

In this case, we denote A <, 7.

Theorem 14. It holds that X C 1 as sets of words in AY if and only if
ALy 0.
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Proof The proof is not simple, but straightforward from the definitions,
S0 we omit it. a

Definition 7. For A = AjAy--- A € A(A), the maximal number #B such
that Ip = A; for some i = 1,2, -+, k is denoted by ¢(A). We denote by d(})
the number of ¢ such that A; = Ig for some B with #B = ¢(A).

Theorem 15. For a super-stationary set Q) with @ = Uyer A, where L is
a finite subset of A(A), it holds that h(2) = logmaxyer c(A). Moreover,
D(Q) coincides with the maximum d(A) — 1 among A € L such that c¢(\) =
maXpec (7).

Proof Let Q = UyegA with ¢ = maxyeg ¢(A) and d being the maximum
d(A) among A € L such that ¢(A) = c. Let A € £ be as this, that is, ¢()\) = ¢
and d(A) =d. Let |A| =1.

Then, Ig C A holds for some B C A with ¢ = #B by Theorem 14.
Therefore, pa(k) > pr, (k) = & (k=10,1,2,--+) and h(Q) > logc.

Assume that ¢ > 2. Then, there exists By, Bs,---,B; C A such that
#B; < ¢ (t=1,2,---,1), #B; = ¢ holds for d numbers of ¢, and that
A<y I, IB, -+ -Ip, € A(A). In fact, B; is chosen so that

A if A; € I(A)
I{a} if \; =4,
where A = AjAy---A;. Then, A C Ip,Ip,---Ip, holds by Theorem 14.

Hence, there exists a constant € > 0 such that for any large k£ € N, we have

epa(k) < pa(k) < prg, 15,15, (K)
k—1 . .
k+d—1\ , ivd—1\ . fh—itl—d—1 .
< K _ 1
—( d—1 )C +;< d—1 >C< l—d—1 >(C 1

k—1 .
k— [—d—-1
(k+1dlck+zk+1dlz< ;j_d_l )(C_l)k_
=0

k ;o
< (k+ D) tF 4 (k1)1 Z (d ; ’) ((c—1)/¢)

=1

< (k+ 1) F 4 (k4 1)t f: (d/; ’) ((e—1)/c)’

=1
< (L4 O)(k+ 1)k
with a constant C' > 0 independent of k, where d’' := [ —d —1 and we always
assume that <Z> = 0 if either ¢ < j or j < 0. Hence, h(Q2) < logec and

J
D(Q) <d— 1.
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Assume next that ¢ = 1. Then, there exists

= I{bl}(sall{b2}5a2 o '5ad—1l{bd} < A(A)

such that A <, n. Hence, there exists a constant € > 0 such that for any
large k € N,

epa(k) < pa(k) < py(h) < zd-l(’”d‘ 1),

d—1

which also implies that ~(2) < 0=logcand D(Q) <d - 1.

To complete the proof, it is sufficient to prove that D(Q) > d — 1. Let
Bi, Bz, -+, Bg be the sequence of subsets of A such that #B; = ¢ (i =
1,2,---,d)and I, Ip,, -+ ,Ip, appears in A in this order. Let a; € A (i =
1,2,---,d—1) be such that a; ¢ B; and that either the next letter in A after
I, is 8,, or Ig with a; € B. Then, ¢'a1&%ay - ag_1€4 € X holds for any
&eBr(i=1,2,---,d-1) and & € BY. Therefore,

pa(k) > pa(k) > (dﬁ 1) ML > CRTR (VR € N)

with some constant C' > 0. Thus, D(Q2) > d — 1. 0

Lemma 2. The minimum f € U with respect to <., among [ € U with

h(f) =logec and D(f) = d — 1 is f = Q.q7(c), that is, f(k) = Q.a(k)c"
with
d—1

'k
calk) = e k .
Qec.a(k) ;C <Z> (Vk € N)
Proof Letn= (Igd,)" 'Ig € A(A) with a € A, B C A such that #B = ¢
and a ¢ B. Then, for any large k& € N, we have

d—1

po(k) =3 (k)’“ = Qealk)c".

=0

Hence, it is sufficient to prove that for any f € U with h(f) = logc and
D(f) = d—1, we have p, <. f. Let f as this be equivalent to pg with
Q = UyegA such that ¢ = maxyese(A) and d being the maximum d(X)
among A € L such that ¢(A) = ¢. Let A € L satisfy that ¢(A) = ¢ and
d(A) =d. Let |A\| = . As in the proof of Theorem 15, there exist a sequence
of subsets Bi, Bg,---, By of A such that #B; = ¢ (i = 1,2,---,d) and
Ig,,Ip,, -+ ,IB, appears in A in this order, and a sequence a1, az, -+, aq4—1
with a; € A (¢ =1,2,---,d — 1) such that a; ¢ B; and that either the next
letter in A after I, is §,, or Ig with a; € B. Then, 'a1&%a; - - R ARN=ID
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holds for any 0 < i < d —1, & € B: (j = 1,2,---,4) and gl ¢ Bz’N-|-1-

Moreover, there is no overlapping between them. Therefore, we have

pa(k) > pa(k) > il <k> t

1

for any large k& € N, which completes the proof. a

Theorem 16. The expolynomial Q.q7(c) € U for any ¢, d € Z4 is the
minimum (w.r.t. <) among f € U with h(f) = logc and D(f) =d — 1.
Hence, it is in the additive basis of U. Moreover, il is in the basis Uy of U
as semi-ring except for the case that ¢ with ¢ > 1 is not a prime number and
d =1, when we have the multiplicative decomposition T(c) = 7(c1)7(cz).

Proof If f=(Q.47(c)is not in the additive basis of ¢, then there exists
u,v € U\ {f} such that f = u+ v. Since h(f) = cand D(f) =d -1, at
least one of u or v, say u, satisfies that h(u) = logec and D(u) = d— 1. Since
u <o f and uw # f, this contradicts the minimality of f. Thus, f belongs
to the additive basis of .

If f=fifo with fy €U and f; #1 (1 = 1,2), then we have

c=cicg, d—1=dy —1+4+dy—1and (¢, d;) # (1,1) (2 = 1,2),
where L(f;) =logec; and D(f;) = d; — 1 for ¢ = 1,2. Then by the minimality
of Qu;.a;7(c;) (1 =1,2), we have Q. 4,7(¢;) <o fi (¢ =1,2). On the other
hand, the minimality of f implies that f <. Q¢ 4,@c,.d,7(c1)7(c2). Since

f SOO ch,deCQ,dQT(Cl)T(CQ) SOO f1f2 = f7

we have Qca7(¢) = Qe; 4, @y d,T(€i)T(c2), and hence, Qeg = Qey,dy Qey ds -
Since the leading term of Q. 4(k) is ¢ ((d — 1))~ k=1, it follows that

ATV d =) =T e (dy — 1)y — 1),

d—1
c;lz’_lcgl_l (dl B 1) =1,

which is possible only when d = dy = dy = 1. Together with the relation
¢ = cycg, it holds that f is not in the multiplicative basis of ¢/ if and only
if d =1 and ¢ with ¢ > 1 is not a prime number. In this case, we have a
multiplicative decomposition f = 7(c) = 7(c1)7(c2). a

and hence,

Example 8. Let f € U satisfy h(f) =0 and D(f) < 1. Then by Theorem
12, f(k) = ak + b with a,b € N such that (a,b) # (0,0). Let Q C A" be
a super-stationary set with po(k) = f(k) for any sufficiently large k& € N.
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Then by Theorem 15, there exists a finite set £ C A(A) with Q = UyegA
such that any of A € £ is one of the following sets:

I{b}7 I{b}l{b’} (b+# b/), I{b}(sal{b} (b # a), I{b}(sal{b’} (b, b, a are distinct),

where 0,0, a € A. By considering finite unions of them, we obtain f € Uy
with A(f) =0 and D(f) <1 up to some stage as follows:

1, k+1, 2k, 3k—2, 4k —4, 5k — 4, 6k —5, Tk — 7, 8k — 9,
9k — 10, 10k — 12, 11k — 14, 12k — 16, 13k — 17,
14k — 19, 15k — 21, 16k — 23,17k — 25, 18k — 27, ---

7 Open problems

1. Does h.(2) exist in general?
2. Does limp_o (log pfy (k) — kh*(R2))/ logk exist in general and take non-
negative integer value?
3. How to characterize the basis of the semi-ring ¢/ of the uniform complexity
expolynomials?

In particular,
4. Determine the function ¢ : N — Z such that ak + ¢(a) as the function of
k is in the basis Uy of U for a =0,1,2,---.
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